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Abstract. The paper deals with the adaptive optimal semi-active control of the slender vibrating structures
subjected to the moving loads. The deflection of the structure is governed by Euler-Bernoulli beam equation
approximated by the system of bilinear ordinary differential equations. The damping function of the structure
support is chosen as the control function. The optimal control problem consists in finding such bang-bang control
function to minimize the energy as well as the vibrations of the carrying structure. Although the switched optimal
control is a very efficient tool in the reduction of structure vibrations it is very sensitive with respect to changes
of the speed of the traveling load. This paper deals with the development of the adaptive descent type algorithm
that enables the update of the optimal controls in real time based on the measured speed of the traveling load or
structure’s state. The proposed algorithm uses reference optimal controls computed for the constant speeds and
the set of functions describing the sensitivity of the system dynamics with respect to the measured parameters.
Numerical computations are carried out for different speed scenarios of the moving load. The obtained numerical
results indicate that the proposed adaptive controller can significantly outperform the reference optimal solutions.

1 Introduction

The high speed traveling loads interacting with the slen-
der structures generate their vibrations and/or reduce their
stability. The primary aim of the structural control is to re-
duce these undesired oscillations and to enhance the struc-
ture’s stability [1]. Many control methods of vibrating
structures, including adaptive controllers (see references in
[2]) are proposed in literature. Most of the existing optimal
adaptive controllers (see [3]) are based on complex itera-
tive procedures that often do not guarantee convergence to
a solution in the required time.

The aim of this paper is to develop and test new method
that enables online adaptation of the optimal damping of
the structure’s supports according to both the measured
speed of the traveling load and the estimated state of the
structure. The control aim consists in finding the bang-
bang control function minimizing the objective functional
related to the total energy of the structure. The design of
the adaptive controller will be based on two optimal con-
trol subproblems. The first one will be the bilinear optimal
control subproblem involving some given reference pas-
sage velocity. For this subproblem, we will formulate the
necessary optimality conditions and identify the switched
structure of the optimal controls. For the assumed ref-
erence velocity, the set of optimal switching times will
be computed off line by solving the corresponding two
point boundary value problem. In the second subprob-
lem, intended for the sequential solution, we will consider
the actual measured velocity. To find the set of optimal
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switching times for this subproblem, we will use the sim-
ple gradient-based iterative procedure involving the opti-
mal solutions computed for the reference speed and the
set of functions describing the sensitivity of the system
dynamics with respect to the measured velocity. The sen-
sitivity of reference solutions with respect to velocity is
calculated based on Taylor series expansion rather than on
the analysis of the second order optimality conditions as in
[2, 4]. Since the sensitivity functions can be computed off
line the solution to the second subproblem can be calcu-
lated very quickly. This feature allows the frequent update
of the optimal controls. The performance of the designed
adaptive method will be validated by means of numeri-
cal simulations for different speed scenarios of the moving
load.

2 Structure model

Consider the carrying structure supported by the set of
controlled dampers as illustrated in Fig.1. The struc-
ture is governed by one-dimensional fourth order Euler—
Bernoulli beam equation [5] and is characterized by the
bending stiffness £/ and density per unit length x. The in-
teraction between the mass and the beam is represented by
contact point. The inertial forces associated to the mass
are neglected [5]. The position and the velocity of the
moving mass at time ¢ are denoted by &(¢) and v(¢), re-
spectively. The mass position is computed by formula

Eu() = [ oD dr.
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Fig. 1. A span supported by the set of controlled dampers and
subjected to the traveling mass.

2.1 ODE representation

Using the separation technique the transverse deflection
w(é, t) of the vibrating beam at point & and time ¢ governed
by Euler—Bernoulli equation can be approximated [5] by
the following Fourier series:

2 & _
wE.n =7 D VA6, ;€)= sin(ng/L). (1)

Jj=1

We will rely on the approximated solutions by taking j
from 1 to n = 10. The state vector x(f) € R?" is defined as

)C(t) = [Vl(t)’ Vl(t)’ VZ(t)’ VZ(t)’ ceey Vn(t)’ Vn(t)]T’ (2)

where Vj = dV;/dt, j = 1,..,n. Let us also introduce
the system matrices A2uxon, Bénx2n’ i = 1,2,.,m equal

to: (A = 1 for (k) = (21 - 1,2]), f: 1,2,...,n,
() = ~ELYUZE for (k) = @L20-1), [=1.2,...n,
() = = T1L sin DI i (D for (k) = (21—
1,2Dhl,l = 1,2,..,n, (A)jx = 0 in other cases. More-

over for i = 1, e 1, Bj = - ﬁ sin .—U/ 22"“” sin &/2me ZL)’“’"
for (k)= (2,20 I, 1 =1,2,..,nand (B')x = 0 else. The
excitation VQCEOY Foux1 is given by: (F); = —% sin @

forj =2/, I =1,2,..,nand (F); = 0 else. The beam
dynamic equation can be written [2, 5] as the following
system of the ordinary differential equations in time inter-
val t € [0, T'] with the fixed final time T > 0:

m

i(t) = Ax(®) + )" ui(t) B x(t) + F(,1), 3)

i=1
x(O) = X0.

