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ABSTRACT

A kinetic model of primary homogeneous non-isothermal crystal nucleation

with transient and athermal effects is developed. For comparison, steady-state

and transient isothermal nucleation rates are considered. Kinetic equation for

the development of cluster size distribution provides the basis for the model.

Transient effects are characterized by the longest relaxation time which

increases with temperature at low and moderate undercooling. In isothermal

conditions, nucleation rate is controlled by thermal mechanism; in non-

isothermal conditions, there appears also athermal mechanism. Closed-form

analytical formula for the development of transient cluster size distribution in

single-relaxation-time approximation is derived for non-isothermal processes,

as well as thermal and athermal nucleation rates and total number of nuclei

produced in a cooling or heating run. The transient term contributes to

isothermal nucleation kinetics the more the higher is temperature. Under non-

isothermal conditions, the relaxation time contributes to the nucleation kinetics

by the product with the cooling/heating rate. Considerable transient effects

should be expected for the relaxation times as long as 102–105 s. Contribution of

thermal nucleation to the concentration of nuclei is inversely proportional to the

temperature rate, while the contribution of athermal nucleation depends on the

temperature interval of cooling or heating. Our kinetic model indicates simi-

larities in the nucleation mechanisms in polymers and metals undergoing

crystallization. Example computations are presented for molten indium and a

linear polymer—polyhydroxybutyrate (PHB). A low-temperature limit is pre-

dicted for the nucleation mechanism in PHB, while for indium the mechanism is

active in the entire temperature range.
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Introduction

Crystallization plays important role in material sci-

ence and technology. Crystal structure, degree of

crystallinity, crystal size distribution, and molecular

orientation strongly affect mechanical, sorptional,

and optical properties of many metals, ceramics, and

polymers. Kinetics of the nucleation-controlled crys-

tallization are sensitive to temperature, to tempera-

ture history, and to the rate with which the

temperature changes during the crystallization time.

Optimum temperature and cooling/heating rates

must be known whenever desired crystallinity of the

material is sought. In variable temperature, nucle-

ation involves different mechanisms responsible for

steady-state, transient, and athermal (memory)

effects. Kinetics of nucleation have been widely

described in books and review articles [1–7]. Whereas

steady, isothermal nucleation has been reasonably

well studied, the mechanisms involved in variable

external conditions (temperature, stress, etc.) still

require theoretical and experimental research.

Crystallization involves two successive processes:

formation of primary nuclei and crystal growth. Pri-

mary nucleation initiates most of the solidification

processes in liquids and in solid–solid transforma-

tions. The basis of primary crystal nucleation is the

formation of atomic or molecular clusters which

grow spontaneously to macroscopic dimensions. The

nuclei can be formed homogeneously from a pure

amorphous phase or by heterogeneous mechanism

on foreign particles. The knowledge on the role of the

state parameters (temperature, concentration, pres-

sure, stresses) in the nucleation kinetics is important

for controlling structure formation in low and high

molecular materials. In the early approaches, the

thermodynamic criterion of phase instability pro-

posed by Gibbs was used for developing kinetic

theory of nucleation in vapors, gasses, and con-

densed matter [1, 8–12].

In the case of isothermal conditions, the kinetic

theories concern steady-state and non-steady-state

nucleation. Volmer and Weber [8] originally devel-

oped the theory for the condensation of saturated

vapors as a process activated by thermal fluctuations

and controlled by free energy barrier. The formula for

steady-state homogeneous nucleation rate at constant

temperature in such systems was derived by Becker

and Döring [10], Zeldovich [11], and Frenkel [1]

basing on the steady-state cluster volume

distribution. With the theory of absolute reaction

rates proposed by Eyring [13], homogeneous nucle-

ation rate for condensed systems at constant tem-

perature was derived by Turnbull and Fisher [12].

Spherical kinetic units (atoms) subjected to aggrega-

tion into spherical clusters were considered in that

model in application to molten metals.

In the classical models of nucleation in condensed

phases, various shapes of the aggregating units,

nuclei, and clusters were assumed (spheres, cylin-

ders, polyhedra, etc.). Asymmetric kinetic units

forming cylindrical clusters [14] or rectangular par-

allelepipeds [15] were considered in the kinetic the-

ory applied to polymers. For non-spherical clusters, a

formal treatment covering cluster volume and shape

distribution was proposed by Ziabicki [16]. The

kinetic approach to steady-state homogeneous

nucleation rate in polymers was verified experimen-

tally by Turnbull et al. [17, 18] and for liquid metals

[19, 20]. In considering kinetics of isothermal nucle-

ation in condensed matter, it is important to account

for transient behavior. Kinetic theory of non-steady-

state isothermal nucleation controlled by transient

distribution of cluster size was considered analyti-

cally by Zeldovich [11], Collins [21], Kashchiev [22],

Chakraverty [23], Wakeshima [24], Feder [25],

Andres [26], and by computer simulations by Kelton

[27]. These theories account for a transient time

during which the rate of nuclei production approa-

ches steady-state level. In metallic and silicate glas-

ses, the transient time is long enough to be observed

experimentally due to the incubation periods repre-

senting the time taken for a concentration of nuclei to

be achieved [28–31].

The results of computer simulation on transient

isothermal nucleation rate and temperature depen-

dence of the time lag in one-component glasses [27]

are in best agreement with the Kashchiev theory [22].

The computed time lag is nearly equal to the longest

relaxation time of the cluster size distribution, as

predicted in [22]. Increasing of the temperature

results in strong decrease in the computed time lag

from several tens of hours to milliseconds in the

temperature range of ±100 K around the maximum

nucleation rate. Basing on the experimental results of

Kalinina [32], it was shown by Kelton and Greer [33]

that transient isothermal nucleation in lithium disili-

cate glasses proceeds accordingly to time evolution of

cluster distribution from a predetermined initial

state, as predicted by the classical theory.
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Using computer simulation, Kelton and Greer

[34–36] have predicted that the transient phenomena

are important also in non-isothermal homogeneous

nucleation (alkali silicates, metallic glasses). The

authors have shown that the transient effects reduce

nucleation rate the more so, the higher is cooling rate.

The transient effects reduce critical cooling rate for

achieving glassy state by two to three orders of

magnitude, relative to steady-state kinetics, in

agreement with the experimental data. Transient

effects in non-isothermal nucleation play significant

role in the glassy state [31, 37].

For crystallization from metallic liquids, transient

effects in nucleation kinetics can play a prominent

role at extremely rapid cooling [7] due to very short

time lags (relaxation times) in the molten state. At

such fast cooling processes, deviation from the

steady-state cluster size distribution should be

accounted for. Formation of metallic glasses provides

an example. It has been shown experimentally [34]

that deviation from the steady-state results in

reduction in the number of nuclei produced during

the quench, scaled with the cooling rate lower by one

to tree orders of magnitude than predicted for a

steady-state process.

When chemical composition of the nucleating phase

differs from that of the mother phase, the effects of

long-range diffusion coupled with the attachment–

detachment rates are important in the nucleation

kinetics. In the case of one-component systems and

significantly asymmetric kinetic units, long-range

translational diffusion is coupled with rotational dif-

fusion [38, 39] and may affect transient behavior of

isothermal and non-isothermal nucleation.

In the present paper, we derive a simple kinetic

model of primary, homogeneous, non-isothermal

nucleation. We modify the transient kinetic theory of

isothermal nucleation proposed by Kashchiev [22] to

obtain a closed-form, analytical expression for the

kinetics of transient nucleation in one-component

systems under non-isothermal conditions. In our

model, the simplest cubic symmetry of the kinetic

elements and the longest relaxation time are assumed

which allows to analyze the effects considered in this

paper. Orientation effects involving non-isodiametric

symmetry will be subject of another paper.

