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Thermal strain produced by local heating of miniature metal 
components is already applied for adjustment in mass production 
in the electronic industry. Non-contact and forceless 
adjustment, alignment or trimming of sub-assemblies by use of a 
well-defined heat source, like the laser beam, allows for 
product miniaturisation and automation of manufacturing. 
However, the implemented procedures of adjustment by thermal 
forming are based on experimental investigations and numerical 
simulations, what makes it difficult to perform optimisation of 
the component design and processing parameters. The paper 
presents analytical-numerical modelling of thermal deformations 
induced to small metal frame structure. Experimental 
verification was performed using Nd:YAG laser beam. Theoretical 
model is based on one-dimensional heat flow solution. Thermo-
elastic and thermo-plastic deformations are described. Derived 
formulae allow for optimisation of the considered structure and 
of the adjustment process.  

1 Introduction 

Thermal upsetting is considered here as plastic deformation of 
material induced by taking advantage of thermal expansion 
phenomenon, without use of external forces. Effect of thermal 
upsetting has been applied since long ago for changing shape of 
metal objects by heating with a flame [1], [2], [3].  
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Thermal deformations can be produced with many heat sources, yet 
controlled inducing of thermal stresses and permanent strain 
requires application of a tool, which provides local heat input 
into the workpiece, is well and easily controlled, and can 
operate in industrial environment. Among different heat sources 
the laser beam exhibits outstanding features with respect to 
controllability in space and time. It represents well-defined 
heat flux, which can be applied accurately to the demanded 
surface area of the object, is maneuverable, propagates both 
through atmospheric air and vacuum, can be delivered at a 
distance, into locations difficult to access otherwise, through 
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the windows into closed chambers, containers or vessels, both in 
macro and micro scale. 

Alignment and adjustment procedures in manufacturing technology 
present large area of potential and already successful 
applications of one of thermal forming methods - the laser 
forming method. Adjustment with the use of a laser beam, 
compared to traditional forming and positioning techniques, 
offers high accuracy and short operation time due to the lack of 
mechanical contact between tool and the adjustment object. 
Flexibility of the method allows alignment of miniature 
electric, electronic, mechanical and optic components, a few 
millimeters in size, with accuracy in the sub-micron or sub-
milliradian range [4], [5], [6], [7], [8]. Unavoidable influence 
of scattering of material properties and geometric dimensions on 
thermal forming effects is accounted for and reduced using 
closed-loop control of adjustment process.  

Movement and/or pulsed application of heat energy allows 
creating steep thermal gradients, which produce high thermal 
stresses necessary to achieve thermal upsetting. All three 
mechanisms described in the literature on laser forming method 
[9] involve thermal upsetting. The Temperature Gradient 
Mechanism requires steep thermal gradient across material 
thickness, while the Upsetting Mechanism necessitates high 
temperature gradient and sufficient constraint in the plane of 
material. The Buckling Mechanism similarly acts due to in-plane 
temperature gradient and constraint, but thermal upsetting is 
produced in post-critical state of the heated object. 

Accurate assembly and alignment of micro parts is accomplished 
using structures called actuators. Their deformation produced by 
heating with a laser beam can be used to adjust, calibrate or 
trim critical dimensions and functional characteristics of 
components. So-called two-bridge layout is a basic constituent 
used in various designs of actuators.  

Modelling of actuators allows for improvement of their designs. 
It opens possibilities of creating desired characteristics 
through the design optimisation. Thermo-mechanical behavior of 
actuators dedicated to adjustment application was investigated 
mainly experimentally and using Finite Element Method [4], [5], 
[10], [11]. 

Presented analysis addresses the two-bridge actuator and its 
deformation induced thermally without remelting of material, 
i.e. in solid state. Analytic-numerical model is developed to 
describe thermo-elastic-plastic deformation of the actuator as a 
miniature frame structure under local thermal load.  
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2 Experiments 

Samples made of a low-carbon steel were irradiated with a 
stationary Nd:YAG laser beam (figure 1). The RSY 150 Q laser 
operated in the continuous wave (cw) mode, producing a beam of a 
nearly uniform (top-hat) power intensity on its circular cross-
section.  