The time horizon T is equal to the time of the beam pas-
sage,ie., T = L/v. For j = 1,2, ..., n the function x, € R*"
in the initial condition is given and equal to

x0 = [V1(0), 71(0), V2(0), 72(0), .., V,(0), Vu(0)]".  (4)

Elements V'5(0) and I'/](O) are computed based on the orig-
inal boundary conditions imposed on vibrating beam [2].
The function x, € R?" is assumed to be bounded. The ma-
trices 4 and B, i = 1,...,m, are bounded. Each control
input u;(¢), i = 1,...,m, t € [0, T] is assumed bounded by
two positive real values uj’”'” and u!"** corresponding to the

minimum and maximum values of the admissible damp-

. . . d d
ing coefficients, i.e., u = u(f) o {w@Yr,, u € U o

("™, "1™ C R%. Moreover 0 < " < u"* < &, where
fori=1,..,ma > u! is a given real constant.

Note that the control variable u appears linearly in the
state system (3). Due to the middle term in the right hand
side of (3), the system is classified as the bilinear [2].

The excitation vector F' = F(v,t) = {Fi(, t)}fjl is
dependent on velocity v = v(f) : [0,T] — R. The
velocity v is assumed bounded, i.e., for all ¢ € [0, T]
VM < u(f) < v™* where v™" and v are a given real
constants and continuously differentiable. Each compo-
nent function F;(v,7) : RX[0,T] - R, i =1,...,2n, of the
excitation vector F is assumed bounded and continuously
differentiable with respect to time ¢ and velocity v. In the
paper, the bang-bang type of control u € U is considered.
It generates the discontinuity of the right hand side of the
system (3).

Let vy € R denote a given reference velocity of the
moving load. For such a velocity and a positive definite
2n X 2n matrix Q let us recall from [6—8] the optimal con-
trol problem considered for the system (3): For a given ve-
locity v,y find the pair of functions (u(?), x(¢)) € U x R
minimizing the objective functional

T
J@) = J(x(w),vrep) = fo TOoxnd, 6

subject to the constraints on the interval [0, T']

m

() = Ax(t) + Z ui(t) B x(t) + F(vref, 1), (6)
i=1

2(0) = X, %)
The solution to problem (5)-(6) will be later referred
to as (u*"<(¢), x*"=/(¢)). The objective functional J :
R? x R — R is associated with the energy of the structure.
The aim of this optimal control problem is to find the con-
trol function, i.e., variable damping coefficients, so that for
a given velocity, the energy of the beam subjected to the
traveling load is minimized. As it is shown in [6], by min-
imizing the objective functional (5) we also provide the
smooth trajectory of the moving load. The existence of an
optimal solution u*"/(f) € U to problem (5)-(6) follows
from Filippov theorem and the continuity of the objective

functional (for details see [9]).

2.2 Necessary optimality condition for problem
(5)-(6)

Let us introduce Hamiltonian function H(z, x, u, p, vy.z) :
[0, T] X R¥ x U x R?" x R — R defined as follows:

H(t, x,u, P, vrep) = p' ()(A x()+ ®)

D0 B x(t) + F(vyey, 1) = x7 (1) O x(0),

i=1
where p(f) € R*" is a column vector denoting the adjoint
state. The part of Hamiltonian function associated with the
control function u is called the switching function [4]

o(t, X, P, Vref) = (01(E, X, P, Vpef)s -oon )
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Om(t, X, P, Uref))s
oi(t,x, p,vrer) = pT () B'x(f) for i = 1,2,...,m. There-
fore, the necessary optimality condition for (5)-(6) takes
the following form [2, 5]: If u*"/(¢) is the optimal control
for the problem (5)-(6) then there exists absolutely contin-
uous function p : [0, T] — R*" satisfying the following
conditions:

OH(t,x,u, p, Uref)

SR pD =0, (10)

p@)=-
H(t, %, 4™, D, Uyer) = min H(t, X, u, p, vrep)- (11)

From the minimum condition (10) for the admissible con-
trol set U results the following control law for the ith op-
timal control component

urn, if oy(1) < 0,
w () = Jure if () >0,  (12)
undetermined, if (1) = 0.