The transient non-isothermal nucleation rate is

based on time-dependent cluster size distribution

controlled by the thermodynamic factors and the

longest temperature-dependent relaxation time.

Transient effects with temperature-dependent relax-

ation time are present also in isothermal conditions.

That is why relaxation time appears in the non-

isothermal model. Contribution of athermal nucle-

ation in the kinetic model is also accounted for. The

concept of athermal nucleation was introduced by

Fisher et al. [40], Ziabicki [41], and Kashchiev [5].

We analyze individual factors and mechanisms

involved in nucleation kinetics and indicate those

processing conditions and material parameters which

play decisive role in the overall nucleation rate, in the

reference to steady-state and transient isothermal

processes. Using our model, numerical evaluation of

nucleation kinetics is performed for two example

materials: metallic indium and the linear polymer

polyhydroxybutyrate (PHB).

Cluster size distribution and nucleation
rate

To describe the formation of atomic or molecular

clusters as the basis of crystal nucleation, we follow

the classical approach by Volmer and Weber [8],

Becker and Döring [10], Turnbull and Fisher [12] and

formulate continuous distribution of cluster density

qðvÞ in the space of their volumes v

qðvÞ ¼ 1

V

dNðvÞ
dv

qðv ¼ v0Þ ¼ q0

q0v0 ¼ N1

V

ð1Þ

where v0 is the volume of a single kinetic unit

undergoing aggregation in the system of volume V.

For condensed systems, we have q0 ¼ 1=v2
0.

In our approach with the cluster volume as the size

variable, v, the continuity equation of the classical

kinetic theory of nucleation for cluster size distribu-

tion reads

oqðv; tÞ
ot

þ ojðv; tÞ
ov

¼ 0

jðv; tÞ ¼ �Dðv; tÞ oq
ov

þ q
kT

oDGðv; tÞ
ov

� � ð2Þ

Equation (2) describes kinetics of quasi-chemical

bimolecular reactions between clusters, v[ v0, and

single kinetic units, v = v0. Dðv; tÞ is a ‘‘diffusion

coefficient’’ of clusters in the space of their volumes v,

and DGðv; tÞ is free enthalpy of formation a v-size
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cluster from the equivalent volume of single ele-

ments. The assumed isodiametric geometry makes

volume of the molecular clusters, v, a single variable

of the model. With this variable, basic non-isothermal

and transient effects are treated. For cubic kinetic

elements assumed in the model, we have

v0 ¼ d3
0; v ¼ d3. Concentration of single kinetic units

(atoms, molecules, molecular segments) is assumed

to be large, compared to that of dimers, trimers, and

higher-order clusters.

Free enthalpy of cluster formation, DG, includes a

bulk term, Dg, proportional to undercooling Tm � T

and a positive term characterized by surface free

energy density r

DGðv;TÞ ¼ Dgvþ 6rv2=3 ¼ �Dh
ðTm � TÞ

Tm
vþ 6rv2=3

ð3Þ

Dh is the heat of melting and Tm is the equilibrium

melting temperature.

Differentiation of DG with respect to v yields crit-

ical cluster size v* and the maximum free energy DG*
providing thermodynamic barrier for nucleation

dDG
dv

¼ 0 )
v�ðTÞ ¼ 64r3

Dgj j3
¼ 64r3T3

m

Dh3ðTm � TÞ3

DG�ðTÞ ¼ 32r3

Dg2
¼ 32r3T2

m

Dh2ðTm � TÞ2

8>>><
>>>:

ð4Þ

Maximum free energy DG� provides potential

barrier for the flux of clusters in the space of their

volumes v. Thermal nucleation rate _N is defined as

the number of overcritical clusters (nuclei) produced

in unit time and unit volume of the system

_NðTÞ ¼ jðv�;TÞ ¼ �Dðv�Þ oq
ov

� �
v¼v�

ð5Þ

The range of temperatures in which homogeneous

thermal nucleation exists is limited. The upper limit

is defined by equilibrium melting temperature Tm

T ¼ Tm )
v�ðTÞ ! 1
DG�ðTÞ ! 1
_NðTÞ ¼ 0

8<
: ð6Þ

With increasing undercooling, critical cluster size

v* decreases. At the lower limiting temperature Tlim,

v* drops down to the level of a single kinetic unit

T ¼ Tlim , v� ¼ v0

Tlim ¼ Tm 1 � 4r

Dhv1=3
0

 !
ð7Þ

With Eq. (7), we introduce the low-temperature

bound Tlim for crystallization controlled by homoge-

neous primary nucleation. Below Tlim, all clusters

present in the system and single elements behave like

effective nuclei and are able to grow to macroscopic

dimensions.

Such a behavior has been analyzed by George [42]

as a ‘‘nucleative collapse’’ in the case of high-speed

melt spinning. When temperature Tlim is reached, all

clusters including monomers become effective nuclei

and the kinetics of crystallization is solely controlled

by diffusional growth. Evaluation of Eq. (7) using

material data from Table 1 yields for PHB

Tlim = 359 K while for indium, Tlim calculated from

Eq. (7) is negative. Consequently, primary nucleation

mechanism in indium is active in the entire range of

temperatures. Non-nucleative temperature range

seems to be involved in materials undergoing spin-

odal decomposition [43, 44] where the transition rates

are controlled by diffusional growth. Such a behavior

may also appear in crystallization of highly oriented

polymers [42, 45] where orientation entropy strongly

reduces the critical cluster size.

Above the critical transition temperature, T[Tm,

the flux of cluster growth disappears and Eq. (2)

reduces to

jeqðvÞ ¼ 0

dqeq
dv

þ
qeq
kT

dDGeq

dv
¼ 0

ð8Þ

and cluster distribution assumes the Boltzmann form

qeqðv;TÞ ¼ q0 exp
�DGeqðv;TÞ

kT

� �

¼ q0 exp
DhvðTm � TÞ=Tm � 6rv2=3

kT

� � ð9Þ

Asymptotically, we have

DGeqðvÞ ¼
0 for v ¼ v0

1 for v ! 1

�
ð10Þ

Steady-state isothermal nucleation rate

To describe steady flow of single kinetic units into the

system of clusters and steady flow of large clusters

leaving the system, we follow principles of the clas-

sical nucleation theory [8, 10, 12]. The boundary

conditions in the space of cluster volumes, v, include
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constant concentration of single elements and zero

concentration of very large clusters

qstðv ¼ v0Þ ¼ q0 ¼ const

qstðv� vmaxÞ ¼ 0

vmax ffi 2v�
ð11Þ

The steady-state model involves an absorbing

boundary at v = vmax and a providing boundary at

v = v0. Without an excessive error, the upper limit

vmax can be approximated with double critical size.

