
BIULETYN WAT
VOL. LVIII, NR 4, 2009

Wave propagation and diff usive transition 
of oscillations in space and laboratory pair plasmas

BARBARA ATAMANIUK, ANDRZEJ J. TURSKI 

Space Research Center, PAS, 18A Bartycka Str., 00-716, Warsaw, Poland 
Institute of Fundamental Technological Research, PAS, 

21 Świętokrzyska Str., 00-049 Warsaw, Poland

Abstract. In view of applications to electron-positron pair-plasmas and fullerene pair-ion-plasmas 
containing ions or charged dust impurities, a thorough discussion is given of three-component plasmas. 
Space-time responses of multi-component linearized Vlasov plasmas on the basis of multiple integral 
equations are invoked. An initial-value problem for Vlasov-Poisson/Ampère equations is reduced to 
the one multiple integral equation and the solution is expressed in terms of forcing function and its 
space-time convolution with the resolvent kernel. Th e forcing function is responsible for the initial 
disturbance and the resolvent is responsible for the equilibrium velocity distributions of plasma 
species. By use of resolvent equations, time-reversibility, space-refl exivity and the other symmetries 
are revealed. Th e symmetries carry on physical properties of Vlasov pair plasmas, e.g., conservation 
laws. Properly choosing equilibrium distributions for dusty pair plasmas, we can reduce the resolvent 
equation to: (i) the undamped dispersive wave equations, (ii) wave-diff usive transport equation (iii) and 
diff usive transport equations of oscillations. In the last case we have to do with anomalous diff usion 
employing fractional derivatives in time and space. Fractional diff usion equations account for typical 
“anomalous” features, which are observed in many systems, e.g. in the case of dispersive transport 
in amorphous semiconductors, liquid crystals, polymers, proteins, and biosystems.
Keywords: dusty plasma, pair plasma, Gaussian and Fractional diff usion, Vlasov plasmas
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Introduction

Electron-positron-dust/ion (e-p-d/i) plasmas are rather widespread in nature. 
Such plasmas can occur, e.g., in the inner region of accretion discs in the vicinity of 
black holes, in magnetospheres of neutron stars, in active galactic cores, and even in 
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solar fl are plasmas. As for laboratory plasmas, it is known that p-e plasmas can be 
exited but do not allow life times suffi  ciently long for the excitation and developments 
of coherent structures like plasma waves and solitons. Th e anihilation time is short 
in comparison to the plasma period. Th is drawback is not present in the recently 
available long-lived pair plasmas composed by single charged fullerene pair plasma 
of molecules C60

+, C60
–, and electron-holes (e-, h+) in pure semiconductors also are 

pair plasmas if eff ective masses of electrons and holes are equal.
Th e crucial point of the paper is the relation between equilibrium distributions 

of plasma species and the type of propagation or diff usive transition of plasma 
response to a disturbance.

Th e paper contains a unifi ed treatment of disturbance propagation (transport) 
in the linearized Vlasov electron-positron and fullerene pair plasmas, (ev. with 
impurities), based upon the space-time convolution integral equations. 

We investigate the Vlasov-Ampère/Poisson system of equations for 
multicomponent plasmas, i.e.

(Vlasov)  ( , ) ( , , ) 0, / ,t x u u
qu E x t F u x t u
m
α

α
α

⎡ ⎤
∂ + ∂ + ∂ = ∂ ∂ = ∂⎢ ⎥
⎣ ⎦

        (1)

(Ampère)  0 ( , ) ( , , ) 0, / , / ,t x tE x t q uF u x t du x tα α
α

ε
∞

−∞

∂ + = ∂ ∂ = ∂ ∂ ∂ = ∂∑ ∫       (2) 

(Poisson)  0 ( , ) ( , , ) 0, .x xE x t q F u x t du Eα α
α

ε ϕ
∞

−∞

∂ − = = −∂∑ ∫         (3)

In view of Eq. (1), Eqs. (2) and (3) are equivalent if appropriate constrains are 
applied to initial conditions for F0α. Let us assume

