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ABSTRACT 
 

The commonly observed nowadays tendency to weight 

minimization of rotor-shafts of the rotating machinery leads 

to a decrease of shaft bending rigidity making a risk of 

dangerous stress concentrations and rubbing effects more 

probable. Thus, a determination of the optimal balance 

between reducing the rotor-shaft weight and assuring its 

admissible bending flexibility is a major goal of this study. 

The random nature of residual unbalances of the rotor-shaft as 

well as randomness of journal bearing stiffness have been 

taken into account in the framework of robust design 

optimization. Such a formulation of the optimization problem 

leads to the optimal design that combines an acceptable 

structural weight with the robustness with respect to 

uncertainties of residual unbalances, the main source of 

bending vibrations causing the rubbing effects. The applied 

robust optimization technique is based on using Latin 

hypercubes in scatter analysis of the vibration response. The 

so-called optimal Latin hypercubes are used as experimental 

plans for building kriging approximations of the objective and 

constraint functions. The proposed method has been applied 

for the optimization of the typical single-span rotor-shaft of 

the 8-stage centrifugal compressor. 

INTRODUCTION 
 

Excessive stress concentrations and rubbing effects 

occurring between stators and rotors attached to flexible 

shafts affected by unavoidable lateral vibrations are very 

detrimental phenomena from the viewpoint of effective and 

safe exploitation of the rotating machines. The modern, 

responsible and heavily affected rotating machines must 

assure possibly high level of reliability, durability and safety 

in operation. This is why, their designs have to be performed 

very thoroughly in order to obtain relatively small magnitude 

of unavoidable dynamic excitation, e.g. due to residual 

unbalance, gas-pressure forces or electromagnetic forces, as 

well as optimal geometric, structural and material parameters 

resulting in minimal material stress during operation. 

According to the above, several methods for rotor-machine 

optimum design have been developed and applied so far by 

many authors in order to satisfy all these difficult 

technological criteria. Optimization techniques allow 

determining detailed geometrical dimensions and material 

layer structure of the rotor-shaft. For example, in [1] the 

geometrical structure of the welded drum-type low-pressure 

rotors of steam turbogenerators was optimized and in [2] the 

optimal thickness values of the steel and ceramic layers of the 

shaft cross-section have been determined by the use of the 

finite element method and the boundary element method. The 

rotor-shaft optimal parameters together with the most 

convenient bearing support properties and system unbalance 

distributions resulting in minimal bending vibrations were 

calculated in [3-6]. In [3,4] the iterative procedure for the 

optimum design of the rotor-bearing system was applied in 

order to set the fundamental vibration modes possibly weakly 

sensitive to synchronous excitations at nominal operational 

speeds. Similar task has been solved in [5] by the use of 

various optimization approaches, where the Gauss-Newton 

method appeared as the most convenient one. In [6] a 

minimization of the rotor-shaft bending vibrations was 

performed by means of the balancing optimization technique 

based on the linear matrix inequality method.  

All the rotor-shaft optimization problems mentioned 

above were considered as deterministic. The values of model 

parameters were assumed to be precisely known, not 

exhibiting any stochastic scatter. Moreover, majority of the 

applied optimization procedures adjust the rotor-shaft system 

for possibly effective and safe operation in steady-state, 

nominal, out of resonance working conditions. 

While aiming at realistic modeling of rotor-shaft systems, 

neither the deterministic parameter assumption nor the 

restriction to the steady-state operating conditions seem to be 

necessary or justified in formulating the optimization 

problem. The main objective of the presented study is to 

account for inherently random nature of residual unbalances 

as well as stiffness parameters of journal bearings by 

formulating the rotor-shaft optimization problem in the 



framework of the robust design optimization, see e.g. [7-9] 

for a comprehensive robust design optimization survey. 