In steady-state isothermal conditions, Eq. (2)

reduces to

oqst
ot

¼ 0

jstðvÞ ¼ const

dqstðv;TÞ
dv

þ qstðv;TÞ
kT

dDGðv;TÞ
dv

¼ constðTÞ
Dðv;TÞ

ð12Þ

Exact solution of Eq. (12) can be obtained in the

form of integrals. In the space of cluster volume, we

use, however, a more handy analytical approxima-

tion proposed by Zeldovich [11] and Frenkel [1]

qstðv;TÞ¼
1

2
q0e

�DGðvÞ
kT 1� erf ½Zðv�v�Þ�f g

dqst
dv

v;Tð Þ¼�q0e
�DGðvÞ

kT

� 1� erf½Zðv�v�Þ�f g 1

2kT

dDG
dv

þ Zffiffiffi
p

p e�Z2ðv�v�Þ2

� �

ð13Þ

where Z is the half-width of the potential function

DG(v), known as the Zeldovich factor

ZðTÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1

2kT

d2DG
dv2

�����
v�

vuut ¼ Dh2ðTm � TÞ2

8
ffiffiffiffiffiffiffiffi
6kT

p
r3=2T2

m

ð14Þ

In the critical point, v = v*, steady-state distribution

of clusters in the space of cluster volume reduces to

qstðv�Þ ¼
1

2
q0 exp

�32r3T2
m

kTDh2ðTm � TÞ2

" #

dqst
dv

����
v�

¼ �Zffiffiffi
p

p q0 exp
�DG�

kT

� �

¼ �Dh2ðTm � TÞ2

8
ffiffiffiffiffiffiffiffiffiffiffi
6pkT

p
r3=2T2

m

q0 exp
�32r3T2

m

kTDh2ðTm � TÞ2

" #

ð15Þ

The ‘‘diffusion coefficient’’ in the space of cluster

volumes, D(v), is proportional to the cluster surface

area, v2/3, and to the frequency of the molecular

motions. For the ‘‘diffusion coefficient,’’ we assume

the Arrhenius approximation with constant transport

barrier ED, and in case of cubic clusters, we obtain

Dðv;TÞ ¼ 3v2=3v4=3
0

kT

h
exp

�ED

kT

� �
ð16Þ

which at v ¼ v� Tð Þ reduces to

D½v�ðTÞ;T� ¼ 48r2v4=3
0 T2

m

Dh2ðTm � TÞ2

kT

h
exp

�ED

kT

� �
ð17Þ

Thus, we obtain steady-state nucleation rate in the

form

_NstðTÞ ¼ �Dðv�Þ dqst
dv

����
v¼v�

¼ I0 exp
�ED

kT

� �
exp

�32r3T2
m

kTDh2ðTm � TÞ2

" #

I0 ¼ v�2=3
0

6rkT
ph2

� �1=2

ð18Þ

Transient isothermal nucleation rate

In any real system, the distribution of clusters is

subject to molecular rearrangement, and steady state

is reached only asymptotically. Transient isothermal

solutions of the continuity equation, Eq. (2), have

been obtained by Collins [21], Kashchiev [22], Chak-

raverty [23], and others. For the cluster size distri-

bution in the space of their volumes, separation of

variables in Eq. (2) yields an infinite sum of

exponentials

qðv; tÞ ¼ a0ðvÞ þ
X1
i¼1

ai vð Þ exp �t=sið Þ ð19Þ

where si denotes relaxation times and ai are v-de-

pendent parameters.

We approximate the distribution, Eq. (19), by a

single time-dependent term with the longest relax-

ation time s ¼ s1

q v; tð Þ ffi a0 vð Þ þ a1 vð Þ exp �t=sð Þ ð20Þ

With the boundary conditions

q v; t ¼ 0ð Þ ¼ qin vð Þ
q v; t ! 1ð Þ ¼ qst vð Þ

ð21Þ

we obtain the following distribution controlled by

single-relaxation time

q v; tð Þ ffi qst vð Þ þ qin vð Þ � qst vð Þ½ � exp �t=sð Þ ð22Þ

J Mater Sci (2016) 51:8935–8952 8939



where s is a temperature-dependent material char-

acteristics. The nucleation time lag h is expressed by

the longest relaxation time s by the formula h ¼ p2s=6

[22]. It is evident that at infinitely long s, the initial

distribution qin vð Þ remains unchanged, and at s = 0,

steady state is reached instantaneously.

By differentiation of Eq. (22), we obtain the fol-

lowing equation for the rate of variation in the dis-

tribution in the processes controlled by the longest

relaxation time

oq v; tð Þ
ot

¼ qst vð Þ � q v; tð Þ
s

ð23Þ

The rate of variation is proportional to the differ-

ence between the asymptotic steady-state distribution

and the instantaneous distribution, as well as inver-

sely proportional to the temperature-dependent

relaxation time s. This relationship will be used

below in this paper for determining the development

of cluster size distribution in non-isothermal pro-

cesses, by integrating Eq. (23) with s and qst vð Þ
dependent on varying temperature.

Application of Eqs. (5), (18), and (22) yields

isothermal transient nucleation rate

_Ntrans tð Þ¼�D v�ð Þ oqst
ov

����
v�
þ oqin

ov

����
v�
�oqst

ov

����
v�

� �
exp �t=sð Þ

� �

¼ _Nstþ _Nin� _Nst

	 

exp �t=sð Þ

ð24Þ

where _Nin and _Nst are nucleation rates corresponding,

respectively, to the initial and steady-state cluster

distributions. The relaxation time of transient nucle-

ation rate is identical with the relaxation time of

cluster size distribution s.

We consider amorphous melt superheated to the

temperature T0[Tm and rapidly quenched to a

constant crystallization temperature T\Tm. Nucle-

ation proceeds in the temperature T starting with an

initial cluster size distribution in the melt equal to

the equilibrium Boltzmann distribution qin v;Tð Þ ¼
qeq v;T0ð Þ at T0[Tm. The initial nucleation rate _Nin

at T resulting from the equilibrium cluster distri-

bution quenched from the overheating temperature

T0 reads

_Nin Tð Þ ¼ �D½v�ðTÞ;T�
oqeqðv;T0Þ

ov

����
v�ðTÞ

ð25Þ

From Eq. (9), we have

oqeqðv;T0Þ
ov

����
v�ðTÞ

¼ �q0 exp �DG v�ðTÞ;T0ð Þ
kT0

� �
DhðT0 � TÞ

kT0Tm

ð26Þ

while the steady-state nucleation rate _NstðTÞ is given

by Eq. (18). The half-time t1=2ðTÞ at which isothermal

transient nucleation rate reaches 50 % of the steady-

state value reads

t1=2

s
¼ ln 2 1 �

_Nin

_Nst

 !" #
ð27Þ

Kashchiev [22] and Chakraverty [23] obtained the

longest relaxation time in the form

sðTÞ ¼ 1

2D½v�ðTÞ� Z2ðTÞ ð28Þ

where D v�ð Þ and the Zeldovich factor Z Tð Þ are given

by Eqs. (17) and (14), respectively. The relaxation

time s represents time of jumping of a critical-size

cluster v* over the thermodynamic barrier Z and is

expressed by the following function of temperature

sðTÞ ¼ 192kTr3

Dðv�;TÞDg4ðTÞ ¼
4rT2

m

Dh2ðTm � TÞ2v4=3
0

h exp
ED

kT

� �

ð29Þ

s is controlled by thermodynamic driving force Dg Tð Þ
and the coefficient D Tð Þ.

Nucleation in non-isothermal conditions

Experimental observations and computer simulations

indicate that time variation in thermodynamic

parameters plays significant role in the nucleation

kinetics. Continuity equation, Eq. (2), with time-de-

pendent ‘‘diffusion coefficient’’ D and free enthalpy of

cluster formation DG cannot be solved by separation

of the variables. For a semiquantitative analysis of

non-isothermal primary homogeneous nucleation,

we consider an approximate single-relaxation-time

model for time development of the cluster size dis-

tribution using temperature-dependent functions

qstðTÞ and sðTÞ in Eq. (23).