  0 0 1( , , ) ( ) ( , , ),F u x t N F u F u x tα
α α α≅ +  (4)

where 0 0,N Fα
α  are the equilibrium particle concentration and the velocity distri-

bution for E = 0, and F1α is of the order E. 
Substituting Eq. (4) into Eq. (1), we derive the well-known linear equation:

 ( ) ( )1 0 0/ .t x uu F N q m E Fα
α α α α∂ + ∂ = − ∂  (5)

For the initial-value problem

 1 ( , ,0) ( , ), ( , ) 0 and ( , ) 0 for 0F u x g u x g u x E x t tα α α= = ±∞ = = ≤  (6)
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we have the solution of Eq. (5) and using Eq. (2), we write

 
 1 1 1

0

( , ) ( , ) ( , ) ( , ),
t

E x t dt K t E x t t d G x tξ ξ ξ
∞

−∞

= − − +∫ ∫  
(7)

where 
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More detailed derivation of Eq. (7) can be found in [1 and 2]. 

1. Resolvent kernel equations

 Th e space-time convolution Eq. (7) can be solved by use of the resolvent kernel 
R(x, t). We shall write the solution as

 1 1 1
0

( , ) ( , ) ( , ) ( , ) ,
t

E x t G x t dt G t R x t t dξ ξ ξ
∞

−∞

= + − −∫ ∫  
(8)

where the forcing functions G(x, t) and the resolvent R(x, t) satisfy the following 
resolvent equation

 
 1 1 1

0

( , ) ( , ) ( , ) ( , ) .
t

R x t K x t dt K t R x t t dξ ξ ξ
∞

−∞

= + − −∫ ∫  
(9)

Th e last equation describes the plasma dynamic response R(x, t) and its only 
dependence on the plasma equilibrium distribution K(x, t). It is evident that for 
the infi nite support ( , )x∈ −∞ ∞  of the kernel K(x, t), the R(x, t) also possesses the 
infi nite support. Th e physical consequence of the property is that the plasma response 
to any disturbance, even if the disturbance is with a limited support, appears in the 
full space ( , )x∈ −∞ ∞ . On the ground of Eq. (9) we note, that for K(x, t) = K(x, –t) 
it follows that R(x, t) = R(x, –t) and for K(x, t) = K(x, –t) we have R(x, t) = R(x, –t). 
Th e property is reversible with respect to R(x, t) and K(x, t). It is called the time 
reversibility and space refl exivity. Th e important point to note here is that according 
to the Noether theorem, the properties are strictly related to energy and momentum 
conservation laws.

Th e time-Laplace and space-Fourier transforms of Eq. (9) lead to the usual 
dispersion relation of multicomponent plasmas — D(k, s)
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( , )( , ) and ( , ) 1 ( , ) 0,
1 ( , )

K k sR k s D k s K k s
K k s

= ≡ − =
−  

(10)

where D(k, s) is the Fourier-Laplace symbol. In the case of diff usive transport 
equation of oscillations, the relation has no meaning. It is worth pointing out that 
the resolvent equation is more universal description of multicomponent plasmas 
than the usual dispersion relation description.

2. Wave propagartions
 Th e advantage of the integral equations of Vlasov plasmas consists in obtaining 

the solutions separately composed of the forcing function G(x, t) resulting from 
the initial value disturbance g(u, x) and the resolvent kernel depending only on 
the plasma equilibrium 0 ( ).F uα

α
∑  Assuming the hot components of pair plasma 

with the so-called square equilibrium velocity distributions and the cold heavy 
dust grains or ions, we have:

 2 2( , ) ( ) ( / 2 )[ ( ) ( )],d gK x t t x a H x at H x atω δ ω= − − + − −  

where 2 2
0/d d dN q mω ε=  is for dust or ions, and the eff ective gap frequency is: 

2 2
0 0 0( / )(2 ).g N q mω ε ν= − Th e constant ν is to ensure the charge neutrality of the 

plasma.
Hence, the Fourier and Fourier-Laplace symbols are

 
 

