Oddzial Gérnoslaski

POLSKIE TOWARZYSTWO AKUSTYCZNE

KOMITET AKUSTYKI PAN

INSTYTUT FIZYKI POLITECHNIKI SLASKIEJ

57. Otwarte Seminarium z Akustyki

Full-wave analysis of finite baffle system for linear phased array applications

Yuriy Tasinkevych,
Institute of Fundamental Technological Research, Polish Academy of Sciences
Pawinskiego 5b, 02-106 Warsaw

E-mail: yurijtas@ippt.gov.pl

Abstract

Mixed boundary-value problem for a finite system of rigid baffles in acoustic medium is solved for the case of sound ra-
diation with the help of the method developed earlier in electrostatics. The solution is sought in spectral domain. The
method described here enables direct evaluation of the spatial spectrum of pressure distribution on the baffle plane, which
is used for the far-field radiation pattern evaluation. The approach can be used for the phased array modelling with the fi-
nite element size and the inter-element interactions taken into account. Some illustrative numerical examples present the
far-field radiation pattern and the wave-beam steering in a baffle system that may be considered as a model of one dimen-

sional ultrasonic transducer array.

1. INTRODUCTION

A typical one-dimensional ultrasonic array transducer
consists of alternate sets of acoustically different materials:
piezoelectric, which responds to the incident waves by
electric signal, and acoustically isolating material (like
epoxy) between them. By controlling the phase and the
amplitude of the excitation signal of different elements the
beam generated by the array can be dynamically steered in
the region of interest and focused at a given point. The
phased arrays are widely and successfully used in medical
ultrasonic diagnostics for a long time. Their properties give
rise to their advantages over conventional ultrasonic
transducers, including flexible control and signal
processing, high inspection speed and fast imaging
capabilities. The nondestructive evaluation and testing is
another area where the ultrasonic phased arrays has been
receiving great attention recently. There are different
approaches to the linear phased array modeling described in
the literature. The beam profile modeling is based on the
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intuitive representation of an array as a set of simple point
sources [1,2]. In the point spread function modeling [3,4]
the ability of a phased array to visualize a point reflector (by
means of certain imaging algorithm) is modeled. For this
purpose the ultrasonic data from the array due to a point
reflector at a particular spatial position are simulated first.
Then the image of the reflector is plotted using the
appropriate imaging algorithm applied to the simulated data.

Both these methods must apply certain model of the
individual element of the array (they are typically
piezoelectric beams separated by epoxy layers). There are
different methods of modeling the array elements, including
finite element analysis [5] or Huygens principle [6]. In the
later case, usually the integration of a series of point or line
sources is performed to obtain the element directivity
function due of the finite size of the array element. The
above approaches to the modeling of array transducer
assume that the individual elements respond to the incident
wave pressure independently on each other yielding the
electric signal proportional to the incident wave amplitude.
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However, since piezoelectric materials are closer to hard,
and epoxy is closer to soft acoustic materials, the Bragg
scattering occurs when the incident wave scatters from the
array. This phenomenon must somehow distort the local
acoustic pressure on piezoelectric elements of the array
affecting its electric response. In this paper the model of
ultrasonic linear array transducer based on the full-wave
analysis of the corresponding boundary-value problem is
proposed. The wave excitation problem is considered
particularly, however the scattering or sound detection
problem can also be addressed by this method. The
considered system consists of a finite number of
acoustically hard strips (baffles) where the normal acoustic
vibration vanish, and between them are acoustically soft
domains where the acoustic pressure is given constant
values in the considered excitation problem. This is a mixed
(Dirichlet-Neumann) boundary-value problem that we deal
with: the given pressure between baffles models the wave-
beam generation. A similar system of baffles modeling the
phased array transducer was considered for example in [7].
An efficient method developed in electrostatics [8] is found
suitable for rigorous solution of the above-mentioned
problem for finite planar system of baffles. The paper is
organized as follows. In the next section the boundary value
problem for strips is formulated. In sec. 3 the method of
solution is discussed and in sec. 4 some numerical results
are presented.