The other goal is to find the optimal design that is robust 

with respect to parameter uncertainties even when the rotor-

shaft of a rotating machine is subjected to considerable 

bending or torsional resonance vibrations. Contrary to e.g. 

typical power-plant steam turbogenerators or off-shore gas 

expanders, many rotor machines, such as compressors, 

pumps, blowers or fans driven by electric motors, do not 

operate continuously in nominal working conditions, properly 

located possibly far away from vibration resonance zones, but 

they are being frequently switched-on and -off, which leads to 

their systematic start-ups and run-downs. Taking into account 

the commonly observed now tendency of designing relatively 

light-weight, so called overcritical, rotor-shafts of rotating 

machines, each passage from the stand-still into the nominal 

working conditions during start-up and from the nominal 

working conditions back  to the stand still during run-down 

is associated with passages through more or less severe 

resonances of lateral and torsional vibrations, where these of 

the fundamental, i.e. the lowest, natural frequencies are the 

most dangerous for the rotor-shaft material fatigue. Because 

of these reasons, for a such group of rotating machines the 

rotor-shaft optimization should be performed not for the 

nominal working conditions only, but for the operation during 

the most severe  bending  or torsional vibration resonances.  

In the presented paper the object of consideration is the 

typical single-span rotor-shaft of the 8-stage centrifugal 

compressor driven by the electric motor. Since the rotor-

machine shafts are usually connected with driving motors by 

means of flexurally and torsionally flexible couplings, the 

machine rotor-shafts and the electric motor rotors are 

dynamically isolated from each other and thus their lateral 

and torsional vibrations can be very often regarded as 

mutually uncoupled. According to the above, optimization 

procedures based on the thorough dynamic analyses for the 

considered rotating machine drive system can be focused on 

the compressor rotor-shaft only.  

DESCRIPTION OF THE HYBRID MECHANICAL 
MODEL  

 

In order to obtain sufficiently reliable results of 

numerical simulations, together with a reasonable 

computational efficiency, the vibrating rotor-shaft system of a 

rotor machine is usually modeled by means of the one-

dimensional finite elements of the beam-type. Nevertheless, 

such models are characterized by relatively high number of 

degrees of freedom in the range between hundreds and even 

thousands. Thus, for such large finite-element models, proper 

algorithms reducing number of degrees of freedom have to be 

employed in order to shorten computer simulation times. 

Nevertheless, such reductions of degrees of freedom are 

troublesome and can lead to computational inaccuracies. 

According to the above, similarly as in [10-12], in order to 

avoid the abovementioned drawbacks of the finite element 

approach and to maintain the obvious advantages of this 

method, in this paper the dynamic analysis of the entire 

rotating system are performed by means of the one-

dimensional hybrid structural model consisting of continuous 

visco-elastic macro-elements and discrete oscillators. This 

model is employed here for eigenvalue analyses as well as for 

Monte Carlo numerical simulations of lateral vibrations of the 

rotor-shaft. In the model successive cylindrical segments of 

the stepped rotor-shaft are substituted by flexurally and 

torsionally deformable cylindrical macro-elements of 

continuously distributed inertial-visco-elastic properties. A 

typical i-th continuous visco-elastic macro-element is 

presented in Fig. 1.  
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Fig.1 Flexurally and torsionally deformable 

continuous visco-elastic macro-element  
 

In this figure symbols Ai, Ii and I0i denote respectively the 

cross-sectional area, the diametric and polar geometric 

moment of inertia, i = 1, 2,...,n, where n is the total number of 

macro-elements in the considered hybrid model. The 

transverse and torsional external loads continuously 

distributed along the macro-element length li, if any, are 

described by the two-argument functions pi(x,t) and qi(x,t), 

where x is the spatial coordinate and t denotes time. With an 

accuracy that is sufficient for practical purposes, in the 

proposed hybrid model of the rotor-shaft system, some heavy 

rotors or coupling disks can be represented by rigid bodies 

attached to the macro-element extreme cross sections, as 

shown in Fig. 1. Here, symbols mi, Ji and J0i denote 

respectively the mass, the diametric and polar mass moment 

of inertia of this rigid body. Each journal bearing is 

represented by the use of a dynamic oscillator of two degrees 

of freedom, where apart from the oil-film interaction also the 

visco-elastic properties of the bearing housing and foundation 

are taken into consideration. This bearing model makes 

possible to represent with relatively high accuracy kinetostatic 

and dynamic anisotropic and anti-symmetric properties of the 

oil-film in the form of constant or variable stiffness and 

damping coefficients. An example of such a hybrid model of 

the mentioned above centrifugal compressor rotor-shaft is 

presented in Fig. 2. This compressor rotor-shaft is supported 

on two journal bearings, where the additional support in its 

mid-span caused by the aero-dynamic cross-coupling effect is 

taken into consideration. The complete mathematical 

formulation and solutions for such hybrid models of the rotor-

shaft systems can be found in [10-12]. 