22
2 2

2 2 2 2( ; ) ( / )sin( ) and ( ; ) .gd
d gK k t t ak kat K k s

s s k a
ωω

ω ω= − − = − −
+  

Th e dispersion relation takes the form

 4 2 2 2 2 2 2 2 2 2( ; ) ( ) 0.d g dD k s s s k a s k aω ω ω≡ + + + + =

Th e respective dust-pair plasma wave equation for the resolvent kernel takes 
the form:

  2 2 2 2 2( ) 0tttt xxtt d g tt d xxR a R R a Rω ω ω− + + − =  (11)

and we note, that R(x, t) are time reversible and x-space refl ective. 
Assuming that 2 2/ 1d gω ω << and introducing the dust acoustic velocity 

/ ,s d gc aω ω=  we can approximate the last equation, as follows:
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2 2 2( / ) 0.tt s xx g xxttR c R a Rω− − =  (12)

Hence, we can expect dust/ion acoustic waves in the pair plasma with dust 
grains. Also, one can expect dust acoustic solitons in the case of fi nite amplitude 
and nonlinear waves.

3. Maxwellian plasmas

Maxwellian equilibrium distribution

  1/2 2 2 2 2
0 ( ) exp( ), , , 1 / 2F u a a u e p u aα α α α απ α−= − = < >=  (13)

is considered to be most appropriate but analytically almost intractable and the 
exact closed-form solution of Eq. (9) is not yet known, see [5]. In the paper [2], 
Maxwellian plasmas are analyzed by means of approximate formulae and compu-
ter diagram presentations. Th e main results of the computation concerning the 
Maxwellian plasmas can be summarized as follows. Th e nature of plasma response 
is a compound of a diff usive transition, being essentially a plasma oscillation mode 
with the ω0 — plasma frequency and the Gaussian types of amplitude envelop, and 
a decreasing dispersive wave mode. Diff erentiation of these two properties is not 
an easy task and we have not a ready conclusion but it seems that the Maxwellian 
plasma response exhibits mainly diff usive transport in space for fi xed values of 
time in a long time range, and damped wave behavior with respect to time for 
fi xed values of x. Such behavior is typical for the anomalous diff usion described 
by fractional derivative operators, see [4]. Th e presence of dust impurities requires 
new additional numerical calculations.

4. Anomalous diff usion of oscillations

 Th e next exact solution known to us is the resolvent for the Lorentz (Cauchy) 
pair plasma with dust impurities. Th e equilibrium distribution is

 
 0 0 2 2( ) ( ) ,

( )
F u F u

u
λ

π λ+ −= =
+

where λ is the positive number. Th e distribution is related to Lévy stable nongaus-
sion processes and has no higher moments, e.g. mean-square velocity. It can be 
related to anomalous diff usion processes and is useful for modeling plasma with 
a high-energy tails that are typical in space plasmas.
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We quote new results concerning the resolvent for pair plasma with dust 
grains.

Let us describe the kernels due to equilibrium distributions of plasma species:

 
 

2 2

2 2 2 2 2

( ; ) exp( ),

( , ) ( ) ( / ) / ( ).
d g

d g

K k t t t k t

K x t t x x t

ω ω λ

ω δ ω π λ λ

= − − −

= − − +
 

(14)

Th e Laplace-Fourier symbol of the resolvent kernel takes the form:
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(15)

Introducing the parameter 2 2/ 1,d gω ω∈= <  we can write
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Where  
2

0 2 2( , ) ,
( )

g

g

R k s
s k
ω

ω λ
= −

+ + 

hence  0 2 2
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( , ) ( , )sin .

