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Abstract

An improved approach to penalty modeling in contact mechanics is proposed. The presented algorithm enables evaluation of the
optimum values of the penalty factor for each constrained degree of freedom in the finite element model. The values are chosen so as to
ensure desired accuracy in fulfillment of the geometric constraints while keeping the condition number of the modified stiffness matrix
at a moderate level. Thus, the main weakness for which the penalty approach is often criticised — excessive worsening of the system
conditioning — is fairly limited. Numerical examples confirm advantages of the method.
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1. Introduction

Penalty approach is one of the commonly applied method of
dealing with contact constraints in FE modeling in structural me-
chanics. Its advantage is simplicity of formulation; in particular,
no additional unknown variables appear in the system of equi-
librium equations. Among its drawback one may mention only
approximate fulfillment of the contact constraints and worsening
of the system conditioning, as the additional terms that modify
the system coefficient matrix have much higher order of mag-
nitude that its intact values. Manipulating the assumed penalty
factor value, one may decrease one of the mentioned drawbacks,
but usually at the cost of increasing the other. The main difficulty
is, however, that there are no good universal rules to tell what this
value should be in the particular problem to solve.

We propose the numerical method to compute this value, or
rather values (as the penalty factors may be different for each con-
tact condition), based on current values of the structural stiffness
matrix, loads, displacements, and the desired accuracy of contact
modeling. The penalty modifications of the system coefficient
(stiffness) matrix and the r.h.s. vector allow to fulfill the contact
constraints with the assumed accuracy while increasing the ma-
trix condition number as little as it is necessary in the particular
configuration.

2. Methods

Let q, r be the vectors of nodal displacements and loads and
K the stiffness matrix of a system without contact costraints.
In the linear case, the system potential energy is expressed as
Π(q) = 1

2
qTKq − qTr and its minimization leads to the stan-

dard system of N algebraic equations Kq = r.
Let contact constraints at each node have the linear form of

node-to-rigid-plane contact,

uxnx + uyny + uznz ≤ û (1)

where {nx, ny, nz} is the unit normal to the plane (directed in-

wards) and û is the current distance to the plane. If the solution q
(containing components ux, uy, uz for all nodes) violates some
of the constraints (let their number be M ), additional M equa-
tions appear in the problem

CTq = û (2)

where CN×M is the constraint matrix whose columns contain
unit normal components for the involved d.o.f. and zeros else-
where. The equations generate additional contact forces, not in-
cluded in r.

In the penalty method, the potential energy of the system is
modified as [3]

Π(q) =
1

2
qTKq− qTr+

1

2
(CTq− û)Tϵ(CTq− û) (3)

where ϵM×M is a diagonal matrix of penalty coefficients. In the
traditional approach, the coefficients are arbitrary “large” posi-
tive numbers (usually the same for all constraints), typically es-
timated as several orders of magnitude higher than stiffness ma-
trix elements. Minimization of the energy leads to the system of
equations with the modified stiffness matrix and the r.h.s. vector,

(K+CϵCT)q = r+Cϵû. (4)

in which the contact costraints are enforced with the better accu-
racy, the higher the penalty coefficients are. On the other hand,
their too high values worsen conditioning of the modified stiff-
ness matrix which affects accuracy of the overall solution.

In the proposed approach, we define values of allowed in-
accuracy in fulfillment of each contact constraint (allowed pene-
trations) and gather their values in a vector δM×1. Thus, in the
worst case we require

CTq− û = δ (5)

Substituting q from Eqn (4) we get a system of M equations

CT
(
K+CϵCT

)−1(r+Cϵû)− û = δ (6)
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in which the only unknowns are M diagonal elements of the
penalty matrix ϵ. After several transformations, skipped here,
we come at the following equation,

ϵδ = CTr−CTKC(û+ δ) (7)

from which the diagonal elements of ϵ can be determined in a
trivial way.

3. Computational example

Deep drawing of a thin circular isotropic sheet with a hemi-
spherical punch is considered as an example [2]. The geometrical
configuration of the problem is shown in Figure 1. The initial ra-
dius of the blank is 2.22 in and its initial thickness 0.035 in. The
Coulomb friction coefficient was assumed 0.2. The strain hard-
ening law was assumed in the form (stress unit is [ton/in2])

σ̄ =

{
5.4 + 27.8ε̄0.504, for ε̄ ≤ 0.36
5.4 + 24.4ε̄0.504, for ε̄ > 0.36

(8)

The analysis was performed with the use of MFP2D pro-
gram [1]. Fifty axisymmetric linear bending elements have
been used. A contact algorithm with classical penalty approach
(penalty factor ϵ = 107) and next with the modified penalty ap-
proach was applied. In the second case, two different accuracy
levels of contact modeling were considered: δ = 10−7in and
δ = 10−3in. The depth of penetration of blank in tool is pre-
sented in Figure 2. Summary matrix condition numbers in all
time steps of numerical simulations are shown in Figure 3. It
should be noted that almost in all time increments the matrix
condition number is improved with the use of modified approach
compared to classical penalty method approach even when very
high accuracy (10−7in) is assumed.

Figure 1: Hemispherical punch deep drawing problem, dimen-
sions are given in inches

4. Discussion

The proposed method allows to adapt the order of magnitude
of penalty coefficients to the assumed error tolerance level. One
may thus avoid using too high values of the coefficients which
leads to excessive increase of the matrix condition number in
the considered system of equations. Moreover, the penalty co-
efficients are different for different contact conditions which al-
lows to accommodate possible large differences in structural stiff-
ness with respect to different deformation modes (e.g. tension and
bending).

There is no difficulty in extending the approach to nonlinear
problems. In this case, the penalty coefficients ϵ are computed
from Eqn. (7) in each Newton–Raphson iteration, for the current
geometric configuration and current state of activity of all poten-
tial contact conditions. Modification of the presented approach
towards contact of two deformable bodies is possible, too. The
only drawback of the method is that it does not include friction
constraints at the moment — in this area, the penalty coefficients
have still to be chosen arbitrarily.

References

[1] Agelet de Saracibar, C., Finite Element Analysis of Sheet
Metal Forming Process (in Spanish), PhD Thesis, Univ. Po-
litec. de Catalunya, Barcelona, 1992.

[2] Woo, D.M., On the complete solution of the deep drawing
problem, Int. J. Mech. Sci., 10, pp. 83–94, 1968.

[3] Wrigers, P., Computational Contact Mechanics, Wiley,
Chichester, 2002.

Figure 2: Penetration of the blank in tools distribution, 0 – with-
out contact. Contact modeling accuracy equal 10−7.
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Figure 3: Matrix condition number during consecutive steps