 

Figure 1: Local heating of specimen and non-contact measurement 
of its angular deformation. 

Specimens of dimensions 80 x 10 x 0.815 mm with rectangular 
opening 6 x 6 mm cut out by blanking were annealed in a furnace 

at 400 °C prior to laser heating. Annealing produced oxide layer 
which provided stable conditions of the beam energy absorption. 

Transient and permanent angular deformation of samples was 
measured by a non-contact method using Laser Scan Micrometer LS-
3100/3034 (Keyence Co., Japan). Additional lightweight element 
of good surface quality was attached to the sample in order to 
enhance precision of displacement measurements. Angle α  used as 
a measure of thermally induced deformation of the sample was 
calculated from the measured displacement ν  and radius r 
(figure 1) as )./arctan( rv=α  The angular deformation α  of the 

sample is considered positive when the right part of the sample 
moves up, as shown in figure 1. 

An example of the time run of the angular deformation )(tα  is 

presented in figure 2. During the heating phase the sample 
deforms with the negative value of angle α  due to thermal 
expansion of the heated region. When the heat source is switched 
off, the cooling phase starts. Depending on applied processing 
parameters two types of behavior of the structure can be 
observed: (1) return to the initial form (thermo-elastic 
deformation) or (2) a small change of the form occurs (thermo-
elastic-plastic deformation), like in figure 2. 
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Figure 2: Time run of the angular deformation )(tα  during 

experiment with 5 irradiations of power 43.4 W and 
heating time 1.8 s. 

An example of the residual plastic angular deformation, i.e. 
value of the angle α  after each heating and cooling cycle, for 
the process presented in figure 2, is shown in figure 3. The 
characteristics has degressive course with tendency to 
saturation for greater numbers of irradiations. Presented 
analysis addresses thermally induced deformation produced during 
the initial irradiation applied to the stress-free specimen. 
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Figure 3: Residual angular deformation produced in a sequence of 
5 irradiations of power 43.4 W and heating time 1.8 s. 

3 Theoretical model 

Taking into account low temperature rate and strain rate the 
considered thermo-mechanical problem can be treated as uncoupled 
and quasi-static one because the inertia effects may be 
neglected as well as the influence of strain on the temperature 
field. Therefore the heat transfer analysis will be done first 
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and then the quasi-static analysis of the structure behaviour 
will be performed using already defined temperature 
distribution. 

The considered structure is regarded as a miniature frame 
structure and can be divided into four segments (figure 4):  

• segments 1 and 2: beams subject to longitudinal and bending 
deformation, 

• segments 3 and 4: plates - components much more stiff to 
deformation in comparison with beams 1 and 2, and considered 
as rigid. 

 

Figure 4: Division of the structure into segments. 

3.1 Temperature field 

Laser beam spot diameter is assumed equal to the width of the 
heated segment 1. Rough estimate of the heat power transferred 
in segment 1 by conduction and its comparison with heat power 
absorbed by the material suggest that convective and radiation 
losses contribute little to the total heat transfer for the 
interesting processing parameters range [12]. This observation 
and final results of the analysis justify assumption of the one-
dimensional heat flow in a part of segment 1. While this 
assumption cannot be defended for a region adjacent to the laser 
beam spot, it may be used for the rest of heated segment, 
according to the Saint-Venant’s principle in heat conduction 
problems [13].  

A model of the heat transfer in segment 1 applied in the 
analysis is illustrated by figure 5. Heat absorbed by the 
material is divided into two equal parts, which are transferred 
by conduction towards both ends of segment 1. 
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Figure 5: Schematic of the heat transfer model in segment 1. 