 

 
 

Fig.2  Hybrid mechanical model of the compressor 
rotor-shaft 
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For relatively small magnitude of the rotor-shaft system 

unbalance, e.g. due to residual static and dynamic unbalance 

of the shaft segments and rotor-disks, the coupling effect 

between the torsional and bending vibrations is usually 

negligible, which has been demonstrated in [10] and in other 

publications written by numerous authors. Moreover, since in 

majority of fluid-flow rotating machinery operating in steady-

state conditions the fluctuating components of dynamic 

torques transmitted by their rotor-shaft systems are very 

small, in the carried out considerations only flexural 

excitation causing bending vibrations due to unbalances is 

going to be taken into account. Thus, simulations of torsional 

forced vibrations will not be performed.  

The solution for the forced bending vibration analysis has 

been obtained using the analytical  computational approach 

demonstrated in detail in [10-12]. Solving the differential 

eigenvalue problem for the linearized orthogonal system and 

an application of the Fourier solutions in the form of series in 

orthogonal eigenfunctions leads to the set of modal equations 

in the Lagrange coordinates 
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The symbols M0, K0 denote, respectively, the constant 

diagonal modal mass and stiffness matrices, D0 is the constant 

symmetrical damping matrix and Dg( (t)) denotes the skew-

symmetrical matrix of gyroscopic effects. Anti-symmetric 

elastic properties of the journal bearings are described by the 

skew-symmetrical matrix Kb. Anti-symmetric effects due to 

Kelvin-Voigt material damping model of the rotating shaft are 

expressed by the skew-symmetrical matrix Kd( (t)) and the 

symbol F(
2
(t), (t)) denotes the external excitation vector 

due to the unbalance and gravitational forces. The Lagrange 

coordinate vector r(t) consists of the unknown time functions 

m(t) in the Fourier solutions, m = 

equations (1) corresponds to the number of bending 

eigenmodes taken into consideration in the range of frequency 

of interest. These equations are mutually coupled by the out-

of-diagonal terms in matrices D and K regarded as external 

excitations expanded in series in the base of orthogonal 

analytical eigenfunctions. A fast convergence of the applied 

Fourier solution enables us to reduce the appropriate number 

of the modal equations to solve in order to obtain a sufficient 

accuracy of results in the given range of frequency. Here, it is 

necessary to solve 0 coupled modal equations (1), 

even in cases of complex mechanical systems, contrary to the 

classical one-dimensional beam finite element formulation 

usually leading to large numbers of motion equations 

corresponding each to more than one hundred or many 

hundreds degrees of freedom (if the artificial and often error-

prone model reduction algorithms are not applied). However, 

due to the natural, continuous distribution of inertial-visco-

elastic properties of the beam macro-elements the hybrid 

modeling assures at least the same or even better 

representation of real objects as well as its mathematical 

description is formally strict and demonstrates clearly the 

qualitative system properties. Thus, the proposed approach is 

much more convenient for a stable and efficient numerical 

simulation.  

In a general case, i.e. for the variable in time shaft 

average rotational speed (t) during system start-ups or run-

downs, in order to obtain the  

equations (1) can be solved by means of a direct integration. 

However, for the constant shaft rotational speed  equations 

(1) become a system of linear ordinary differential equations 

with constant coefficients and harmonic forcing terms 

describing external excitation due to residual unbalances. 

Therefore, i steady-state 

dynamic response, an analytical solution of equations (1) is 

very convenient. For the mentioned above harmonic 

excitation the induced steady-state vibrations are also 

harmonic with the same synchronous circular frequency . 