Transient non-isothermal nucleation rate

Consider temperature T monotonically varying in

time in the range T\Tm with the rate _T ¼ dT=dt

from Tin. Replacing time variable with temperature

8940 J Mater Sci (2016) 51:8935–8952



T tð Þ in Eq. (23), we obtain the following formula for

variation in the transient cluster size distribution

q v;Tð Þ with temperature under non-isothermal

conditions

_TðTÞ oq v;Tð Þ
oT

¼ qst v;Tð Þ � q v;Tð Þ
sðTÞ ð30Þ

controlled by the relaxation time sðTÞ and steady-

state limit qst v;Tð Þ of the distribution. For non-

isothermal processes, the initial cluster size distribu-

tion at the start, qin(v), is assumed as steady-state

distribution at the initial temperature Tin which is

below Tm

t ¼ 0

T ¼ Tin\Tm

q ¼ qinðvÞ ¼ qstðv;TinÞ
ð31Þ

By integration of Eq. (30) with time (temperature-)-

dependent material functions and boundary condi-

tions from Eq. (31), we obtain the following formula

for temperature-dependent cluster size distribution

with transient effects under cooling or heating

qtransðv;TÞ¼exp �
ZT

Tin

dT0

_TðT0ÞsðT0Þ

0
B@

1
CA

� qinðvÞþ
ZT

Tin

exp þ
ZT0

Tin

dT00

_TðT00ÞsðT00Þ

0
B@

1
CA qstðv;T0Þ

_TðT0ÞsðT0Þ
dT0

2
64

3
75

ð32Þ

The transient effects in the cluster distribution

under non-isothermal conditions, Eq. (32), are con-

trolled by the product of the relaxation time and

cooling/heating rate during the process, _TðTÞ sðTÞ,
while under isothermal conditions discussed, they

are controlled solely by sðTÞ.
Asymptotic behavior of the transient cluster dis-

tribution in non-isothermal conditions can be char-

acterized as follows

Differentiation of the distribution terms in Eq. (32)

with respect to cluster volume leads us to the fol-

lowing original formula for transient nucleation rate

under non-isothermal conditions where the critical

size v* and the coefficient D v�ð Þ refer to instanta-

neous temperature T

_NtransðTÞ¼�DðT;v�Þ oqinðvÞ
ov

����
v�ðTÞ

exp �
ZT

Tin

dT0

_TðT0ÞsðT0Þ

0
B@

1
CA

2
64

þ :

ZT

Tin

oqstðv;T0Þ
ov

����
v�ðTÞ

exp �
ZT

T0

dT00

_TðT00ÞsðT00Þ

0
@

1
A dT0

_TðT0ÞsðT0Þ

3
75

ð34Þ

The initial distribution at the start, qin(v), in Eq. (34)

is a steady-state distribution given by Eq. (13) at

Tin\Tm.

Consider the process in which cooling (heating)

rate _T is a constant and the relaxation time s varies

with temperature according to Eq. (29). Then, the

instantaneous nucleation rate at T reduces to

_NtransðT; _TÞ ¼ �DðT; v�Þ

� oqinðvÞ
ov

����
v�ðTÞ

exp � 1
_T

ZT

Tin

dT0

sðT0Þ

0
B@

1
CA

2
64

þ 1
_T

ZT

Tin

oqstðv;T0Þ
ov

����
v�ðTÞ

exp � 1
_T

ZT

T0

dT00

sðT00Þ

0
@

1
A dT0

sðT0Þ

3
75

ð35Þ

Nucleation rate in transient conditions is a function

of three factors: undercooling Tm � T, temperature-

dependent relaxation time, s Tð Þ, and cooling/heating

rate, _T. The relaxation time s and cooling rate _T affect

nucleation kinetics in a similar way. The longer is s
and/or the faster is cooling, the closer is nucleation rate

to the initial value. On the other hand, slow cooling

rates and/or short relaxation times move nucleation

rate in the direction of asymptotic steady state.

qtransðv;TÞ ¼

s ¼ 0; _T 6¼ 0 q ¼ qst½v;TðtÞ� quasi - static

s ¼ 0; _T ¼ 0 q ¼ qst½v;T� isothermal; steady - state

s ! 1; any _T q ¼ qinðvÞ quenched initial
_T
�� ��! 1; anys q ¼ qinðvÞ quenched initial

9>>>=
>>>;

8>>><
>>>:

ð33Þ
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Thermal versus athermal nucleation

Besides thermal nucleation discusses above, under

non-isothermal conditions there appears also another

mechanism, athermal nucleation. The total concentra-

tion of supercritical clusters in a system is related to

the cluster size distribution q v; tð Þ

N�ðtÞ ¼
Z1

v�ðtÞ

qðv; tÞdv ð36Þ

The rate with which N* is changed, i.e., nucleation

rate, results from the differentiation of the integral in

Eq. (36) with respect to time

_NðtÞ ¼ d

dt

Z1

v�ðtÞ

qðv; tÞdv ¼
Z1

v�ðtÞ

oqðv; tÞ
ot

dv� dv�

dt
q v�; tð Þ

Z1

v�ðtÞ

oq v; tð Þ
ot

dv ¼ jðv�Þ � jð1Þ ¼ jðv�Þ ¼ _NthðtÞ

_NathðtÞ ¼ �dv�

dt
q v�; tð Þ

ð37Þ

Differentiation of the kernel followed by the

application of the Gauss–Ostrogradsky theorem

yields flux of clusters leaving the subcritical region,

v\ v*, and entering the region of stable nuclei, v[ v*.

This mechanism is known as thermal nucleation. In

steady-state isothermal conditions, the flux term jðv�Þ
reduces to _NstðTÞ, Eq. (18). In variable external con-

ditions, when critical cluster size v* changes in time,

there appears another term in Eq. (37) resulting from

the differentiation of the lower integration limit, v�ðtÞ.
This term describes athermal nucleation which is

proportional to the rate of external conditions (tem-

perature, T, pressure, p, etc.)

_NathðtÞ ¼ �dv�

dt
qðv�; tÞ

¼ � ov�
oT

_T þ ov�
op

_pþ � � �
� �

qðv�; tÞ ð38Þ

Depending on the sign of the derivative dv*/dt, the

athermal process may increase or reduce the number

of nuclei in the system, e.g., cooling ( _T \ 0) and/or

compression ( _p [ 0) virtually produces new nuclei,

while heating or decompression associated with an

increase in v* makes some nuclei lose their stability.

In the latter conditions, the athermal nucleation rate

is negative. It should be mentioned that finite critical

cluster size is defined only in the conditions of

undercooling. Above the equilibrium transition tem-

perature, T[Tm, the critical cluster size is infinite

and no nucleation, thermal or athermal, is possible

_NathðTÞ ¼
[ 0 T\Tm; _T\0
\0 T\Tm; _T[ 0
¼ 0 T ¼ Tm

¼ 0 T[Tm

8>><
>>:

ð39Þ

The concept of athermal nucleation has originally

been introduced by Fisher, Hollomon, and Turnbull

[40] and later derived in the form of Eq. (37) by

Ziabicki [41] and Kashchiev [22]. Athermal nucle-

ation is not controlled by diffusion and does not

require thermal activation. Clusters acquire the status

of nuclei under the change in external conditions.

Reduction in temperature [46], or increase in pressure

[47] shifts the criterion of cluster stability to smaller

critical volume v*, thus yielding virtual production of

stable nuclei. In other words, some clusters, unsta-

ble in the conditions (T1, p1), are promoted to the rank

of nuclei by changing thermodynamic state of the

system to (T2, p2)

T1; v\v�ðT1Þ �!cooling
T2\T1; v[ v�ðT2Þ

p1; v\v�ðp1Þ �!compression
p2 [ p1; v[ v�ðp2Þ

ð40Þ

In the conditions of cooling and steady-state cluster

distribution, qstðvÞ, we obtain the following formula

for athermal nucleation rate from Eqs. (15) and (37)

_NathðT; _TÞ ¼ � _Tqstðv�Þ
dv�

dT
¼ � _TUðTÞ

UðTÞ ¼ 96r3T3
m

v2
0Dh

3ðTm � TÞ4
exp

�32r3T2
m

kTDh2ðTm � TÞ2

" #

ð41Þ

Replacing qst vð Þ in Eq. (41) by transient cluster size

distribution qtrans v;Tð Þ given by Eq. (32), an analytical

closed-form expression for athermal nucleation rate

is obtained, accounting for the relaxation effects.