Increase of temperature above the initial temperature in the one 
dimensional heat flow caused by a heat flux q  acting constantly 
during time of heating  is described by the following linear 

thermo-elasticity solution [14] 
ht
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where the heat flux  is calculated in the considered problem 

as 

q

 
S
PAq
2

=  (2) 

and  is the absorption coefficient; A P  is the laser beam 

power; 
cρ

λκ =  is the thermal diffusivity; λ  is the thermal 

conductivity; ρ  is the density; c  is the specific heat of the 
material;  is the cross-sectional area of the segment; ; 

 is the width of segment 1;  is the thickness of material 
(figure 5);  is time. First term in square brackets of equation 

(1) describes heating phase ( t

S

t

whS =
w h

ht≤ ), while the second term 

contributes to the temperature distribution after stopping the 
action of heat flux . q

Solution (1) is based on constant material data values 
assumption, irrespective of material temperature. Dependence of 
material data on temperature will be respected throughout 
presented analysis by applying the data for the mean temperature 
of the process under consideration. The following material data 

were used in analytic and numerical calculations: , the 

coefficient of linear thermal expansion  [1/K], 

88.0=A
6106.14 −⋅=Tα 38=λ  

[W/(m K)], c  [J/(kg K)], 625= 7680=ρ  [kg/m3] [12]. These values 
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are within ranges recommended in [15] for mild steel in 

processes of the mean temperature 500÷600 °C. 

A diagram illustrating development of temperature field 
according to formula (1) in one half of segment 1 is presented 
in figure 6.  
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Figure 6: A contour map of the temperature increase  in 

one half of segment 1 for laser beam power 43.4 W, 
heating time 1 s and low-carbon steel material. 

),( txT∆

Maximal increase in material temperature according to solution 

(1) occurs in the middle section ( 0=x ) and can be expressed 
during heating phase as 

 
πκρ
t

Sc
APT =∆ max  (3) 

3.2 Thermal elongation 

The increase of length of segment 1 due to the phenomenon of 

thermal expansion and temperature change is described by formula 

TL1∆

  (4) ∫ ∆=∆
2/

0
1 ),(2

L

T
T dxtxTL α

where: L is the initial length of segments 1 and 2. 

Assuming value of the thermal expansion coefficient Tα  not 

dependent on temperature, and using formula (1) the increase  

of length at time t  is expressed as  

TL1∆

ht≤
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The above expression contains integral of the ierfc function. 
The repeated integral of the complementary error function 
derived by integrating by parts is 

 [ )(2)(
4
1)()(2 xierfcxxerfcduuierfcxerfci

x
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] (6) 

Performing substitution of variables and suitable change of the 
upper integral limit we obtain 

 [∫ +=
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Thermal elongation of the heated segment 1, derived using 

formulae (2), (5) and (7) for htt ≤  is described by the following 

formula 
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This increase of length of segment 1 due to local temperature 
change is the cause of thermal stresses to occur in the 
structure. 

3.3 Internal forces 

Thermal buckling phenomenon will not be accounted for in the 
analysis as unlikely in conditions of small slenderness ratio of 
the heated beam and weak axial restraint, which will be proved 
later. The Bernoulli-Euler assumption about beam sections that 
remain plane and perpendicular to the axis after loading and 
that effect of lateral contraction may be neglected will be 
employed. 

A scheme for the static analysis of the structure is shown in 
figure 7.  
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Figure 7: Denotation and directions assigned to positive values 
of internal forces and moments of forces acting on 
respective segments of the structure. 

From equilibrium conditions result the following relations 
between internal forces 

 12 FF −=  (9) 
 122 MbFM −=  (10) 
where  is the distance between longitudinal axes of 
segments 1 and 2 (figure 4). 

wab −=

Changes of lengths of segments 1 and 2 due to longitudinal 
forces are 

 
F

F

k
LFL 1

1 =∆    ;   
F

F

k
LF

L 2
2 =∆  (11) 

where:  is the longitudinal rigidity of segments 1 and 2; ESkF =

E  is the Young’s modulus. 

