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1. INTRODUCTION

In the E region of the Earth’s lower ionosphere,
complicated processes occurring in the interaction of
the solar wind with the Earth’s magnetosphere gener�
ate an electrojet and the accompanying quasi�constant
electric field. When the strength of this field exceeds a
certain threshold value, the Farley–Buneman (FB)
instability develops, specifically, instability of colli�
sional plasma with an electric current transverse to the
magnetic field. Since its discovery more than 30 years
ago [1], the linear theory of this instability has been
well developed [1–4], which made it possible to
explain some properties of small�scale nonuniformi�
ties occurring in the lower ionosphere. Short waves
propagating nearly perpendicular to the external mag�
netic field are excited at the fastest rate. The problem
of how the growth rates and thresholds of the FB insta�
bility depend on kinetic effects, plasma thermal con�
ductivity, and plasma nonquasineutrality is still being
studied. Thus, in [5, 6] the instability growth rates
were thoroughly calculated with allowance for elec�
tron kinetics, in particular, the dependence of the col�
lision frequency on velocity was obtained. However, in
order to explain the modulation depth of the inhomo�
geneities and their other properties, it is necessary to
take into account the instability suppression mecha�
nisms. In [7, 8], it was supposed that the FB instability
saturates because of the nonlinear interaction of
unstable with damped modes and the specific nonlin�
ear mechanism was proposed. It is obvious that, since
the characteristic time scales on which the density
oscillates are longer than the cyclotron period, it is the
vector nonlinearity due to the nonlinear nature of the
electron drift motion that plays a governing role in the
relaxation of the spectrum of plasma inhomogeneities

as well as electrostatic waves in a weakly collisional
plasma [9, 11].

It should be noted that, in a weakly collisional,
magnetized plasma, drift�wave�like plasma nonuni�
formities associated with the large�scale gradients of
the plasma density and temperature can coexist with
the classical FB instability, associated with the electric
current. Although the instabilities leading to the
growth of electrostatic waves are different, the mecha�
nisms for the nonlinear interaction between these
inhomogeneities are the same as those for the FB
instability and are typical of the nonlinear interaction
between drift waves in plasma. For a plasma in which
dissipative processes play a substantial role, it seems
justified to suppose that the developing spectrum (tur�
bulence) of the density waves can be described by a
finite number of modes, in which case the developing
few�mode turbulence can be efficiently described by
the sets of hydrodynamic�like equations for the wave
amplitudes with allowance for the growth and damp�
ing effects. A familiar Lorentz attractor can be consid�
ered, in particular, as belonging to this class of systems.

Analytic approaches to calculating the spectra are
all interesting, but often contradict each other and
have to be tested by numerical simulations and also by
justifying the assumptions made, especially those
about the random phases of the waves. Full�scale
kinetic simulations run into obvious difficulties, such
as the lack of computer resources, complexity of an
adequate description of collisions, presence of numer�
ical noise, and great difference in the time scales of
particle oscillations and in the rates of nonlinear pro�
cesses. In some other papers [7, 11], it was proposed to
simulate the FB instability by using a hydrodynamic
approach and taking into account plasma quasineu�
trality. The authors of those papers had to make special
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efforts in order to solve the nonlinear equation relating
the density and potential fluctuations. In addition, the
authors ignored thermal conductivity and Landau
damping by ions—effects that come into play in the
short�wavelength range and become especially impor�
tant when a cascade develops that brings energy to the
damping region. There also are papers that made use
of a hybrid simulation method in which the electron
motion was described hydrodynamically and the ion
motion, kinetically. On the whole, it can be concluded
that, although some interesting results have been
obtained (in particular, it was shown that the FB insta�
bility can be stabilized by nonlinear wave–wave inter�
action processes), the overall picture is far from being
complete and it is not clear which regimes and which
nonuniformity spectra the plasma relaxes to.

It is therefore of interest to consider an alternative
approach to simulating the spectra of nonuniform
waves by solving ordinary differential equations for the
amplitudes of different spatial modes, i.e., by deriving
and analyzing hydrodynamic�like equations with qua�
dratic nonlinear terms in which the linear components
describe wave dispersion and also dissipative effects.
An advantage of this approach is that the simulation
results are illustrative and easy to analyze and that it is
possible to readily modify the equations by incorpo�
rating additional effects via changing the correspond�
ing coefficients and/or using a larger number of
modes. In particular, in the linear approximation,
Landau damping by ions is taken into account by sup�
plementing the equation of ion motion with the corre�
sponding linear term.