Thus, the analytical solutions for the successive modal 

functions m(t) contained in vector r(t) can be assumed in the 

harmonic form. Then, by substituting these harmonic 

excitations and solutions into (1) simplified for =const one 

obtains the following systems of linear algebraic equations:  
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where vectors P(
2
), R(

2
) contain the modal components of 

unbalance amplitudes and vector Q contains the modal 

components of the rotor-shaft static gravitational load. Vectors 

C, S contain respectively the modal cosine- and sine-

components of forced vibration amplitudes and vector G 

contains the modal components of the rotor-shaft static 

deflection due to the gravitational load. These equations are 

very easy to solve with respect of the unknown components 

of vectors C, S and G.  

NUMERICAL EXAMPLE OF VIBRATION ANALYSIS 
OF THE COMPRESSOR ROTOR-SHAFT  
 

The presented methodology of vibration analysis is 

applied here for the rotor-shaft of the considered eight-stage 

centrifugal compressor. The hybrid mechanical model of this 

rotor-shaft is shown in Fig. 2. With the aim of a sufficient 

geometrical and mechanical representation, the stepped-rotor 

shaft of this compressor of the total length 2.8 m and total 

weight 485 kg has been modeled by means of n = 23 

continuous macro-elements. More accurate modeling of such 

rotor-shaft system by means of a greater number of macro-

elements does not introduce more detrimental computational 

efforts, but in the studied case it seems to be completely not 

necessary. All geometrical parameters of the successive real 

rotor-shaft segments together with their material constants as 

well as the average stiffness and damping coefficients of the 

oil-film in the bearings of this compressor have been taken 

from [13].  

In the first step of dynamic analysis of the considered 

rotor-shaft an eigenvalue problem must be solved in order to 

obtain fundamental natural frequencies and corresponding 

eigenfunctions of bending and torsional vibrations. As it 



follows from the comparison performed for the constant 

nominal rotational speed 5626 rpm, the shear effect taken into 

in a little bit smaller natural frequency values than these 

ere, in the 

frequency rang 0 Hz containing the first 10 bending 

eigenforms, which is the most important from the engineering 

viewpoint, the respective differences do not exceed 2%. The 

eigenfunctions corresponding to these natural frequencies and 

determined using both beam theories respectively overlay 

each other. According to the above, one can conclude that in 

beam theory seems to be sufficiently accurate for further 

simulations of forced vibrations. For the considered 

compressor rotor-shaft regarded here as dynamically isolated 

from the driving motor by means of the low-stiffness elastic 

coupling, the lowest torsional natural frequency values 

597.837 and 1212.393 Hz are far away above the fundamental 

first 10 bending natural frequencies.  

Since for the reasons listed above the optimization 

procedure should be carried out not only for steady-state, 

nominal, out-of-resonance operating conditions, but for 

resonances excited during start-ups and run-downs of the 

compressor, the proper numerical simulation for such 

operation patterns has to be performed. In order to justify the 

proposed optimization methodology carried out for resonant 

operating conditions, in the first step a transient dynamic 

behavior of the considered rotor-shaft during compressor 

start-ups and run-downs must be demonstrated. For this 

purpose, an exemplary simulation of the system switch-on to 

switch-off operation cycle has been performed. Such 

exemplary cycle consists of the rotor-shaft start-up from its 

standstill to the nominal over-critical steady-state operation 

and of the rotor-shaft run-down, i.e. back to the standstill. It is 

assumed that the considered compressor is driven by an 

asynchronous motor by means of an elastic coupling, which 

dynamically isolates both rotor-shafts from each other. Thus, 

the carried out study can be focused on vibrations of the 

compressor rotor-shaft only. Since the first torsional natural 

frequency of this rotor-shaft is far above the fundamental 10 

bending natural frequencies, during the investigated entire 

dynamic process flexural deformations of the shaft are 

predominant and the shaft torsional dynamic deformations 

seem to be negligible. According to the above, the considered 

rotor-shaft can be regarded as a torsionally rigid body rotating 

with a rotational speed gradually varying in time during start-

ups and run-downs. However, there are taken into 

consideration shaft bending vibrations induced by the system 

residual unbalance. For the assumed residual static unbalance 

uniformly distributed along each rotor-shaft cylindrical 

segment and for the concentrated static unbalances of each 

rigid body representing rotor-disks the external excitation is 

expressed by means of the following forcing terms:  