( )
g g

g g

t t
R x t x t t

t x
ω ωλ

ω ρ ω
π λ

= − = −
+

 

Th e oscillating component with the dust plasma frequency is: 

 ( , ) ( )sin .d d dR x t x tω δ ω= −  

Th e higher order terms due to the dust presence:
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and    
2

1 1
2 2( ) {(1 ) 1} ( )sin ( )cos .g n

n n g g n g g
g

t L P t t Q t t
s

ω
ω ω ω ω

ω
− +Φ = − − = +

+
 

Th e Pn(.) and Qn(.) are the polynomials with respect to ωgt. For example, the 
second term is as follow:

  
 

2
3( ) ( sin cos ).
2g g g gt t t tω ω ω ωΦ = − −

Th e resolvent R(x, t) is drastically diff erent from the previous one. It does not 
exhibit wave propagation and there is no dispersion relation. We observe a diff usive 
transition of oscillations. Th e amplitudes (envelops) ρ(x, t) of a bit more complicated 
oscillations does obey more complex fractional diff usive equation. Wave damping 
has no meaning, but time reversibility and space refl exivity are preserved.

If we assume the solution in the form

 0 0( , ) ( , )sin( ), where ( , ) 1,R x t x t t x t dxω ρ ω ρ
∞

−∞

= − =∫  (17)

then resolvent Eq. (9) takes the form

 

 

0 0 1 1 0 1
0

0 1 1
1 1 1

1

( , ) ( , ) ( )sin( )*

( , )
* ( , ) ( . ) .

t

F x t t x t dt t t t

F x x t tx t dx x t
t t

ρ ω ω

ρ ρ
∞

−∞
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⎡ ⎤− −
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∫

∫
 

(18)

We denote 2
0 0( , ) ( , )K x t F x tω= −  and use the relation

 
 

2
0 0 0 1 0 1 1

0

sin( ) ( )sin( ) .
t

t t t t t dtω ω ω ω= − −∫
For more details we refer the reader to [1 and 2].
If 0( , ) (1 / ) ( , ),x t t F x tρ = then the resolvent equation implies the following 

Chapman-Kolmogoroff  equation

 
 

1 1 1 1 1( , ) ( , ) ( , ) 0.x t x x t t x t dxρ ρ ρ− − − =∫
  

(19)

Th e equation has a unique solution if and only if the following integral exists:
2 ( , ) 2x x t dx Dtρ

∞

−∞

=∫  and the solution is the Gaussian (normal) probability density 

distribution. In the case that the integral does not exist, then Eq. (18) can posses 
many diff erent solutions. 
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Let the function ρ(x, t) satisfi es the following Cauchy relation (1850)

 

 

( , ) exp( ) ,ikxe x t dx k tαρ
∞

−∞

= −∫

where 0 < α < 2, and exp( )k tα−  is a characteristic function (Fourier transform), 
hence ρ(x, t) is the Lévy α-stable probability distribution function. Th e function 
satisfi es the Chapman-Kolgomoroff  Eq. (19). 

Since ( ; ) exp( ),k t k tαρ = −  we see at once that the characteristic function is 
a solution to the following equation

 
 

( , ) ( ; ) with ( ;0) 1.d x t k k t k
dt

α
ρ ρ ρ= − =

Inverting shows that the distribution function ρ(x, t) solves a fractional partial 
diff erential equation, (fractional diff usion equation) ( , ) ( , ).t xx t x tαρ ρ∂ = ∂

Th e symmetric fractional derivative operator x
α∂  corresponds to multiplication 

by the symbol – k α in the Fourier space. For more details on symmetric α-stable 
(SαS) processes we refer the reader to [6 and 7].

Conclusions

1. An initial-value problem for Vlasov-Poisson/Ampère equations has been 
reduced to the integral equation and the solution to the problem is expres-
sed in terms of the forcing function G(x, t) and its convolution with the 
resolvent kernel R(x, t). 

2. Th e forcing function is responsible for the initial disturbance and the 
resolvent is responsible for equilibrium distributions. Resolvent kernel 
equations are eligible for computer calculations.

3. We have exhibited three types of exact closed-form solutions of the space-
time resolvent equations. Th ese solutions can be classifi ed following the 
space-time behavior.

4. Dust/ion impurities may cause appearance of dust or ion acoustic waves 
and solitons. Th ey disturb oscillations but the diff usive transitions remain 
unchanged according to envelop ρ(x, t).