2. LINEAR THEORY

The linear theory of the FB instability was consid�
ered by using various models for describing magne�
tized plasma hydrodynamically and kinetically. In this
section, we do not pretend to give a novel analysis, but
only present the main results of the linear theory that
will be used to construct a nonlinear model. For the
conditions under consideration, the plasma can be
assumed to be uniform. In the linear approximation,

the properties of electrostatic waves in such plasma are
described by the dispersion relation

, (1)

where  and  are the electron and ion
dielectric functions, respectively. The analysis is car�
ried out in a frame of reference where the ions are at
rest as a whole. Since the friction due to collisions with
neutrals at the frequency  is strong, this frame essen�
tially coincides with the rest frame of the neutral com�
ponent of the weakly ionized ionospheric plasma.
Using the general expression for the dielectric func�
tion of a collisional plasma [12] with unmagnetized

ions  and assuming that the ion ther�

mal velocity  is low in comparison with the wave
phase velocity , or, more precisely,

, we obtain

(2)

where we have used the familiar expansion of the
plasma dispersion function , which is related to
the Kramp function.

Under the assumption that the wave frequency is
much lower than the electron gyrofrequency

, the electrons can be considered to be

magnetized and to drift as a whole with the velocity

 with respect to the ions under the
action of the constant electric field . The electron
component of the dielectric function of collisional
plasma is then expressed as [12]

.
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,

we then arrive at the following approximate expression for :

(3)

With allowance for the condition , this
expression can be represented as

, (4)

where  is the electron gyroradius and

the notation  has been introduced to

make the formulas more compact.

In the long�wavelength range, Landau damping by
ions can be ignored, so dispersion relation (1) and
expressions (2) and (4) yield the dispersion relation

(5)

or

(6)

where  and . An
approximate solution to this relation that is valid for
long wavelengths describes quasineutral plasma waves
with the frequency

(7)

For , these waves grow at the rate

, (8)

where

(9)

The waves are seen to be unstable when

.

Note that, with increasing wavenumber k, the growth

rate γFB also increases as . The dependence of
the frequency and growth rate of the FB instability on
the wave vector  is illustrated in Fig. 1, which
shows the results obtained by solving dispersion rela�
tion (5) numerically and those calculated from formu�
las (7) and (8). We can see that, for , approx�
imate solution (7), (8) is insufficiently accurate.

In studying the FB instability, Landau damping by
ions is usually ignored. However, since the wave phase

velocity  is on the

order of the ion thermal velocity, the damping of waves
in their resonant interaction with ions can be impor�
tant, thereby restricting the range of propagation
angles of the unstable waves. In addition, Landau
damping by ions stabilizes the instability in the short�
wavelength range [1, 13]. The effect of Landau damp�
ing by ions should be described kinetically. In a linear
description, this can be done by retaining the imagi�
nary part of  in dispersion relation (1). In this case,
the dispersion relation has the form
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following expression for describing the wave disper�
sion properties:

. (12)

For , the effect of ion kinetics on the frequency
of FB waves is small. In this case, under the above
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The results of the present section serve as a basis for
constructing a mathematical model of nonlinear
interaction between waves, which will be considered in
the next section.

3. TWO�FLUID MODEL

In what follows, we will consider low�frequency
electrostatic waves in a collisional plasma under the

conditions . Such waves are described by

the two�fluid hydrodynamic equations [14]

(14)

, (15)
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density of na ~ 1013 cm–3, a situation is typical in which
the behavior of ions and electrons is governed by their
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number of particles in the Debye sphere. For definite�
ness, we will restrict ourselves to considering only this
situation, in which the electron thermal conductivities

are , , and .

It is also necessary to take into account the large�
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(24)

It is easy to see that the main nonlinear term in these

equations is estimated by .

Estimates of the nonlinear terms in the equation of
ion motion show that, for , the nonlinearity of
the motion can be ignored, so we can set

. Indeed, comparing between the

characteristic time scales of the nonlinear motion of
the ions and electrons,

we can see that the first time scale is much longer than
the second. Consequently, in the fluid approximation,
the dynamics of the main ion component can be
described by the equations
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and

or by the equation

(26)

where  is the ion velocity potential, defined by
.