It should be emphasized that both thermal and

athermal nuclei are homogeneous by nature and

physically undistinguishable. Equation (41) accounts

for athermal effects in sporadic homogeneous nucle-

ation, without predetermined homogeneous nucle-

ation. To account for the effects of predetermined

nucleation, for example memory effects, the distri-

bution qstðv�Þ in Eq. (41) should be modified for the

predetermined clusters contribution, what is not a

subject of this paper.
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Concentration of nuclei produced
in a single cooling/heating run

The factor subsequent to nucleation which controls

crystallization is the concentration of nuclei produced

during cooling or heating. For steady-state isothermal

processes, concentration of thermal nuclei produced

within the time interval Dt is

DNstðDtÞ ¼ _NstðTÞ � Dt ð42Þ

Consider a single cooling/heating run starting at

T0\Tm. With transient effects in non-isothermal

process, we obtain the following closed-form analyt-

ical formula for the concentration of nuclei produced

in the temperature interval (T0, T)

DNðTÞ ¼
ZT

T0

_NtransðT0; _TÞdT0

_TðT0Þ
ð43Þ

where _NtransðT0; _TÞ is given by Eq. (35).

In the nucleation considered as a quasi-static pro-

cess (steady-state nucleation rate instantaneously

follows varying temperature), concentration of nuclei

produced at constant _T, at the absence of transient

and athermal effects, is expressed by the integral

DNqsðTÞ ¼
1
_T

ZT

T0

_NstðT0ÞdT0 ð44Þ

_NstðTÞ is a positive material function, and the con-

centration of nuclei produced in a quasi-static run is

controlled by the temperature interval and the cool-

ing/heating rate. For both cooling and heating, con-

centration of nuclei produced in the transient or

quasi-static processes increases, Eqs. (43) and (44).

Cooling or heating below Tm provides positive con-

tribution to the concentration of thermal nuclei.

Different behavior is found for athermal nucle-

ation. Integrating the athermal nucleation rate in the

quasi-static limit, Eq. (41), concentration of athermal

nuclei produced in the run is obtained, indepen-

dently of the cooling/heating rate _T

DNathðTÞ ¼ �
ZT

T0

U T0ð ÞdT0 ð45Þ

Unlike for thermal nucleation, contribution of ather-

mal process is different for cooling and heating.

Under cooling, athermal nuclei are produced,

DNathðTÞ[ 0, while heating results in reduction in the

nuclei concentration, DNathðTÞ\0.

Total concentration of nuclei at T created in the

system during a single cooling/heating run in quasi-

static process is expressed by the sum

DNðTÞ ¼ DNqsðTÞ þ DNathðTÞ

¼
ZT

T0

_NstðT0ÞdT0

_T
�
ZT

T0

UðT0ÞdT0 ð46Þ

It is evident that the thermal contribution, DNqs, is

inversely proportional to the cooling/heating rate,

while the athermal contribution depends only on the

temperature interval (T0, T).

Discussion of the results

The model in single-relaxation-time approximation

allows to predict transient nucleation rate under

isothermal and non-isothermal conditions, athermal

nucleation kinetics, as well as influence of individual

material and processing parameters and concentra-

tion of nuclei produced in a cooling or heating run.

Concentration of nuclei produced in a single cooling/

heating run is controlled by initial and target tem-

perature and the cooling/heating rate. The effect of

temperature is associated with the driving force

represented by the product of heat of melting and the

degree of undercooling. Cooling rate renormalizes

timescale into temperature (Eq. 43) and affects tran-

sient thermal nucleation rate through the product

with the relaxation time (Eq. 34). Transient effects

present in isothermal and non-isothermal processes

are associated with activation energy via the relax-

ation time.

Variation in cluster size distribution provides a

basis for nucleation rate and is assumed to be con-

trolled by the longest relaxation time. Thermody-

namic driving force is considered as a linear function

of undercooling; molecular transport effects are

described by the Arrhenius formula with a constant

activation energy ED. The range of temperatures

available for thermal nucleation is limited to

Tlim 	T\Tm for PHB. When temperature Tlim is

reached, all clusters including monomers become

effective nuclei and the kinetics of crystallization is

solely controlled by diffusional growth. For indium,

the nucleation mechanism is active in the entire range
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of temperatures due to much smaller molecular vol-

ume of the kinetic units.

Besides thermal nucleation mechanism, there

appears athermal nucleation. The thermal and

athermal nuclei are homogeneous by nature and

physically undistinguishable. Athermal nuclei do no

require thermal activation of molecular transport

because they are created due to a change in the crit-

ical cluster size under changing temperature.

Isothermal nucleation rate in this model with a

single-relaxation time consists of a steady-state and

transient terms. Figure 1 shows steady-state nucle-

ation rate _Nst versus temperature T calculated from

Eq. (18) for indium and Fig. 2 the same characteris-

tics for PHB. Thermodynamic barrier to nucleation,

DG*, approaches infinity at T = Tm and determines

upper limit of nucleation. With increased under-

cooling, DG* is reduced and the thermodynamic

driving force increases. At the same time, cooling

suppresses molecular mobility and slows nucleation

down. Competition between the thermodynamic and

transport effects leads to a maximum of _NstðTÞ at

T = Tmax. The calculated temperature Tmax for PHB is

288 K, i.e., lies beyond the range of nucleation,

Eq. (7). Virtual continuation of the function _NstðTÞ
below Tlim is presented as a dashed curve in Fig. 2.

For indium, Tmax = 162 K and lies within the range

of nucleation.

Nucleation rates, very small in the vicinity of

melting temperature (Figs. 1, 2), increase with

increasing undercooling. _NstðTÞ for the investigated

materials covers wide range of nucleation rates from

zero to 1022–1026 cm-3s-1. The pre-exponential factor

I0 calculated from Eq. (18) is a weak function of

temperature. For indium, the calculated value of I0
slightly increases from 2.3791035 cm-3s-1 at 280 K to

2.8391035 cm-3s-1 at 400 K. This is well consistent

with the average value I0 & 1035±1 cm-3s-1 reported

from experimental investigations on liquid metals

[19]. For PHB, the calculated factor I0 amounts to

0.8791034 cm-3s-1 at 350 K and 1.1191034 cm-3s-1 at

440 K. Experimental data on nucleation for polymers

analyzed by Hoffman [3] yield I0 of the same order,

i.e., 1034 cm-3s-1.

Figures 3 and 4 show transient isothermal nucle-

ation rates reduced by their steady-state values,
_NtransðtÞ= _Nst, calculated from Eqs. (24) and (18) versus

time t for indium and PHB. The plots are shown for

different temperatures T and corresponding nucle-

ation relaxation times s, calculated with the initial

equilibrium Boltzmann distribution of clusters

quenched to T from T0 ¼ Tm þ 10K. The isothermal

transient nucleation rate starts from a very low level,
_Nin ffi 0, determined by the quenched initial cluster

distribution from T0 and increases in time asymp-

totically approaching steady-state level _Nst. The plots

for indium and PHB are shown for three nucleation

temperatures and corresponding nucleation relax-

ation times. The higher is nucleation temperature and

longer is the relaxation time, the more nucleation rate

does lag behind the steady-state value.

Figure 5 illustrates temperature dependence of the

reduced halftime of isothermal transient nucleation

rate, t1=2=s, calculated from Eq. (27) for indium and

PHB. For each material, the plots for various over-

heating temperatures T0 overlap. In the range of high

temperatures (above 200 K for indium and above Tlim

for PHB), the reduced halftime is nearly ln2 which

means that in this temperature range, contribution of

the initial cluster distribution quenched from T0

above Tm is negligible. In lower temperatures, the

halftime for indium rapidly drops to zero because the

initial nucleation rate resulting from the quenched

distribution tends to one half of the steady-state

value, Eq. (27). For PHB, variation in the reduced

halftime in the low-temperature range is beyond the

nucleation mode.