5. Th ere is a suggestion that the envelopes of diff usive transition of oscillations 
can be governed by the symmetric α-stable (SαS) process. Th e probability 
distributions of the processes are related to the fractional diff usive transition 
described by the fractional diff usion equations.
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B. ATAMANIUK, A. J. TURSKI

Propagacja fal i transport dyfuzyjny oscylacji plazmowych w kosmicznej 
i laboratoryjnej plazmie par cząstek (pair plasmas)

Streszczenie. Plazma elektronowo-pozytronowa (elektronowo-antyelektronowa) z domieszką pyłu 
lub ciężkich jonów często występuje w przyrodzie. Taka plazma może pojawić się w wewnętrznych 
obszarach dysków akrecyjnych (wirujące struktury uformowane przez pył i gaz zjonizowany) w oto-
czeniu czarnej dziury, w magnetosferach gwiazd neutronowych, w aktywnych jądrach galaktyk lub 
nawet w plazmie rozbłysków słonecznych. Odnośnie do plazmy laboratoryjnej wiadomo, że p-e plazma 
może być wzbudzona, ale czas jej trwania nie jest tak długi, by mogły uformować się koherentne 
struktury, takie jak fale plazmowe lub solitony. Można tę trudność obejść i korzystać z dostępnej długo 
utrzymującej się plazmy fulerenowej, składającej się z par 60-atomowych cząstek węgla pojedynczo 
i przeciwnie naładowanych, C60

+, C60
– oraz plazmy par elektron–dziura (e–, e+) w czystym pół-

przewodniku, w którym masy efektywne elektronu i dziury są równe. Podstawowym zagadnieniem 
pracy jest relacja rozkładów równowagowych składników tej plazmy do typu propagacji albo dyfu-
zyjnego transportu odpowiedzi plazmy na zaburzenie. Praca polega na ujednoliconym traktowaniu 
propagacji (transportu) w zlinearyzowanej wieloskładnikowej plazmie Własowa par cząstek wraz 
z ew. zanieczyszczeniami (ciężkie jony, pył) w oparciu o splotowe czasowo-przestrzenne równania 
całkowe. Badamy układ równań Własowa-Ampère’a/Poissona opisujący wieloskładnikową plazmę. 
Problem początkowy dla tych równań sprowadzamy do dwuwymiarowego równania całkowego 
i jego rozwiązanie jest wyrażone przy pomocy splotowego równania funkcji wymuszającej i jądra 
rozwiązującego. Funkcja wymuszająca jest odpowiedzialna za wzbudzenie początkowe oraz rezol-
wenta wynika z rozkładów równowagowych składników plazmy. Korzystając z równania rezolwenty, 
wykazano odwracalność w czasie, odbicie zwierciadlane w przestrzeni oraz można jeszcze ujawnić 
inne symetrie. Te symetrie — zgodnie z twierdzeniem Noether — odpowiedzialne są za fi zyczne wła-
sności plazmy par cząstek, np. prawa zachowania. Odpowiednio dobierając rozkłady równowagowe 
składników plazmy, redukujemy równania na rezolwentę do: (i) nietłumionych równań falowych, 
(ii) falowo-dyfuzyjnych równań transportu, (iii) równań anomalnej dyfuzji oscylacji. W ostatnim 
przypadku mamy do czynienia z anomalną dyfuzją opisywaną frakcjalnymi (ułamkowymi) pochod-
nymi w czasie i przestrzeni. Frakcjalne równania dyfuzji odpowiadają za anomalne własności, które 



100 B. Atamaniuk, A. J. Turski

obserwuje się w wielu układach, np. w przypadku dyspersyjnego transportu w półprzewodnikach 
amorfi cznych, ciekłych kryształach, polimerach, proteinach i biosystemach.
Słowa kluczowe: plazma pyłowa, plazma par cząstek, gaussowska i frakcjalna dyfuzja, plazma 
Własowa
Symbole UKD: 531.3:53; 533.9