As regards waves with wavelengths much greater
than the Debye radius, there are grounds to assume
that the waves are quasineutral,  (see, e.g.,
[7]). In the linear approximation, this assumption is
almost obvious, and conditions for the applicability of
the quasineutral description are easy to check. In what
follows, we will assume that the plasma is quasineutral
in the nonlinear regime as well, keeping in mind, how�
ever, that, when the density perturbation grows to large
amplitudes, the plasma can become nonquasineutral
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and the description of waves should be refined accord�
ingly.

When the deviation from quasineutrality can be
ignored,  nres � δn + nres, the condition for
the electron and ion motions to be consistent,
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imposes the restrictions with which to determine the
potential . In fact, comparing Eqs. (25) and (24), we
arrive at the consistency condition
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which does not contain time derivatives and is thereby
nonevolutionary.

If we ignore thermal conductivity  and

the interaction of waves with resonant particles, then
we obtain the set of FB equations (the classical FB
model)
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(34)

where  and .

The classical FB model was used by Otani and
Oppenheim [8]. In the linear approximation,
Eqs. (32)–(34) can be reduced to the equation

(35)

which yields the dispersion relation

(36)

The solution to this dispersion relation was obtained in
the very first papers (see [15]). For , this
solution was considered in the previous section.

In the short�wavelength range, the equations in
question should be refined in order to correct their
main drawback, specifically, the presence of linear
instability at arbitrarily large values of the wave vectors
(see above). This should be done by taking into
account the resonant interaction with ions (Landau
damping) and also the electron thermal conductivity,
which changes the properties of waves at large k values.
In this case, in the quasineutral approximation,
Eqs. (32)–(34) should be supplemented with the ther�
mal conductivity equation, which can be written in
terms of variation in the electron entropy,
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In the linear approximation, we introduce the nota�

tion  and  to arrive at the set

of equations

,

, (39)

,

which yields the dispersion relation

(40)

or

(41)

We can see that the thermal conductivity does not
come into play when

or, according to approximate solution (7), when

.

For , the instability is suppressed.

4. WEAK INTERACTION APPROXIMATION

In [7, 11], the FB instability was simulated based
on a quasineutral hydrodynamic model. The authors
of those papers had to make special efforts to solve the
nonlinear nonevolutionary equation relating the fluc�
tuations of the density and potential. It was mentioned
above that, in considering small�scale waves, it is also
necessary to account for Landau damping by ions as
well as the electron thermal conductivity. The mathe�
matical model can be further simplified in such a way
that it will be capable of determining the wave spectra,
while capturing all important features of the wave
interaction. Indeed, linear instability theory implies
that the rate at which the waves grow is much less than
their period, so it is natural to assume that, when the
instability is suppressed, the reciprocal of the charac�
teristic time scale on which the waves interact is also
much less than the wave period. Consequently, we can

+
=

2 5
3

e i
s

e

T Tc
T

+
=

2 5
3

e i
e

i

T Tc
m

⎡⎛ ⎞ ⎤ ⎛ ⎞
⎜ ⎟ ⎜ ⎟⎢ ⎥
⎜ ⎟ ⎜ ⎟⎢ ⎥⎣⎝ ⎠ ⎦ ⎝ ⎠

∂ ∂
+ ν + + ψ + =

∂ ∂

2 2 2 2 2 0
3

i s k e k kc k n c k s
t t

⎛ ⎞
⎜ ⎟

⊥ ⊥⎜ ⎟
⎝ ⎠

∂
+ ⋅ = ν ρ ζψ

∂

2 2
d k e e ki n

t
v k k

( )⊥ ⊥ ⊥

∂
+ ⋅ − ν ρ α = ν ρ α

∂

2 2 2 22 2
3 3

d e e k e e ki k s n
t

v k k

( )

( ) ⊥

⊥

⊥
⊥ ⊥

Ω Ω + ν −

⎛ ⎞ν ρ α− Ω − ⋅⎜ ⎟= +⎜ ⎟ν ρ ζ Ω − ⋅ − ν ρ α⎜ ⎟
⎝ ⎠

2 2

2 2

2 2
2 2 2 2

4
9

2
3

i s

e e
d

e
e e d e e

i c k

i k
i

c k
k i k

v k

v k

( )

( )

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎝ ⎠

⊥

⊥ ⊥

Ω Ω + ν − −

⎛ ⎞
⎜ ⎟ω= Ω − ⋅ +⎜ ⎟ν ζ Ω − ⋅ − ν ρ α⎜ ⎟
⎝ ⎠

lh

2 2 2

2 2
2

2 2

2
3

2
3 .