Under non-isothermal conditions, thermal nucle-

ation rate is influenced by the product of cooling rate

and temperature-dependent relaxation time, _Ts.

Nucleation rate is reduced by the relaxation effects

the more, the longer is relaxation time and the faster

is cooling. Under slow cooling and/or short
Figure 1 Steady-state nucleation rate _Nst for indium versus

temperature T. Tm —equilibrium melting temperature.
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relaxation times, nucleation rate approaches asymp-

totically steady state. Temperature dependence of the

relaxation time s and transient nucleation rates for

different values of the product _Ts computed for

indium and PHB from Eqs. (29) and (35) are pre-

sented in Fig. 6. In the melting temperature T ¼ Tm,

Dg is zero and the relaxation time is infinitely long.

The function s Tð Þ exhibits a minimum and increases

in the range of large undercoolings. The shortest

relaxation time calculated for indium, s = 0.009 ns, is

found to appear at 230 K and that for PHB,

s = 0.020 ns, at 374 K.

Scanty literature data on the relaxation time in

primary crystal nucleation cover wide range of val-

ues [5] including subnanosecond values calculated

from Eq. (29) for liquid indium and molten PHB.

Processes controlled by so short relaxation times

seem to have no effect on crystal nucleation in liquid-

to-solid transitions. On the other hand, crystallization

from the solid or glassy state involves relaxation

Figure 2 Steady-state nucleation rate _Nst for PHB versus temper-

ature T in the range well above glass transition. Tm —equilibrium

melting temperature,Tlim—limiting temperature for nucleation. The

plot in the non-nucleation range indicated by dashed line.

Figure 3 Reduced isothermal transient nucleation rates _Ntrans= _Nst

versus time t for indium. a T = 320 K, s = 0.016 ns; b

T = 360 K, s = 0.033 ns; c T = 380 K, s = 0.061 ns. Rapid

quench to T from T0 ¼ Tm þ 10 K.

Figure 4 Reduced isothermal transient nucleation rate _Ntrans= _Nst

versus time t for PHB. a T = 400 K, s = 0.025 ns; b T = 430 K,

s = 0.045 ns; c T = 440 K, s = 0.069 ns. Rapid quench to T

from T0 ¼ Tm þ 10 K.

a

b

Figure 5 Reduced halftime of the transient nucleation rate t1=2=s

versus T calculated for—a indium, b PHB. Rapid quench from the

overheating T0 � Tm ¼ 10; 30; 50 K(the plots overlap). Dashed

plot—the non-nucleation range.
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times as long as 102–105 s [5, 31, 48], and in such

systems, relaxation does play critical role in the

nucleation kinetics.

Transient nucleation rates _NtransðTÞ are the smaller,

the larger is the product _Ts
�� ��. Taking into account

that relaxation times in the liquid–solid transitions

are in the nanosecond range (Fig. 6) and practically

attainable cooling/heating rates do not exceed 106 K/

s, the product _Ts
�� �� is smaller than 10-3 K. Conse-

quently, effect of relaxation is weak and in most cases

can be neglected. When the relaxation time s is equal

to zero and cooling rate _T is different from zero, the

nucleation process is quasi-static. Then, cluster dis-

tribution and nucleation rate follow variation in

temperature and in every instant of time assume the

steady-state value (dashed lines in Fig. 6)

qtrans v;TðtÞ½ � �!s!0
qst v;TðtÞ½ �

_Ntrans TðtÞ½ � �!s!0 _Nst TðtÞ½ �
ð47Þ

Kelton [7, 34] discussed homogeneous crystal

nucleation in a metallic glass Au81Si19 as a function of

temperature and cooling rate. Maximum nucleation

rate of the order of 1018 cm-3s-1 in the steady state

ð _T ¼ 0Þ is reduced to ca 104 cm-3s-1 at _T ¼ �107K/s.

Similar behavior is evident in Fig. 6 where the

nucleation rates for indium and PHB plotted with
_Ts ¼ const are reduced by three orders of magnitude

when steady-state conditions ( _Ts ¼ 0) are replaced

with _Ts ¼ �104K.

Figure 7 presents athermal nucleation rates for

indium and PHB computed from Eq. (41) as func-

tions of temperature T at constant cooling rates. It is

evident that athermal nucleation rate is a function of

temperature and cooling rate. Dashed line in each

figure presents steady-state thermal nucleation rate,

a

b

Figure 6 Non-isothermal transient nucleation rates _Ntrans and

relaxation time s versus temperature T for—a indium, b PHB.

Parameter _Ts indicated. Initial temperature of non-isothermal

nucleation Tin ¼ Tm � 0:01K. Dashed line—nucleation rate in

quasi-static conditions, _Ts ¼ 0.

a

b

Figure 7 Athermal nucleation rates _Nath versus temperature T

for—a indium, b PHB. Cooling rates _T indicated. Dashed line—

steady-state thermal nucleation rate _Nst.
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Eq. (18). _Nath increases with increasing undercooling,

Tm � T, and with increasing cooling rate. Unlike

transient nucleation rates (Fig. 6), steady-state ther-

mal nucleation rate does not provide any bound for

athermal nucleation. The function _NathðTÞ starts from

zero at _T ¼ 0 and approaches infinity at infinite

cooling rate.

Steady-state thermal nucleation rate provides

boundary for transient nucleation mechanism and

not for athermal nucleation. At some cooling rates,
_T ¼ _TcrossðTÞ, athermal nucleation rate crosses steady-

state thermal nucleation rate, and both mechanisms

have the same influence on nucleation. For athermal

nucleation under quasi-static conditions, we obtain

_Nath½T; _TcrossðTÞ� ¼ _Nst Tð Þ

_TcrossðTÞ ¼
�DhðTm � TÞ2

ffiffiffiffiffiffi
kT

p

4
ffiffiffiffiffiffi
6p

p
r3=2Tm

1

s

ð48Þ

The athermal nucleation overruns the thermal

process at the cooling rates exceeding _Tcross which is

inversely proportional to the relaxation time s and

increases with increasing the undercooling, Tm � T.

The function _NathðTÞ starts from zero at _T ¼ 0 and

approaches infinity at infinite cooling rate. With

decreasing temperature ( _T\0), the crossover cooling

rate and athermal nucleation rate at the crossover,
_Nath½T; _TcrossðTÞ�, predicted from Eq. (48) increase. For

example, in the case of indium at T ¼ 337 K, we have
_NathðTÞ ¼ _NstðTÞ ¼ 105cm�3s�1 at _Tcross ¼ �1:8�

1011 K/s. The same nucleation rates for PHB are

achieved at T ¼ 427 K and _Tcross ¼ �4:4 � 1010 K/s.

At small undercoolings, the crossover nucleation

rates are negligibly small in both cases. At deeper

undercoolings, the cooling rates required for the

crossover are extremely high due to high thermal

nucleation rates exceeding experimentally available

range. This behavior predicted for the molten metal

(indium) and for the polymer melt (PHB) seems to be

typical for liquid-to-solid transitions characterized by

very short relaxation times.

Contribution of athermal nucleation (positive or

negative) in case of pure sporadic nucleation is neg-

ligibly small for experimentally controlled cooling

rates, compared to thermal mechanism. Significant

contribution of athermal nucleation might be expec-

ted in processes with predetermined homogenous

nuclei, for example memory effects, which modify

the cluster size distribution.

Total concentration of nuclei created in a single

cooling/heating run is the sum of integrals of thermal

nucleation rate reduced by cooling/heating rate

(Eq. 43), and athermal contribution controlled by

temperature interval ðT0 � TÞ but independent of the

cooling/heating rate (Eq. 45). Thermal nucleation

mechanism provides positive contribution to the

concentration of nuclei both for cooling and heating.