Throughout the rest of the paper, by the kth switching time
we will mean the column vector 7, = (T4, Th2, -+er Thm)
where 7y, is associated with the control component u;.

3 Sensitivity of optimal bang-bang
controls with respect to velocity

Assume that for a given velocity v,.r the optimal control
structure 7; for the problem (5)-(6) is known. As it was
shown in [5], the solution to optimal control problem (5)-
(6) exhibits significant sensitivity with respect to changes
in the speed v of the traveling load. Denote by ¢ € [0, T)
the measurement time instant of the traveling load and the
state of the structure. Assuming that for the chosen time
instant ¢ the real speed v = v(#) of the traveling load and
the real state x(¢') of the structure are known from the mea-
surements our goal is to develop a method that enables the
real-time adaptation of the optimal control functions ac-
cording to both measured values. The method will use the
reference optimal control functions computed for a given
reference speed and the set of functions describing the sen-
sitivity of the system dynamics to the measured parame-
ters. Assume that the velocity perturbation

dv =0~ V., (13)

is suitably small. Let us now consider new finite-
dimensional optimization problem involving the perturbed
switching times as the optimization variables. First, we
will introduce the following assumptions [2, 4]:

Al The optimal control u*"</ (as well as the switching

function o (¢)) has a finite number of switching times (ze-
* Uy f . .

roes) 7, 7, k=1,..., K satisfying

*Ure, Uy *Ure Uy
O=7," <7 <7, <. <t =T. (14)
A2 There exists a set of twice continuously differentiable
functions ux(%, x) such that the control u*"=/(f) is given in
a state feedback form, i.e., fork =1, ..., K + 1 it holds

W) = wt, @), Ve (). (15)

A3 The time derivative ¢ of the switching function o is
assumed not to vanish, i.e., the strict bang-bang property
[4] is assumed to be satisfied

o@" ) #0, k=1,.K (16)

Based on the assumptions A1-A3 we will reformulate
[2, 4] the optimal control problem (5)-(6) as the finite-
dimensional nonlinear induced optimization problem in
terms of the switching times rather than solve it directly
as the original problem (5)-(6). Let us introduce the ma-
trix of switching times

n= (11,72, ..., ) € RF™, (17)

O=to<Ti <4 <..<T¢11 =T,

taken from a neighborhood of the optimal reference vector
X = (Tfu"’f , T; " T ). For any n satisfying (17),
we will write #(¢) for the nonsingular bang-bang control

fortp_1 <t<tr, k=1,.. K+ 1 defined as follows:
Lln(t) = (u'll(t), ug(t), ey u%(t)) = (Uk1> Uk2y -or Upm)- (18)

Let us denote by K the following subset of the switching
times indicators:

K=lk:k=1,..K+1, 1u>7). (19)

For the control u(¢), n = ((Ti)rex), let x = x(¢, x(¢'), n,v)
be the absolutely continuous function satisfying the initial
value problem

#(1) = Ax(0) + Zm: () B x(t) + F(v,0),  (20)
i=1

for oy <t <1, keK, x(f)=x].

Referring to problem (5)-(6), we have x(z, x*V/ ('), n*"<,
Urey) = x*"</(¢). Using the solution of the state equation
(20), we can now formulate the parametric optimization
problem in terms of 7 as the optimization variable: For a
given velocity v find = ((Tx)rex) minimizing the objec-
tive functional

T
s = a0 = [ O0x0d @)
v
subject to the constraints (20) on the interval [¢#, T]. The
solution to problem (21) will be from now on referred to

as ™ = (77 kex)-

3.1 Directional derivatives with respect to
switching time

To solve the optimization problem (21) with constraints
(20) we develop an iterative algorithm based on the
method of the steepest descent. For that purpose we need
to estimate the relevant derivatives corresponding to the di-
rections of the descent for the decision parameter 7. It can
be verified (see, for instance, [5]) that the derivative of the
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objective functional (21) with respect to the kth switching
time of the ith control component is given by

dJ fT ( aH)
=— dr. 22
dtyi v \0Tki [0 (22)
From (11) it yields
dJ
e (U 1y — i) p7 (This (23)
Tki

xX(?'), (Tkexc, ) B x(tii, x(), (Tikesc, V) -

Here, uy; is the value of the ith control component in the
time interval ¢ € (73-1,7¢), £ € K. In order to evalu-
ate the derivatives (23), we employ approximations of the
state x and the adjoint state p. The approximation of the
state x, denoted later by x??, will combine the optimal
reference state x*"</ and the appropriate differentials due
to the changes in the speed of the moving load, the initial
condition, and the switching times. Similarly, for the ap-
proximate adjoint state p, later referred to as p*??, we will
use p*V« and the relevant differentials.