2
3

i s e

e

d
e d e e

i c c k

c k

i i k
v k

v k

⊥ ⊥Ω − ⋅ ν ρ α,�
2 22

3
d e ei kv k

⊥

⎛ ⎞Ψ αν ρ⋅ ⎜ ⎟+ Ψ⎝ ⎠
�

2 20

0

2
1 3

e ed kk v

⊥ρ ν⋅∼ �/2 2 1e edk k v



PLASMA PHYSICS REPORTS  Vol. 36  No. 5  2010

NONLINEAR REGIMES OF FARLEY–BUNEMAN INSTABILITY 397

seek the solution in the weak interaction approxima�
tion such that  and

. This approach, which is similar to

that used by Volosevich and Galperin [16], makes it
possible to substantially reduce computational diffi�
culties because it reduces the problem to that of ana�
lyzing the set of equations for the slowly varying
amplitudes of the density waves.

Hence, we substitute  into the
equations following from the complete set of
Eqs. (32)–(38) in the Fourier representation,
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and, in the weak interaction approximation, systemat�
ically eliminate the quantities , , and  in accor�
dance with the formulas
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which coincides with the expression for the real part of
dispersion relation (40). Introducing the notation

and ignoring the small components proportional to

 in the nonlinear terms, we obtain the sought�for

equation for the amplitudes of the density waves:

Here,  are real. Taking into account the dependence
on the fast phase yields the following nonlinear equa�
tion for these amplitudes:

.

The quantities in this equation are given by fairly com�
plicated formulas:

,

,
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.

Let us write out approximate expressions that are valid
in the region where the thermal�conductivity�induced
corrections are unimportant. From formulas (50) we
correspondingly obtain
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The latter equation describes the evolution of the
spectrum of the density waves during the development
of the FB instability with allowance for the nonlinear
wave–wave interaction. The FB instability can be sta�
bilized by the efficient mechanism for energy transfer
from unstable waves propagating inside the cone to the
strongly damped waves outside the cone. This energy
transfer can be provided by a cascade of three�wave
processes that is accompanied by a decrease in the
wavelengths and brings energy to the region of strong
Landau damping by ions. However, the energy can
also be transferred to the damping region in a shorter
way: in the three�wave processes, the unstable wave
can transfer its energy directly to the damped waves
[17]. Let us consider three waves the interaction
between which is described by the following set of
equations (k1 = k2 + k3):

, (51)

, (52)

. (53)

The three�wave interaction process can be highly effi�
cient under the synchronization condition

(54)
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This condition alone is insufficient, however. The rea�
son is that the efficiency of the nonlinearity can be low,

, because of its vector nature: if the waves are col�
linear, then it is necessary to additionally require that
the coefficients G be large. It is easy to see that the nec�
essary conditions are achieved, e.g., when

, in which case we have

 � 

and ; that is, all the

coefficients are of the same order of magnitude and

the equality  ensures that synchroniza�
tion condition (54) is satisfied with good accuracy.

Assuming that the amplitude of one of the waves

(that with ) is much greater than the amplitudes of
the two others, from Eqs. (51)–(53) we can conve�
niently obtain the following relationships for the decay
instability:

,
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In particular, these relationships yield the threshold
condition for the development of the decay instability:

Numerical investigations of the solutions to the
equations show that, under certain conditions (see
below), the FB instability can be suppressed by a non�
linear (three�wave) mechanism. It can be seen that
there exist different nonlinear regimes of the instabil�
ity. Figure 2 illustrates the results of solving Eqs. (51)–
(53) numerically for , , and .
Note that simulations were carried out with the quan�

tities normalized so that  =

. Under these conditions,

after several wave periods, the instability relaxes to a
steady nonlinear regime, in which the amplitudes of
the density waves remain essentially unchanged.