2. BOUNDARY-VALUE PROBLEMS FOR STRIPS
Two-dimensional harmonic wave-field exp{j(wt-éx-1z)} is
considered independent of y in the acoustic media governed
by equations for acoustic potential ¢, pressure p and particle
velocity v, (t - time, x, y, z - spatial coordinates, @, & 7 -
angular temporal and spatial frequencies)
Vip+k'p=0,v==-V ¢, p=jwp,p (1)
where k=a/c. Standard notations are applied: ¢ is sound
velocity and p, is mass density of the media. We pay special
attention to the wave-field at the plane z=0. Assuming
known pressure there of amplitude p: p-exp{-jéx}, the
resulting z-component of the particle velocity v,(z=0+) on

the upper side of this plane (denoted by v to shorten
notations), can be easily evaluated:
v=Gp, G=nl(wp,), n=Vk'—=E=—jVg-K (2
neglecting the exponential term exp{j(at-&x)}; G is the
surface harmonic admittance of acoustic half-space. Above,
7 is chosen in order to satisfy the radiation condition of the
acoustic field at z—oo. Inside the media, the acoustic
potential generated by surface p (given at z=0) is
@(x,2)==] pllwp,)e 3)
In the presented method of analysis, we will need the x-
derivative of pressure p(x) at z=0, denoted here by q(x)
q=p,=—Jj&p “
which in spectral domain yields

v=(jGI8)p,=g(E)q; g(g)=—L-1;
wp, & .
1 5)
g(gﬂioo)=gws§) Jo=—""
wp

a

where S=1 for & >0 and -1 otherwise, for arbitrary real &.

Let us consider a finite system of N acoustically hard baffles
distributed along the x-axis on the boundary z=0 of the
acoustic medium spanning for z>0, as shown in Fig. 1.

z A
| R i X

Z
w 2d
C1 51 ‘

a_ b

Fig. 1. A system of N rigid baffles (strips) on the boundary of
acoustic media spanning z>0.

Their edges are defined by x-coordinates (a;,b;), i=1..N. The
baffles assumed to be infinitely long along the y-axis.

For the case of the acoustic field generation considered
here the normal component of the particle velocity v=v,
vanishes on baffles. A harmonic pressure of amplitude p,
(constant over entire slot) excites the wave-field in the
medium z>0; IA describes the position of the given I-th slot
center along the x-axis. Thus, the boundary conditions are

q=0, xe(b,q,,,),[=0.. N, between baffles

v=0, x€(a,,b,), I=1..N, onbaffles (6)

p(s;)=p,, I=1..N —1, at theslot center
where s=(an1tb))/2 - coordinate of the center of slot
between [ and [+1 baffles; b, and ay:: corresponds to (—/+) e
respectively; p;are given values. They are constant in given
slots between baffles due to the condition g=0 there. The
solutions to the boundary-value problem are the functions
p(x) and v(x) at z=0 plane. The field in the medium, z>0, can
be evaluated from (3).

3. METHOD OF SOLUTION

To find the solution of (6) for the system of N hard acoustic
baffles the method developed earlier in electrostatics for the
finite system of conducting strips [8,9] can be successfully
adopted. The set of template functions introduced in [8] as
the partial solutions of the corresponding electrostatic

problem is referred below
N

(N); \_ .N-1 1
" (x)=] g JE ey

M (x)~x N i=0..N—1
where d,, and ¢, are the half-width and center coordinate of
i"baffle. The function ®™is the basis template function and
the rest of ®™? can be derived from ®® as in (13). The
above functions have known spectral representation being
multiple convolutions of Bessel functions of the first kind
Jo(&dw) and Ji(&d). For the basis template function ®® the
spectral representation is given below

" (£)=,(E)x®,(E) % x By (E),

(13)