)3(,,...,2,10,for

)(sin)(
2

)(

,,...,2,1,0for

)(sin)(
2

),(

Kkx

kttkmktkP

niilx

ittiAitxip

 

where i, k denote the proper eccentricities caused by 

admissible manufacturing errors, i, k are the respective 

phase shift angles of the unbalance circumferential location 

with respect of the shaft rotation axis, K denotes the total 

number of rigid disks in the model and the remaining symbols 

have been already defined in Fig. 1 and in (1). For the 

assumed hybrid model of the investigated compressor rotor-

shaft i  14 bending 

eigenmodes have been considered to solve equations (1) with 

sufficiently high computational accuracy of the obtained 

results.  

In Fig. 3 there is presented the time history of the average 

rotational speed (t) of the rigid-body motion of the 

compressor rotor-shaft during stat-up, steady-state nominal 

operation and run-down. This time history has been obtained 

by means of simulation of rigid-body rotational motion of the 

compressor entire drive system loaded by the electro-

magnetic torque produced by the asynchronous motor 

according to [14] and the retarding torques caused by aero-

dynamic forces in the compressor stages. Temporary values of 

these retarding torques are assumed to be proportional to the 

square of the current shaft average rotational speed 
2
(t). 

From this figure it follows that the start-up from the system 

rest till the nominal operation with the rotational speed 5626 

rpm lasted ca. 10 s, the nominal operation lasted next 5 s and 

duration of the run-down amounted ca. 13 s. During the start-

up and run-down the compressor rotor-shaft passed through 

the bending vibration resonance zones corresponding to the 

first two eigenmodes of frequencies respectively equal to 

59.387 and 62.638 Hz. These eigenmodes are induced to 

severe transient resonances by the synchronous excitation due 

to the unbalances when the rotor-shaft passes the average 

rotational speed range between 3500 and 3800 rpm, see 

Fig. 3. The resonances result in a significant increase of 

bending vibration magnitude, which follows from Fig. 4 

demonstrating the system lateral dynamic response 

corresponding to the variation of the shaft rotational speed 

during stat-up, steady-state nominal operation and run-down 

shown in Fig. 3. Here, the time history of the lateral 

displacement at the compressor shaft mid-span is depicted in 

Fig. 4a and the analogous time history of the transverse force 

in bearing #2 is shown in Fig. 4b.  

As it follows from Figs. 4a and 4b, the passages through 

these resonances result in very significant increase of 

dynamic loading of the compressor rotor-shaft in comparison 

with the steady-state response for the nominal operating 

conditions at the rotational speed 5626 rpm. Each passage 

through the resonances causes ca. 3.6 times greater shaft 

lateral displacement amplitudes and ca. 3 times greater 

amplitudes of the bearing transverse forces. Such an increase 

of bending vibration magnitude must be associated with a 

probability of rubbing and with an analogous increase of the 

rotor-shaft material stresses, which can cause dangerous 

material fatigue upon a given number of routine successive 

switch-on switch-off cycles. This obvious fact substantiates a 

necessity of performing the rotor-shaft optimization 

procedure not only for nominal operating conditions, but first 

of all, for the transient operation, i.e. for the resonant states.  
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Fig. 3  Time history of the rotor-shaft average 
rotational speed during start-up, nominal operation 

and run-down 
a) 

 

 
b) 
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Fig. 4  Time histories of the rotor-shaft response 
during stat-up, nominal operation and run-down:  
(a) the lateral displacement of the shaft mid-span, 

(b) the transverse force in bearing #2  
 

According to the above, apart from the nominal, steady-

state operation at 5626 rpm, which corresponds to 

synchronous excitation frequency 93.77 Hz, the optimization 

process is going to be carried out for resonant working 

conditions. Then, the most severe bending vibrations are 

induced at the synchronous excitation frequency 58.75 Hz 

corresponding to the rotor-shaft rotational speed 3525 rpm.  