Another regime of nonlinear suppression of the
instability is exemplified in Fig. 3, which presents the
results of numerical solution of Eqs. (51)–(53) for

, , and . In this case, the
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instability relaxes to a periodic regime of nonlinear
waves in which the energy is regularly exchanged
between the modes.

Finally, Fig. 4 shows the results of numerical solu�
tion of Eqs. (51)–(53) for , , and
γ3 = 7.1. In such circumstances, the instability relaxes
nonlinearly to a stochastic regime in which the waves
are irregular and exchange their energy in three�wave
interactions.

Mathematically, the above patterns of the instabil�
ity saturation correspond to an attractor of the solu�
tions to Eqs. (51)–(53); moreover, under certain con�
ditions, we deal with a strange attractor, as in the case
of stochastic regime. It should be noted that, accord�
ing to numerical solutions, the attractor does not
always exist; that is, for certain values of the parame�
ters of the system, the solution increases without
bound with time and it may be that, for a particular
choice of the wave vectors of the satellites, there will be
no nonlinear stabilization. That this can be the case is
especially obvious when the vectors for all the three
waves are chosen to be collinear, i.e., when

 and the system becomes nonlinear. It

is of interest to note that, in some cases when the insta�
bility does not saturate nonlinearity with time, there
nevertheless exists a fairly long time interval during
which the waves intensively exchange energy with each

γ =1 1 γ = − .2 3 3

( )
ω
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other and the unstable wave grows very slowly. In view
of the approximate character of a few�mode descrip�
tion, this situation may serve as a piece of evidence for
stabilization by the three�wave interaction.

5. CONCLUSIONS

In considering the problem of whether the FB
instability can be suppressed by nonlinear three�wave
interaction processes, it is possible to develop an
approximate description of the dynamics of the system
on the basis of a set of hydrodynamic�like equations
for the wave amplitudes, even though the dissipative
processes play a substantial role. These equations,
which are similar to those describing the nonlinear
interaction of waves in collisionless plasma, are natu�
rally derived from the equations of motion of a fluid
(plasma) by expanding the physical fields in spatial
modes. The model that makes a quasineutrality
assumption but does not assume that the wave–wave
interaction is weak could also be regarded as belonging
to the same type if it were not for the presence of non�
evolutionary coupling. This coupling, which cannot
be resolved in the general case, leads to a more
involved, nonquadratic nonlinearity, so the analysis
becomes far more complicated and the description
loses its universal character. On the other hand, if the
quasineutrality assumption is ruled out, then eliminat�
ing the electric field potential with the help of Pois�

son’s equation again leads to hydrodynamic�like
equations. These equations, however, have large coef�
ficients and as such are more difficult to solve under
conditions close to quasineutrality, a case in which
large terms in physically meaningful solutions should
be canceled out. Hence, the proposed description of
the nonlinear interaction between FB waves seems to
be optimal for numerical analysis.

Our investigation of the nonlinear instability satu�
ration by the three�wave mechanism has revealed dif�
ferent types (regimes) of the dynamics of the system.
Each of the regimes corresponds to an attractor of the
solutions to the corresponding set of differential equa�
tions. Numerical simulations for the case of three�
wave interaction in a system with given parameters
show that, if the attractor exists, then it is unique. Of
course, this conclusion, which was obtained in simu�
lating only few cases, has to be justified in more detail.
Yet, given this hypothesis, we can conclude that the
suppression of instability in a three�wave system ends
with a certain state that depends exclusively on the
physical plasma parameters and on the wave parame�
ters (vectors). It seems reasonable to suppose that,
slightly above the instability threshold, the number of
waves required for an actual description of the system
may be larger, always remaining finite, however. As in
the case of three waves, we can anticipate that there
exist attractors representing stabilized states with a
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finite number of modes. The problem to be addressed
in a future study is that of clarifying whether there can
exist several attractors or, equivalently, several differ�
ent stabilized states of a system with the same plasma
parameters. Another important problem is that of
determining the wave parameters and the optimum
number of waves with which to provide the best repre�
sentation of the perturbed plasma states as functions of
the drift velocity of the electrons with respect to the
ions and also of such parameters as the composition,
density, and temperature of the plasma.
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