(14)
where

1 } jEe
——1=J,(dE)e’*", 520,
Vdiz_(x_ci)z[ ’
and F denote the Fourier transform. Note the semi-finite
support of the above functions, which feature is of great

<15i(§)=F
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importance for further numerical analysis. The function
PM(x) has the property that its real and imaginary parts
vanish in subsequent domains of the x-axis, as required by
the boundary conditions (6). We introduce the template
functions for the acoustic field generation problem
considered here as follows

Q"M (¢)=

dM(g),E20
"M (~¢),g<0/

(W) >

vV (g)=s,Q"™(¢)= ‘P*(N)(E),E/O |

~0""(~g),E<0)
As shown in [8], the functions defined in (15) have their
spatial counterparts vanishing on the x-axis in accordance
with (6), namely Q™(x) (as q(x)) vanishes between baffles
and V®™(x) vanishes on baffles (as v(x)). These functions,
evaluated at discrete values of the spectral variable &,=nA¢,
are the discrete series in the numerical analysis applied here
and actually they represent, on the basis of the theory of
FFT [10] periodic functions in spatial domain with a certain
large period A=2m/ K, K=A¢ (see Fig.1)

Q)" (x)=2(Q, V) e ™ (16)

The functions (16) will help us to satisfy the boundary
conditions (6). Namely, the wave-filed (q,v)(x) can be
represented by the inverse Fourier transform written in
discrete form for the assumed large period A (formally,
A— o , but in the applied approximation A is large but
finite)

(15)

(q.v)(x)=2(q,v),e”™", 17)

where the corresponding spectral representations (spectral
samples (q,v).) are given by the following expansion [11]

@0=2 Qs Vi= 2 By S Q- (18)

m
The expansions (18) represent the convolutions in spectral
domain written in discrete form, which in spatial domain
corresponds to the product of the template functions (15)
with certain unknown functions represented by their Fourier
transforms (in discretized form)

(00, B)(x)=2 (ct, B), e,

given by corresponding spectral samples (&, /3), which occur
in (18) as unknown expansion coefficients that have to be
determined. Apparently, the functions (17,18), being the
solutions of the considered boundary-value problem for
finite system of N baffles satisfy the boundary conditions
(6) due to the properties of the template functions (15,16).
Now we only need to check if the applied solutions (17,18)
satisfy the wave equation inside the media, which equation
is represented at the baffle plane z=0 by the harmonic
admittance ¢g(&) (5). Only this part of the wave-field
represented by (q,v)(x) which satisfies the radiation
condition at z—oo are involved in the solution. This yields
the relation for the n" spectral sample having wave-number

&

(19)

v,=g(&,)q,, (20)
which must be satisfied for all n, particularly for large |n|
where g(§N1)=igw (formally, N;=co, but in the applied
approximation N; is assumed large but finite - this is the

only approximation applied in the method). This is only
possible if [13]:
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Bn=9.0, 21
which substituted into the earlier equation and accounting
for (15) and (5) yields:

9o 2 0l Sy j(nENIQY,=0. (20

The equations for ¢, outside the limits ne[-N;,N;] and
me [-Ny,N:] are satisfied automatically, what can be checked
by inspection [13]. To obey the condition that the pressure
takes given constant values in the slots between baffles we

use the similar technique as described in [14]. Having N
baffles there are N;=N-1 slots and constraints which have to
be satisfied. For this purpose the number of coefficients
in (22) is chosen to be 2N;+1+N; and the above N;
constrains are added to the system of equations (22):

p=px=s)=([q(x)dx| _, i=.N, (23
where s; is the i" slot center (see Fig.1). Here we benefit
from the spectral representation of template solution Q™(&)

(15) and following the same considerations as described in
[8] we can numerically evaluate (13) as follows

p=2 «, F_l{jQ(”)(E,,fm)/EJm,, i=L.N; (24

Summarizing, the system of linear equations for
O, me [-N;-M,, N;+M,], where M,=M,=N/2 for even N and
M=(N,-1)/2 and M,=(Ns+1)/2 for odd N, is

[A,)la,]=b,, n€[-N, N, +N,]. (25)
The elements of matrix An, are given by (22) and b,=0 for
ne[-Ny, Ni], and

An=F ' [jQV (&, )& e
b,=p;, n€[N,+\,N,+N],i€[\,N,].
Thus, solving the system of equations (25) for unknown o,

me [-N;-M,N,+M,] the solution of the considered boundary-
value problem can be obtained from (17,18).