Lengths  and  of segments 1 and 2, respectively, result from 

the initial value  and changes due to the temperature change 
and existence of internal forces 

1L 2L
L

    ;    (12) FT LLLL 111 ∆+∆+= FLLL2 ∆+= 2
Effect of temperature change in segment 2 was omitted in the 
above formula as negligible.  

Bending deformation of segments 1 and 2 expressed by the angle 

of rotation β  at ends of segments can be estimated using the 

pure bending theory as  

 
MM k
LM

k
LM

22
21 ==β  (13) 

where:  is the bending rigidity of segments 1 and 2; zM JEk =

12

3hw
J z =

z

 is the moment of inertia of the rectangular cross-

sections of segments 1 and 2 about central axes parallel to axis 
. 

From equations (13) we obtain  

 21 MM =  (14) 
For small deformations of the structure the following 
approximation may be employed 

 
b
LLtg

2
21 −

=≈ ββ  (15) 
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The angle of rotation β  is related to the angle of deformation 

α  of the structure according to formula 

 βα 2−=  (16) 
From equilibrium conditions, deformation and geometric relations 
result the following formulae for internal forces and angular 
deformation of the structure in elastic state 

 T
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FM L
kkbL

kbk
M 121 )4(

∆
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=  (17) 
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kkF 121 )4(
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−=  (18) 
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kb
12 4

∆
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−=α  (19) 

Internal forces and angular deformation of the considered frame 
structure under thermal loading are described in elastic state 

as functions of thermal elongation . Applying already derived 

expression (8) for thermal elongation ∆  in equation (19) we 

arrive at a formula for the thermo-elastic angular deformation 

TL1∆
TL1

)(telα  [rd] of the structure during heating phase ( htt ≤ ) 
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The above purely analytic formula describes thermo-elastic 
angular deformation of the structure under consideration, 
dependent on thermal processing, material and geometric 
parameters.  

3.4 Plastic deformation 

With increasing temperature thermal stresses in the heated 
segment 1 increase and the yield stress of the material 
declines. Compressive force can thus produce material upsetting. 
Plastic strain produced during thermal upsetting will be 
calculated using the critical temperature concept applied in the 
inherent strain method [16].  

Watanabe and Satoh [16] defined the critical temperature as “the 
temperature value above which material does not resist to 
deformation”. Jang, Seo and Ko [17] described it as the 
temperature “at which strength of material becomes negligible”. 
Similarly Anderson [18] says about temperature “at which 
material strength has decreased significantly” and “material 
properties such as yield stress and Young’s modulus become 
negligible”. Andersen [19] calls this temperature “mechanical 
melting point over which yield stresses disappear”.  
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Dependence of yield stress on temperature for low-carbon and 
medium-carbon steels is shown in figure 8. For the purpose of 

presented here analysis the critical temperature T  is assumed 

the temperature at which material yield stress value is regarded 

negligible, and its value taken as 720 °C.  
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Figure 8: Yield stress dependence on temperature for low- and 
medium-carbon steels [20], [21], [22]. 

Jang, Seo and Ko [17] assumed 870=plT  °C for mild steel. 

Anderson [18] applied 660=plT  °C. Yu et al. [23] used T  °C 

also for mild steel, but they noted that for this material 
Young’s modulus and yield stress become very small at a 

temperature above 725 °C. Taking into account the initial 

temperature  = 20 ºC, the line indicating 

500=pl

7000T ),( =∆ txT  ºC in 

figure 6 corresponds to the momentary position of the critical 

temperature isotherm 720=plT °C. 