Athermal nucleation, on the other side, yields posi-

tive contribution at cooling and negative at heating.

Figure 8 illustrates the concentration of nuclei

DNqs Tð Þ produced in a quasi-static process during

cooling at various cooling rates for indium and PHB,

calculated from Eq. (46) at the initial temperature

T0 ¼ Tm � 0:01K (dashed lines). Solid lines in Fig. 8

show a gain in the concentration of nuclei due to the

athermal quasi-static process, DNathðTÞ. At higher

cooling rates, lower increase in the concentration of

nuclei produced in thermal mechanism is obtained at

a

b

Figure 8 Concentration of nuclei produced in quasi-static pro-

cess DNqs versus temperature T (dashed lines) at various cooling

rates (indicated) for—a indium, b PHB. Solid line—gain in the

nuclei concentration due to athermal nucleation.

T0 ¼ Tm � 0:01K.
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any temperature T, while concentration of athermal

nuclei created is independent of the cooling rate.

Effects of material properties

Two model materials: molten elemental indium and

molten organic polymer (PHB) are discussed. The

material characteristics are collected in Table 1. In

spite of different molecular structures, kinetics of

nucleation behavior is qualitatively similar for both

materials. Basic differences between molten indium

and PHB involve the size of single kinetic units,

density, heat of melting, equilibrium melting tem-

perature, molecular mobility, and interface free

energy density.

For indium, the kinetic units considered are single

atoms, and for PHB statistical Kuhn segments with

the volume ca 100 times larger than indium atoms.

Although heat of fusion of indium is 13 % greater

than that of PHB, its melting temperature is lower by

about 40 K than that of PHB. Melting entropy of the

polymeric material is smaller because of some

intramolecular order in the molten state. Molecular

mobility of PHB approximated by the Arrhenius

formula is much smaller than that of indium due to

the activation energy ED nearly six times higher for

the polymer. Interface free energy densities, nearly

twice higher for indium, affect thermodynamic bar-

rier of nucleation, DG*.
Nucleation rates start as zero at the respective

melting temperatures Tm and increase with increas-

ing undercooling, DT ¼ Tm � T. To obtain realistic

homogeneous nucleation rates (say, 1 cm-3s-1),

indium should be undercooled by about 80 K below

Tm, while PHB requires twice lower undercooling,

about 40 K. The highest nucleation rates calculated

for the considered materials approach 1022–

1026 cm-3s-1.

Free energy barrier of primary homogeneous

nucleation DG� at undercooling DT is influenced by

the interface free energy density r and the ratio

Dh=Tm which is the specific entropy of fusion, Ds.
Higher value of r for indium (Table 1) leads at any

undercooling DT to higher free energy barrier DG�
In

despite higher Dh=Tm. At the undercooling DT, the

ratio of free energy barriers of indium and PHB

DG�
In DTð Þ

DG�
PHB DTð Þ ¼

DsPHB
DsIn

� �2 rIn
rPHB

� �3

ð49Þ

For the parameters listed in Table 1, we have

DsPHB=DsIn ¼ 0:809, rIn=rPHB ¼ 1:872, and DG�
In DTð Þ=

DG�
PHB DTð Þ ¼ 4:29 at any undercooling. The transport

activation energy is considerably lower for indium,

EIn
D=E

PHB
D ¼ 0:180, and reduces the nucleation kinetics

much less than for the polymer. Considerably lower

volume of single elements for indium,

vIn0 =v
PHB
0 ¼ 1:115 � 10�2, leads to much higher pre-

exponential factor I0 in Eq. (18), enhanced by higher

rIn in the power of 1/2.

Analysis of individual influence of r, Dh=Tm, ED,

and v0 indicates that despite much higher pre-expo-

nential and transport terms for indium, the steady-

state nucleation rate, Eq. (18), is lower than that for

PHB by many orders of magnitude due to higher

value of r for indium. Higher r results in steady-

state nucleation rate for indium lower by 22 orders of

magnitude at high undercooling (DT ¼ 100 K). With

decreasing undercooling, the reduction in the nucle-

ation rate increases, and for DT ¼ 35 K, it reduces by

151 orders of magnitude. The effect of higher values

of Dh=Tm for indium is the steady-state nucleation

rate higher by nine orders of magnitude at DT ¼

Table 1 Material characteristics of indium and polyhydroxybutyrate (PHB)

Material characteristics Indium PHB

Tm (K) Melting temperature 429.80 [54] 470.0 [55]

Dh (J/cm3) Heat of fusion per unit volume 209.20 Calculated from [54, 56] 185.0 Calculated from [55]

Dh/c (J/g) Heat of fusion per unit mass 28.62 [54] 146.0 [55]

r (J/cm2) Interface free energy density 2.730910-6 Calculated from [7] 1.458 9

10-6

Calculated from [50]

ED

(kJ/mole)

Activation energy 4.39 Calculated from [57] 24.36 [58]

d0 (cm) Average dimension of kinetic element 2.97910-8 Calculated from [56] 1.33910-7 Calculated from [55, 59]

v0 (cm
3) Volume of kinetic element 2.62910-23 [56] 2.35910-21 [55, 59]

c (g/cm3) Crystal density 7.31 [56] 1.26 [55]
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100 K which increases with decreasing undercooling

to 70 orders of magnitude at DT ¼ 35 K. This indi-

cates that higher Dh=Tm for indium does not com-

pensate much higher reduction in thermal nucleation

kinetics caused by higher r. Lower values of ED and

v0 for indium only slightly rise steady-state nucle-

ation rate by three orders of magnitude and by a

factor of 20, respectively, in the discussed range of

undercooling.

The ratio of the relaxation time of indium and PHB,

important for the transient effects (Eq. 29), at the

undercooling DT reads

sIn DTð Þ
sPHB DTð Þ ¼

rIn
rPHB

DsPHB
DsIn

� �2 vPHB0

vIn0

� �4=3

� exp
EIn
D

k TIn
m � DT

	 
� EPHB
D

k TPHB
m � DT

	 

" #

ð50Þ

The value of ED lower for indium by about six times

makes the relaxation time by three orders of magni-

tude lower than for the polymer. The interface free

energy r contributes to s linearly and does not have

such a dominant influence as it has on steady-state

nucleation rate. Much smaller volume v0 for indium

results in high value of 498 of the pre-exponential

factor in Eq. (50). Minor influence of r and Dh=Tm on

the difference in the relaxation time of indium and

PHB is predicted. Lower ED and v0 values for indium

compensate each other in the influence on the differ-

ence in the relaxation time of both materials. The

estimated ratio sIn DTð Þ=sPHB DTð Þ varies between

slightly below unity at high undercooling and about 3

at low undercooling. This indicates similarity of the

transient effects in the nucleation kinetics in a wide

range of temperature for both materials.

The ratio of athermal nucleation rate of both

materials at the undercooling DT and temperature

rate _T is given by the ratio of functions U (Eq. 41),
_NIn
ath=

_NPHB
ath ¼ UIn Tm � DTð Þ=UPHB Tm � DTð Þ, and is

influenced by r, Dh=Tm and v0. The parameters

influence the free energy barrier in U Tð Þ higher for

indium mainly due to higher value of r and reduce

the athermal nucleation rate ratio by many orders of

magnitude. Much lower value of v0 for indium

results in a high value of the ratio of the pre-expo-

nential factors
vPHB0

vIn
0

� �2
rIn
rPHB

� �3
DsPHB
DsIn

� �3
¼ 2:80 � 104 in

U Tð Þ, which does not compensate strong influence of

r on the free energy barrier and the athermal

nucleation kinetics. Higher r for indium reduces

athermal nucleation rate by 21 orders of magnitude at

high undercooling (DT ¼ 100 K), and the reduction

increases with decreasing undercooling to 151 orders

of magnitude at DT ¼ 35 K. Contrary to the effect of

higher value of r, higher entropy of fusion Dh=Tm for

indium only partly compensates the influence of r
and rises athermal nucleation rate from 9 to 69 orders

of magnitude with decreasing undercooling from

DT = 100–35 K. Similar influence of higher r and

Dh=Tm of indium is predicted also for steady-state

nucleation kinetics.