(26)

4. NUMERICAL RESULTS AND DISCUSSION

In this section some numerical examples of the sound beam-
forming by given pressure between baffles are given. It
should be noted, that the method of analysis discussed here
yields the spatial spectrum of the acoustic pressure on the
baffle plane directly. Taking the advantage of this, the
radiation pattern can be simply evaluated from the inverse
Fourier transform of p(£) which can be easily evaluated
from q(&) defined in (4) (note, p({§—0)=0). At the level z
above the baffle plane z=0, the acoustic pressure behaves
according to (3), thus introducing spatial angular variables
x=Rsinf, z=Rcos@, the pressure in polar coordinates is

p(R,Q):f p(g) e*}'R(EsinGJrr;cosH)dg’

where 77 is given by (2). At large distance R—oo, we may
drop this part of the integral representing the localized field
at the baffle plane, which depends on imaginary valued 7
(2). This is made by constraining ¥ to the domain (-7/2,7/2)
in the transformed integration, where £=ksiny, m=kcosy .
Substituting these into (27) one obtains the transformed
integration for evaluation the pressure at large distance from
the baffle plane, denoted here as pr(6)

27)
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/2

pr(0)= f

—17/2
and (28) can be easily calculated by the stationary phase

method [14] (the stationary point of interest here is 8=7)

—jkR cos(y—0) d
}’ >

p(kcosy)cosye (28)

pr(0)=p(ksin0)cos0k Jz'k—rlr?eiij’
or, substituting p(&) from (4), the angular dependence in the
far-field region can be deduced
pr(0)~q(ksind)coto. (30)
In the numerical examples presented in Fig. 2. the far-field
radiation pattern is shown for N=8 baffles when the given
pressure is p=exp{jlAksinf}, | = 1..7, where S is a steering
angle. The cases of $=0° and B=15° are considered. In Fig.
3 the corresponding distribution of the pressure field on the
baffle plane is shown.

(29)
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Fig. 2. Far-field radiation pattern for 8 baffle array; steering angle
[=15° (solid line) and $=0° (dashed line); P=A, w=0.751.
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Fig. 3. Spatial distribution of p(x) on the baffle plane for 8 baffle
array; steering angle =15° (thick lines) and $=0° (thin line); solid
lines — Re(p), dashed lines — Im(p); P=A, w=0.75A.

5. CONCLUSION

In this work the mixed boundary-value problem for a finite
system of rigid baffles in acoustic medium is solved for the
case of sound radiation. The method developed earlier in
electrostatics is adopted here. The presented examples con-
firm that the applied method is worth consideration for nu-
merical experiments concerning the beam-forming systems.
It yields all interesting characteristics of the system within

the same simple analysis. The method described here en-
ables direct evaluation of the spatial spectrum of pressure
distribution on the baffle plane, which is used for the far-
field radiation pattern evaluation. Thus, a phased array can
be modeled by this approach with the finite element size
and the inter-element interactions taken into account. The
method can be directly applied for analyzing finite transduc-
er array having different transducer elements with different
width and spacing. Such modification may help reducing
spurious effects connected with abrupt ends of the transduc-
er system, which is considered as quite difficult for analysis.
Besides, the problem of wave detection can be also address
with this approach, which requires solving the correspond-
ing boundary-value problem formulated for the case of
plane acoustic wave scattering by finite baffle system.
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