In the robust optimization example presented below the 

vibration response of the rotor shaft system has to be 

evaluated for thousands of realization of the rotor-shaft 

parameters: unbalance amplitudes and phase shift angles, 

bearing stiffness etc. For each set of parameters the analysis is 

performed for constant values of the shaft rotational speeds 

respectively 5626 and 3525 rpm. Thus, the computer 

simulations of forced bending vibrations reduce to solving 

equations (1) for  = const. Here, in order to determine 

system steady-state dynamic responses direct integration of 

(1) can be substituted by introducing the analytical solution, 

which leads to the straightforward and very effective to solve 

sets of algebraic equations (2). Similarly, as in the case of 

transient bending vibrations excited during start-up and run-

down of the compressor, in order to obtain sufficiently high 

computational accuracy for steady-state lateral responses the 
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bending eigenmodes is taken into consideration for solving 

equations (2) in the framework of simulation based robust 

design optimization.  

FORMULATION OF THE ROBUST DESIGN 
OPTIMIZATION  PROBLEM 

 

Robust design is an engineering methodology for optimal 

design of products and structures that are less sensitive to 

system variations. It has been recognized as an effective 

design method to improve the product quality. 

For structural design optimization problems, the 

structural performance defined by design objectives or 

constraints may be subjected to large scatter at different 

stages of the service life-cycle. Such scatters often not only 

significantly worsen the structural quality and cause 

deviations from the desired performance, but may also add to 

the life-cycle costs, including inspection, repair and other 

maintenance costs. From an engineering perspective, well-

designed structures minimize these costs by performing 

consistently in presence of uncontrollable variations of 

structural parameters. This raises the need of robust design 

where the goal is to find a design for which the structural 

performance is less sensitive to the variation of parameters 

without eliminating the cause of parameter variations. The 

idea of robustness is illustrated in Fig. 5 for a hypothetical 

one-dimensional design. Assuming constant variance of the 

design variable X , being the expectation of a random 

variable X, the variance of the response is much smaller if 

X = X
(2)

, even though the mean response is smaller for 

X = X
(1)

. There are, however, cases where it is much more 

desirable to obtain low performance variability even at a price 

of worse mean performance than to have a design 

characterized by high performance, which is very sensitive to 

unavoidable parameter uncertainties.  

 

 
Fig. 5 Concept of a robust design   

 

Therefore, the task to be performed in robust design 

optimization is to reduce the variability of the structural 

performance while improving its mean level. Basically, the 

variability of the structural performance can be roughly 

described by its standard deviation. However, other scatter 

measures are also being employed.  

Mathematically a general formulation of the robust 

optimization problem can be given as follows, cf. [8]: 
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where dn
Rd is the vector of deterministic design 

variables, Xn
RX is the vector of random design variables, 

Pn
RP is the vector of random parameters and X is the  

vector of mean values of X variables that change during 

optimization. The functions f and gi, ,,,1 gki are the 

objective function and the constraint functions, respectively, 

E[.] and [.] are the expectation and the standard deviation 

operators and cl, ,,,1 ckl represent constraints on 

standard deviations of the selected responses. The parameter 

0i  is a prescribed feasibility index for the i-th constraint 

and ,l
u

denotes the upper limit for the standard deviation 

of structural performance. The inequalities (8) and (9) form 

the side constraints on design variables. The factors  and 

in (5) are used for normalization and the weight factor, 

,10  in function f
~

 is to investigate the trade-offs 

between the individual objectives. By setting 0 the 

problem (4)-(9) can be converted to pure mean value 

minimization problem and for 1 to pure minimization 

of the objective standard deviation. 

The solution method employed for the rotor-shaft robust 

design optimization presented below consists of the two 

major elements: efficient sampling technique for scatter 

analysis and an approximation method to create analytical 

metamodels of the objective and constraint functions. 

In order to assess statistical moments necessary to 

compute values of functions (5)-(7) the so-called Latin 

hypercube (LH) random simulations are used. This 

descriptive sampling technique proved to be very efficient 

and superior to classical Monte Carlo sampling, see e.g. 

[15,16]. While improving computational performance, LH 

sampling preserves the main advantage of random simulation 

techniques, i.e. the insensitivity to the shape of response 

functions.  