It follows from the assumption (13) on the velocity
perturbation that the perturbation of the initial state dx =
x(t')—x*"¢/(') can also be assumed to be suitably small. It
implies small perturbations of the switching times, defined
as follows:

dty = (dti, dtia,s ..., dTin) (24)

m, ke K.

By using the perturbations (13) and (24) the state
x(t, x("), (Tx)rexc, ) can be evaluated as the function de-
pendent on

*ref .
dry=tu—1,;°, i=12,.,

x(t, x*"/ (1) + dx, (T;rej '+ dTkerc, Uer + V). (25)

Since for t € [¢,T] we have x*"<(f) = x(t,x*"*/(t),
(T ref )kekc> Urer), by using Taylor series expansion formula
and the standard arguments [2] we can employ the follow-
ing approximation of the state function:

ox 1 {6*x
app — yKUres e 2
XPP(t) = x*(f) + (6v)t dv + (_(9 2) dv'+ (20)
Ox ) < ( Ox )
— | dx+ dty; .
(6x° I ;1;( 0t ),

Fori=1,2,..,mand k € K let us introduce the following
definitions of the sensitivity functions
ox 0*x ox ox
SX = > = — 5 = — s x = . 27
v (30 v auz X0 axo Thi aTki ( )

Denote by f the right hand side of equation (6) for ¢ €
[¢,T]. Thus, f = x and due to (20) we have the following
relations:

S = f(x(xo, (Tikexc, V), (Tikexcs V) - (28)

Thus, using the standard sensitivity approach [9] and dif-
ferentiation with respect to the perturbed parameters we

obtain ordinary differential equations satisfied by the sen-
sitivity functions (27) in [¢, T']:

. of of
Si=—=8+=, S;{)=0, 29
v a a U( ) ( )
) of f
S ===3S,+ , S5({)=0, 30
[ a 6 2 UU( ) ( )
o X af X X (o
S = Ix Sy Sy =1, (€28
and fori =1,2,..,mand k € K
» _O0f o OF
ST]“ = a STk, + aTk[, Tjﬂ(t) (32)
From (6) we obtain
of “ ;
— =4 l'Bl, 33
. +Z‘“ (33)
Frwe (uges1yi — i) B'x 8(t — Tra), (34)
Tki
where g{ = ?,f , (;27; = ?;TI;' The approximation p*?? of

the adjoint state p is based on the adjoint state p*'</ cor-
responding to the optimal state x**</ . It is computed sim-
ilarly as the approximation x“?? of the state function x,
i.e., Taylor series expansion (26) is used with the adjoint
function p rather than the state function x.

4 Optimal control algorithm

The developed adaptive control numerical algorithm is
based on the concept of the Receding Horizon Control.
This class of algorithms employs the solutions to the finite
horizon optimal control problems where both the initial
and the final times are repetitively being pushed forward.
In this paper, a sequence of problems (21) with incremen-
tally increasing time ¢/, but fixed final time 7, is consid-
ered. The final time is equal to the time in which a moving
load is passing the structure with the constant velocity v, .
The fixed final time enables us to employ the optimal ref-
erence solutions. Based on the measurements of the actual
velocity v(¢') and the actual state x(#') as well as using the
formulas for the objective functional derivatives (23) com-
bined with the formula (26) to calculate the approxima-
tion of the state and adjoint functions the algorithm is able
to compute the descent directions to update the set of the
optimally switched controls. Remark that all of the sensi-
tivity state and adjoint functions (29)-(32) can be precom-
puted off line and stored in a controller’s memory. Since
the computation of the values of the objective functional
derivatives (23) can be executed instantaneously, the adap-
tive method can be implemented in real-time. For detailed
description of the algorithm see [2].

5 Numerical examples

The optimal control problem (21) with constraints (20) has
been solved numerically for several passage scenarios in-
cluding both constant and varying speed profiles. For each
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scenario the same reference optimal controls computed for
given constant reference speed is used. Our primary goal
is to estimate the range of velocity perturbation that guar-
antees high performance of the designed method. Ma-
trix O in the objective functional (21) is assumed as the
identity matrix and the time horizon 7 is computed for
L = 4 [m]. Here v(¢) is the actual velocity in the speed sce-
nario. Other parameters are set as equal to n = 10, m = 4,
EI = 801 [Nm?], u = 2.3 [kg/m], W™ = 500 [N/m],
u"* = 5000 [N/m], a; = 0.2L,0.4L,0.6L,0.8L, M =
4 [kg]. In the simulations, maximal number of iterations is
set to /,,ax = 20 and stop criterion € = 3 - 10~'°. Four con-
trol functions u;, i = 1,2, 3,4, associated with four con-
trolled dampers are used. For each control function u; two
switching times 7; and 7y; are assumed (see Fig. 2). The
structure of the controls is defined as follows:

ymin if 0<t<ty, i=1,2,3,4,
ui(t) = u™ if r;<t<1;, i=1,2,3,4, (35
umn if m;<t<T, i=1,2,3,4.