Restraint of the heated segment 1 due to reaction of the rest of 
the structure can be characterised by the restraint rigidity 

coefficient (constraint ratio) R  [24], which by definition 

relates thermal strain  to the strain  due to forces 

as 

TT
T ∆= αε Fε

 T

F

R
ε
ε

−=  (21) 

Strain  of segment 1 due to axial force  may be calculated 

in the elastic state as 

F
1ε 1F
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ES
FF 1

1 =ε  (22) 

Temperature in the locally heated segment 1 varies along its 
axis, with distribution described by equation (1). However if we 
calculate mean thermal strain of segment 1 as 

 
L
LTT 1

1
∆

=ε  (23) 

then using formula (18) the restraint rigidity coefficient for 
the whole segment 1 can be derived as 
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For the samples considered here
98
1

1 =R . It should be noticed that 

the restraint rigidity coefficient R  (21) varies for individual 
material sections along segment 1 according to the temperature 
distribution. 

Stress  resulting from the existence of force  in 

segment 1 can be expressed using (8), (18) and (24) as  

SFF /11 =σ 1F

 





















+










−=

t
Lierfc

t
L

t
Lerf

SLc
tAPE

R TF

κκκρ
α

σ
42411  (25) 

or using (3) 
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Let us note that stress induced by local heating of a bar with 
ends rigidly clamped (figure 9a) may be derived using formula 
(8) as 
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and for a clamped at both ends and uniformly heated bar (figure 
9b) thermal stress is 

 TE Tb ∆−= ασ  (28) 
and 1=R . 

(a) 

 

(b) 
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Figure 9: Bar rigidly clamped and heated: (a) locally, (b) 
uniformly. 

Therefore stress  due force  may be expressed as F
1σ 1F

  (29) a
F Rσσ 11 =

Equations (25) – (29) clearly show role of uniform heating, 
local heating and restraint in generation of thermal stress in 
relevant problems. 

Figure 10 shows approximate yield stress dependence on material 

temperature and dependence of stress  on maximal temperature 

 in segment 1 during heating phase, and up to the 

yield limit. Dashed line represents thermal stress 

F
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Figure 10: Effect of restraint on stress due to axial force in 
segment 1 and in a clamped bar during heating. 

The figure illustrates strong influence of the heated element 
restraint on induced thermal stresses. Small value of the 
restraint rigidity coefficient in case considered here implies 
that thermal upsetting will start at temperature value close to 

the critical temperature T .  pl
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The following reasoning may be employed in calculating plastic 

strain. If temperature T ),(),( 0 txTTtx ∆+=  within certain region of 

segment 1 is equal or greater than the material critical 

temperature , then, due to negligible yield stress value at 

this temperature, the stress  undergoes relaxation. 

plT
F
1σ
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Consequently, elastic strain related to stress  is converted 

into plastic strain of material upsetting 
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Let us note that using formula (25) in the above equation, the 
Young’s modulus is eliminated and under applied assumptions does 
not enter calculation of thermal deformations, neither elastic, 
nor plastic.  

Change of length of segment 1 due to the plastic deformation is 

  (31) plpl
pl xL ε21 =∆

where  is the maximal extent of the critical temperature T . plx pl

The maximal extent  of the critical isotherm is slightly 

greater then its range at the end of heating phase ( ), as is 

shown in figure 6. This slight increase of the critical isotherm 
extent will be neglected for its little influence on final 
results regarding thermally induced deformation. Under this 

approximation the value of extent  of the critical 

temperature T  satisfies the following equation 
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The bisection algorithm has been applied in numerical 

calculating value of  from equation (32). plx

If we apply material upsetting expressed by plastic deformation 

 in place of  in equation (19), then we are able to 

calculate the angular plastic deformation 

plL1∆ TL1∆

α  [rd] of the 

structure  

 pl
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12 4
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+
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and using formulae (8), (18), (30) and (31) we obtain the 
following formula  

  (34) 

Plastic angular deformation of the considered frame structure is 
directly proportional to the square of the restraint rigidity 

coefficient , what emphasises the influence of geometric 

parameters on behaviour of the structure.  
1R
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The threshold processing parameters for producing plastic 
deformation result from the condition of raising material 

temperature to the critical temperature value T .  pl

 plTTT =+∆ 0max  (35) 
From equation (3) result two alternative formulae for the 

threshold laser beam power  and threshold time of heating  plP plt
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4 Results 

Theoretical dependence of the threshold time of heating t  on 

the applied laser beam power 

pl

P  for producing material upsetting 
in the considered frame structure is shown in figure 11.  
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Figure 11: Threshold time of heating dependent on the applied 
laser beam power. 