Since the objective function f
~

and the constraint 

functions (5) and (6) are implicit functions of the design 

variables it was decided to approximate them using the 

kriging technique, see [17]. The so-called MLE kriging 

(maximum likelihood estimation) provides excellent fitting to 

the experimental points, but by its very nature is an 

interpolating rather than approximating method. This, 

however, can be considered as a drawback of this approach 

since functions (5)-(7) contain an unknown noise component 

due to the limited accuracy of assessing the statistical 

moments. To overcome the problem of overfitting the kriging 

function to potentially noisy data the approximative kriging 

version described in [18] has been used. 

The main steps of the proposed solution strategy are as 

follows: 

1. Create the trust region as a n-dimensional hypercube 

specified by the side constraints (8) and (9), where 

n = nd + nX. 

2. In the trust region generate experimental points using the 

optimal Latin hypercube (OLH) uniform plan of 

experiments, see [16]. 

3. For each generated point in the design space perform LH 

sampling to assess the values of E[ f ], [ f ], E[ gi ], 

[ gi ], i kg and [ cl ], l kc. Store the 

computed objective and constraint values and the 

corresponding experimental points in the database. 

4. Using all the data points that  inside the current 

trust region build the kriging approximations of 

functions (5)-(7). 

5. Find the current iteration of the optimal point (d
*
, X

*
) 

by solving the approximated optimization problem using 

a proper deterministic optimization algorithm. 

6. Validate the obtained solution by performing additional 

LH sampling. 

7. If the kriging approximation at the optimal point is 

satisfactory and the convergence criterion is satisfied 

then stop. If not, reduce the size of the trust region and 

return to step 2. 

 

EXAMPLE: ROBUST DESIGN OPTIMIZATION OF 
THE COMPRESSOR ROTOR-SHAFT 

 

Consider the typical single-span compressor rotor-shaft 

system shown in Fig. 2. The optimization goal is to find such 

a shape of the rotor-shaft to reduce the probability that the 

lateral vibration amplitude excited by an unfavorable 

realization of random residual unbalances exceeds the 

admissible value, which in consequence may lead to rubbing 

effect. 

The shape of the rotor-shaft is controlled by the diameters 

of 13 segments located between bearings, see Fig. 6. They are 

treated as deterministic design variables d1, d13. The 

nominal values of the diameters (in millimeters) are given in  

Fig.6 in the dashed line boxes. In absence of the random 

design variables X, which are  the expectations of selected 

random variables X, the uncertain properties of the rotor-shaft 

system are modeled by 55 random parameters (P type random 

variables). The stiffness as well as damping coefficients of the 

two journal bearings are represented by 16 normally 

distributed variables with the coefficients of variation equal to 

10% for stiffness and 15% for damping coefficients. It was 

assumed that the distribution of  residual unbalances ( i in 

Eq. (3)) can be modeled by a weighted function of 4 principal 

eigenmodes with the most probable contribution from the first 

eigenmode (with probability 0.8) and the probabilities of 

contributions from subsequent modes equal to 0.1, 0.08 and 

0.02, respectively. The random magnitude of the unbalances 

is obtained by setting  the maximal value of such constructed   



 

 

Fig. 6 Nominal (dashed line) and the optimal (solid line) shapes of the rotor-shaft. The optimal values of the 
diameters are given above the corresponding segments and the nominal values are in the dashed boxes.  

 

 

distribution function to be equal to  a  realization of log- 

normal random variable with expectation 0.15 mm and the 

standard deviation 0.02 mm. The remaining random 

parameters are 22 uniformly distributed phase shift angles ( i 

in Eq. (3)) in the range 0 2 , 8 uniformly distributed rotor 

disk unbalances ( k in Eq. (3)) in the range 0 1 mm and 

finally 8 uniformly distributed rotor disk phase shift angles 

( k in Eq. (3)) in the range 0 2 . 