The solution to the reference optimal control prob-
lem (5)-(6) has been computed for the moving load speed
Vrer = 8 [m/s] and zero initial condition xg"e’ = 0. The cor-
responding time horizon is equal to 7 = 0.5 [s]. The time
interval [0, T'] is represented by the following set of time
instants {#;};=0,1,..,1000, 20 = 0, ti0o0 = T'. For this repre-
sentation we obtain the set of optimal switching times for
problem (5)- (6):

damperno. 1 71\ =4, 13 = t36.,
damperno. 2 71y = t15, oy = ts96
damperno. 3 71y =t Tay =tr32,
damperno. 4 71 =15, T3, =top. (36)

The results for the exact optimal controls, later referred
to as the optimal controls and denoted by u** are com-
puted as the solutions to the problem (5)-(6), where in-
stead of the reference velocity v,.r and the initial state xg"e’
we assume the actual speed profiles as equal either to con-
stant velocity v..,s; Or piecewise linear variable velocity
vyar- For each case, the optimal control is assumed to pre-
serve two switches structure as given by (35).

T
maz
U

U;

Lmin Wi

T1i T2i

Time

Fig. 2. The assumed structure of the switched controls u;, i =
1,2,3,4.

The first set of simulations has been carried out for per-
turbed velocity scenarios. We have considered three sce-
narios of constant speed v.,,s, and three scenarios of vary-
ing speed v,,-. The assumed profile of the varying speed
Uy 1s displayed in Fig. 3. For each of the constant speed

. . .
to 200 Time

Fig. 3. The profile of the varying speed v, used in the simula-
tions.

Table 1. The values of the objective function J in the cases of
the perturbed velocity scenarios.

Speed Passive Reference Adaptive Optimal
variant case optimal control control

in [m/s] (U = Upmayx) control u=u*) | (u=u**)

(u = u*rel)

Veonst = 8 1.0000 0.4801 0.4801 0.4801
Veonst = 9 1.0000 0.5295 0.4990 0.4881
Uconst = 12 1.0000 0.9081 0.5448 0.5327
Vpars V0 = 8 1.0000 0.5136 0.4939 0.4855
Vyars V0 = 9 1.0000 0.5859 0.5202 0.5025
Vgar, Vo = 12 1.0000 1.1314 0.5696 0.5463

scenarios vgons, We assume that the traveling velocity is
within the range of 8-12 [m/s]. The same range is assumed
for the starting velocity vy in the cases of the varying speed
Vvar-

The comparison of the values of the objective func-
tion for the set of considered speed variants is presented
in Table 1. For each speed scenario the objective values
for the optimal, the reference and the adaptive control are
normalized to the passive case. For moving load velocities
higher than 8 [m/s], the adaptive strategy outperforms sig-
nificantly (by 40.1 % or 43.1 % for velocity 12 [m/s]) the
system driven by the open-loop reference controls. On the
other hand this strategy results in only 2.2 % or 4.2 % loss
compared to the optimal case.

Fig. 4 and 5 display the evolution of the adaptive
switching times during the moving load passage with ve-
locity veonse = 12 [m/s]. For the initial values, we assumed
the set of the corresponding reference optimal solutions.
Then, at each time instant, the switching times were repet-
itively updated until the time 7447 corresponding to the end
of the passage. The largest change in switching times val-
ues was observed at the beginning of the adaptive process.

The convergence of the algorithm’s gradient-based pro-

to t100 t200 t300 1400 1500 t600
Time

Fig. 4. Evolution of the optimal adaptive switching times {7}’}
during the moving load passage for the case vonsy = 12 [m/s].
The set of optimal reference switching times {T;.U"E’ } is assumed
for the initial values.
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tained results indicate that the proposed method can out-
perform the reference optimal solutions. Further numeri-
cal as well as experimental tests are being performed.
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Fig. 7. Reference, adaptive, optimal controls. vy, = 12 [m/s].
Fig. 8. Trajectories of the moving load for v, = 12 [m/s].

6 Conclusion

Real time adaptive control method for structures subjected
to a moving loads has been proposed and tested. The ob-