The data for indium are shifted in the temperature

scale by some 70 K with respect to PHB (Figs. 1, 2).

Compared at constant temperature, or at constant

undercooling, homogeneous nucleation rates are

higher for PHB because of higher thermodynamic

driving force of crystallization. At the same time,

experimental observations for indium [49] show

crystallization onset at the undercooling as low as

10–25 K. This effect has been identified as heteroge-

neous nucleation on the bulk impurities. According

to the authors [49], much deeper undercooling is

required for homogeneous nucleation. In a bacterial

PHB free from impurities, Barham [50] observed

homogeneous crystal nucleation under high

undercoolings.

Summing up, kinetics of nucleation in molten

indium and PHB are similar and seem to be repre-

sentative of metals, polymers, and other materials

undergoing liquid–solid transition. Different behav-

ior has been observed in glass-to-solid and solid-to-

solid transitions [7, 31].

Effects of processing conditions

Nucleation in the liquid–solid transitions is con-

trolled by the thermodynamic variables (tempera-

ture, pressure, etc.) and variation rates of these

variables (cooling/heating rate, compression rate,

etc.). The thermodynamic potentials as functions of

the variables determine phase equilibria and the

range of conditions in which individual transitions

take place. Undercooling determines thermodynamic

driving force of the transition, Dg Tð Þ ¼ �Dh
Tm � Tð Þ=Tm, affects the rate of cluster formation, and

enhances nucleation rates and the relaxation phe-

nomena. The rates of temperature, pressure, and

other functions of state play important role in the

kinetics of nucleation. In this paper, we have
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concentrated on the effects of temperature and tem-

perature rate in isobaric systems.

Nucleation rate is controlled by the competition of

thermodynamic influence of undercooling and

molecular mobility of the kinetic units subjected to

clustering. The measure of molecular mobility is

temperature-dependent diffusion coefficient in the

space of cluster volumes, D v;Tð Þ. In this paper con-

cerned with nucleation in a liquid phase, the Arrhe-

nius approximation was used, D v;Tð Þ / exp

�ED=kTð Þ with a constant transport barrier, ED. For

polymers subjected to deeper undercooling, close to

glass transition Tg, the Arrhenius approximation may

be replaced with Williams–Landel–Ferry formula [51]

D v;Tð Þ / exp
C1 T�Tgð Þ
C2þT�Tg

� �
or Hoffman–Lauritzen for-

mula [3], D v;Tð Þ / exp �ED

kðT�T1Þ

h i
, where T1 ¼ Tg � C3

and C1;C2;C3 are material constants.

The model indicates how the processing conditions

can be adjusted to produce desired nucleation

structure. Consider conditions required to minimize

the concentration of nuclei to get nearly amorphous

material. (1) The starting structure should be amor-

phous. This requires superheating at a temperature

T0 [Tm long enough to erase structural memory

[52, 53]. (2) The cooling rate _T should be adjusted as

high as possible. Complete elimination of the pro-

duction of thermal nuclei is not possible as it would

require infinite cooling rate. (3) The target tempera-

ture, T, should be adjusted according to the material

involved. T must be higher than limiting level,

T[Tlim (Eq. 7). For a given material characterized by

steady-state nucleation rate _NstðTÞ (cf. Figs. 1, 2), the

target temperature should be chosen so that pro-

duction of thermal nuclei is minimized (see Eq. 43).

(4) In addition to thermal nucleation, cooling of a

superheated melt provides concentration of athermal

nuclei independent of cooling rate and increasing

with the temperature interval T0 � T (see Eq. 45).

Ideal amorphous structure without any nuclei below

Tm cannot be obtained for two reasons: finite cooling

rate and athermal nucleation.

Maximization of the concentration of homoge-

neous (thermal and athermal) nuclei can be per-

formed according to a similar scheme. The starting

temperature T0, cooling (heating) rate, and the initial

structure are immaterial. One can produce nuclei by

cooling superheated amorphous melt, or by heating

partly nucleated material to the target temperature.

The fastest way consists in cooling or heating the

material to the temperature corresponding to the

maximum nucleation rate (Figs. 1, 2). At the target

temperature, further nucleation is performed

isothermally. In the conditions when thermal and

athermal nucleation does not provide expected con-

centration of nuclei, heterogeneous nuclei can be

added to the system.

Conclusions

A kinetic model of homogeneous non-isothermal

crystal nucleation with transient and athermal effects

is developed. Transient effects are characterized by a

single (the longest) relaxation time. Closed-form

analytical formulas for transient cluster size distri-

bution, related thermal and athermal nucleation

rates, and the total number of nuclei produced in a

cooling or heating run are derived. Under isothermal

conditions, the transient term controlled by the

relaxation time contributes to nucleation rate the

more the higher is temperature. The longer is relax-

ation time and the smaller is undercooling, the more

isothermal nucleation rate lags behind the steady

state (Figs. 3, 4).

Under non-isothermal conditions, relaxation effects

in thermal nucleation rate are controlled by the pro-

duct of cooling (heating) rate and temperature-de-

pendent relaxation time, _Ts. The cooling rate _T and

relaxation time s affect nucleation kinetics in a similar

way, the longer is s and/or the faster is cooling, the

closer is nucleation rate to the initial value. Under

slow cooling and/or short relaxation times, nucle-

ation rate approaches asymptotically steady state

(Fig. 6). Nucleation rate is reduced by relaxation

effects the more, the longer is relaxation time and the

faster is cooling.

Our model applied to molten indium and the linear

polymer PHB, representing molten metals and poly-

mers undergoing liquid-to-solid transitions, are

characterized by relaxation times in the nanosecond

range. This indicates that transient effects in nucle-

ation would require extremely fast cooling of such

materials. Material parameters strongly affecting

kinetics of homogeneous nucleation include interface

free energy density r and the ratio Dh=Tm. The

highest impact on the nucleation rates results from

considerably higher r for indium which reduces

steady-state and athermal nucleation rates by many
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orders of magnitude, relative to those predicted for

the polymer. The reduction is stronger at lower

undercooling. Higher value of Dh=Tm for indium

results in a rise of the nucleation rates by some orders

of magnitude, but it does not compensate the

reduction caused by the r value.

The predicted relaxation time s is of the same order

of magnitude for indium and PHB in a wide range of

undercooling, indicating similarity of the transient

effects for both materials. Minor influence of higher

values of r and Dh=Tm for indium on the relaxation

time s is predicted, while lower values of ED and v0

for indium compensate each other.

Total concentration of nuclei created in a single

cooling or heating run is a sum of an integral of

thermal nucleation rate reduced by temperature rate

(Eq. 43) and the athermal contribution dependent on

temperature interval ðT0 � TÞ. The athermal contri-

bution is independent of the cooling/heating rate

(Eq. 45). Thermal nucleation provides a positive

contribution to the concentration of nuclei, both for

cooling and heating. Athermal nucleation, on the

other side, yields positive contribution at cooling and

negative one at heating.

Our model can be used to adjust processing con-

ditions for creation desired nucleation structure. It

should be noted that ideal amorphous structure free

of nuclei cannot be obtained for two reasons: limited

cooling rate and athermal nucleation.
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