Comparison of analytic solution (20) for thermo-elastic angular 

deformation elα  of the structure and values measured in 

experiments is presented in figure 12. Experimental points in 
figure 12 correspond to the extreme negative angular 
deformations measured during heating phase, such that can be 
seen in figure 2. Validity of the analytic solution (20), 
limited to the elastic state, is shown by continuous lines 
figure 12, for several levels of applied laser beam power. 

Beyond the threshold time of heating  plastic deformation 

develops. This fact is reflected by the increasing deflections 

plt
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of experimental points from theoretical predictions calculated 
for a perfectly elastic behavior and marked by dashed lines. In 
the case of low power values and long heating time the 
dissipation of heat by convection and radiation has greater 
share in total heat transfer balance and significantly 
influences temperature field, as well as thermally induced 
deformation. This fact can explain considerable difference 
between theoretical and experimental results for laser power 
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Figure 12: Experimental and analytic results for angular 
deformation during heating. 

Experimental results and analytic-numerical solution (34) for 

plastic angular deformation plα  are presented in figure 13.  

0 1 2 3
 Time of heating [s]

0

0.001

0.002

0.003

P
la

st
ic

 a
ng

ul
ar

 d
ef

or
m

at
io

n 
[d

eg
]

P=20 W
P=30 W
P=40 W
P=50 W
P=60 W
P=70 W
Theory

P=
20

 W

P=
30

 W

P=
40

 W

P=
50

 W
P=

60
 W

P
=7

0 
W

 

 16



 International Workshop on Thermal Forming, Bremen, April 13-14, 2005 

Figure 13: Experimental and theoretical results for plastic 
angular deformation. 

It should be noted that angle plα  represents only plastic 

component of deformation, while experimental values reflect also 
elastic residual strain of the structure.  

All presented theoretical results were calculated using the same 
set of material data values. More accurate calculations should 
take into consideration different mean temperature of the 
process for different power levels and heating times. Some 
contribution to discrepancies between calculated and measured 
values could have the use of a mechanical laser beam shutter in 
experiments (because of failure of the acousto-optical Q-switch) 
and its low accuracy of setting time of heating. 

Theoretical predictions agree in general with experimental 
results. Taking into account simplifications employed for the 
theoretical model, in particular assumed one-dimensional 
temperature distribution in the vicinity of laser spot and 
negligence of heat dissipation by convection and radiation, 
presented model yields reasonable estimates of thermo-elastic 
and thermo-plastic deformations, as well as threshold processing 
parameters.  

5 Conclusions 

Successful application of micro adjustment by use of actuators 
and thermal upsetting effect necessitates careful design of 
suitable component structures. Among different modelling 
methods, including physical modelling and Finite Element Method 
simulations, analytical modelling, if successfully accomplished, 
gives best understanding of the role of particular processing 
and material parameters in considered problems.  

In spite of application of a simple, one-dimensional heat 
transfer model presented analysis gives insight into thermo-
elastic-plastic behaviour of the considered frame structure and 
allows quantitative description of induced deformations. Use of 
the restraint rigidity coefficient in the model facilitates 
theoretical description and highlights fundamental role of 
constraint in thermal upsetting. 

Derived formulae can be applied in optimization of actuators and 
similar frame structures of micro-, as well as macro-scale. The 
model can be adapted to sources of heat other than laser beam.  
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