The objective function f is taken to be the maximal 

vibration amplitude, which for most of the realizations of the 

vector of design variables d and the vector of random 

parameters P occurs in the mid-span of the rotor-shaft. Three 

constraint functions are considered. The first one is imposed 

on the relative rotor-shaft to bushing displacement at the 

bearings. It takes the form ),,(),( max
1 PdPd b

a
b qqg  

where 
max
bq is the maximal relative displacement at bearings 

and 
a
bq  is the admissible one, set equal to 0.1 mm. The 

second constrain, meant to prevent rubbing, has the similar 

form: ),,(),( max
2 PdPd r

a
r qqg but here 

max
rq is the 

maximal rotor-shaft displacement at its mid-span, where the 

rubbing effects are the most probable, and the admissible 

value 
a
rq = 1.0 mm. The third constraint is imposed on the 

structural volume. In the preliminary study it was found that it 

is not possible to fulfill the above mentioned constraints 

formulated in the robust design optimization framework as 

Eq. (6) constraints. Therefore, it was decided to allow for up 

to 10% increase of the initial nominal volume, which leads to  

deterministic constraint function ),(1.1)( nom3 dd VVg  

where Vnom is the nominal volume and V(d) is the current 

volume. Finally, the rotor-shaft robust design optimization 

problem can be written as: 

find:  

 },,,{ 131 ddd , (10) 

 

minimizing: 

 /)(/)(E
~

PdPd ,f,ff , (11) 

subject to: 

 ,0)(0.3)(E PdPd ,g,g ii  ,2,1i  (12) 

 0,)(3 dg   (13) 

 ,mm190mm164 jd  .13,,1j  (14) 

Comparing with the general formulation (4)-(9) one can 

observe that none of the components of the composite 

objective function (11) is favored, which is equivalent to 

 = 0.5, and that the safety in the constraint 

function definitions (12) are taken as 3.0 [gi(d,P)], i.e. 

i  = 3.0, i = 1,2. 

Due to the excellent computational performance of the 

employed numerical model and thanks to running the robust 

optimization task on 32 processor parallel machine it was 

possible to assume OLH-based designs of 100 experimental 

points to create kriging response surfaces of the objective (11) 

and the constraints (12). To perform the scatter analysis  

samples of 2000 LH generated realization of random 

parameters were used. Using the available hardware it took 10 

hours to perform 1 iteration of the algorithm described in the 

previous section. 

The optimal solution was found after 8 iterations. The 

optimal shape of the rotor-shaft and the values of segment 

diameters are shown in Fig. 6. By analyzing values of E[ f ] 

and [ f ] estimated using LH sampling it was noticed that the 

two quantities are not conflicting and that the designs 

characterized by low mean value of the maximal vibration 

amplitude usually also produce low maximal amplitude 

scatter.  

It is interesting to compare the empirical probability 

density functions (PDFs) of the selected rotor shaft responses 

obtained for the nominal and the optimal rotor-shaft designs. 

By looking at the PDFs shown in Fig. 7 it is clearly seen that 

the mean value of the maximal rotor-shaft displacement 



amplitude as well as its standard deviation decreased for the 

optimal solution. It is also extremely unlikely that a 

realization of the random rotor-shaft unbalances will lead to 

lateral displacements that are greater than the admissible 

1 mm. Therefore, the risk of rubbing is practically eliminated. 

In Fig. 8 the same tendency can be observed for the maximal 

relative rotor shaft to bushing displacement at bearings. Due 

to the new rotor-shaft shape the probability of excessive 

forced vibrations at the bearings when passing through the 

resonance excitation during start-up and run-down is 

significantly diminished. 

  

 
 

Fig. 7 Empirical PDFs of the maximal rotor shaft 
displacement amplitude  

 

 
 

Fig. 8 Empirical PDFs of the maximal relative rotor
shaft to bushing displacement at bearings  

CONCLUSIONS 
 

The robust design optimization approach allows to 

account in the optimization process for the random nature of 

residual unbalances of the rotor-shaft as well as the 

randomness of journal bearing parameters. The proposed 

optimization algorithm has been applied for the optimization 

of the typical single-span rotor-shaft of the 8-stage centrifugal 

compressor. The obtained optimal rotor-shaft shape 

significantly reduces the risk of rubbing when the rotor-shaft 

system passes through the resonance excitation during start-

ups and run-downs of the compressor. 
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