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Abstract. In view of applications to electron-positron pair-plasmas and fullerene pair-ion-plasmas
containing ions or charged dust impurities, a thorough discussion is given of three-component plasmas.
Space-time responses of multi-component linearized Vlasov plasmas on the basis of multiple integral
equations are invoked. An initial-value problem for Vlasov-Poisson/Ampere equations is reduced to
the one multiple integral equation and the solution is expressed in terms of forcing function and its
space-time convolution with the resolvent kernel. The forcing function is responsible for the initial
disturbance and the resolvent is responsible for the equilibrium velocity distributions of plasma
species. By use of resolvent equations, time-reversibility, space-reflexivity and the other symmetries
are revealed. The symmetries carry on physical properties of Vlasov pair plasmas, e.g., conservation
laws. Properly choosing equilibrium distributions for dusty pair plasmas, we can reduce the resolvent
equation to: (i) the undamped dispersive wave equations, (ii) wave-diffusive transport equation (iii) and
diffusive transport equations of oscillations. In the last case we have to do with anomalous diffusion
employing fractional derivatives in time and space. Fractional diffusion equations account for typical
“anomalous” features, which are observed in many systems, e.g. in the case of dispersive transport
in amorphous semiconductors, liquid crystals, polymers, proteins, and biosystems.
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Introduction

Electron-positron-dust/ion (e-p-d/i) plasmas are rather widespread in nature.
Such plasmas can occur, e.g., in the inner region of accretion discs in the vicinity of
black holes, in magnetospheres of neutron stars, in active galactic cores, and even in
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solar flare plasmas. As for laboratory plasmas, it is known that p-e plasmas can be
exited but do not allow life times sufficiently long for the excitation and developments
of coherent structures like plasma waves and solitons. The anihilation time is short
in comparison to the plasma period. This drawback is not present in the recently
available long-lived pair plasmas composed by single charged fullerene pair plasma
of molecules Cg,", Cq, ", and electron-holes (e’, h") in pure semiconductors also are
pair plasmas if effective masses of electrons and holes are equal.

The crucial point of the paper is the relation between equilibrium distributions
of plasma species and the type of propagation or diffusive transition of plasma
response to a disturbance.

The paper contains a unified treatment of disturbance propagation (transport)
in the linearized Vlasov electron-positron and fullerene pair plasmas, (ev. with
impurities), based upon the space-time convolution integral equations.

We investigate the Vlasov-Ampere/Poisson system of equations for
multicomponent plasmas, i.e.

(Vlasov) {ar +Ud, + r‘l— E(x,1), } F.(uxt)=0, 9/du=0,, (1)

(Ampere) £, E(x,t)+ >0, [ UF,(ux)du=0, 0/9x=0,, d/dt=0, (2)
(Poisson) £, E(x,1) = 20, [ F,(ux)du=0, E=-0,¢. 3)
In view of Eq. (1), Egs. (2) and (3) are equivalent if appropriate constrains are
applied to initial conditions for F,,. Let us assume

F,(u,x,t)=N;F, (u)+F,(u,xt), (4)
where N, F,, are the equilibrium particle concentration and the velocity distri-

bution for E = 0, and F,, is of the order E.
Substituting Eq. (4) into Eq. (1), we derive the well-known linear equation:

@, +ud,)F, =—(Nsa, /m, )ED,F,. (5)
For the initial-value problem

F.ux0)=9,ux), g,(ux=ztx)=0 and E(x,t)=0 for t<0 (6)
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we have the solution of Eq. (5) and using Eq. (2), we write

E(X,t)=jdtlTK(:S,tl)E(X—E,t—tl)d§+G(X,t), (7)
where T

Gxt)=-(d, /m,) [ ug, (u,x—ut, )dudt,

K(x,t)= —ZwiFM(X/t) and o’ = N
More detailed derivation of Eq. (7) can be found in [1 and 2].

1. Resolvent kernel equations

The space-time convolution Eq. (7) can be solved by use of the resolvent kernel
R(x, t). We shall write the solution as

E(D) = GO0+ [dt, | G(ELR(X-Et—1)dE, ®

where the forcing functions G(x, t) and the resolvent R(x, t) satisfy the following
resolvent equation

RO = K(x )+ [dt, [ K(ELRX-E,—1)dE ©)

The last equation describes the plasma dynamic response R(x, t) and its only
dependence on the plasma equilibrium distribution K(x, t). It is evident that for
the infinite support X € (—eo,) of the kernel K(x, t), the R(x, t) also possesses the
infinite support. The physical consequence of the property is that the plasma response
to any disturbance, even if the disturbance is with a limited support, appears in the
full space X € (—eo,0). On the ground of Eq. (9) we note, that for K(x, t) = K(x, -t)
it follows that R(x, t) = R(x, —t) and for K(x, t) = K(x, -t) we have R(x, t) = R(x, —-t).
The property is reversible with respect to R(x, t) and K(x, t). It is called the time
reversibility and space reflexivity. The important point to note here is that according
to the Noether theorem, the properties are strictly related to energy and momentum
conservation laws.

The time-Laplace and space-Fourier transforms of Eq. (9) lead to the usual
dispersion relation of multicomponent plasmas — D(k, s)
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K(k,s)

R(k,s) Zm

and D(k,s)=1-K(k,s)=0, (10)

where D(k, s) is the Fourier-Laplace symbol. In the case of diffusive transport
equation of oscillations, the relation has no meaning. It is worth pointing out that
the resolvent equation is more universal description of multicomponent plasmas
than the usual dispersion relation description.

2. Wave propagartions

The advantage of the integral equations of Vlasov plasmas consists in obtaining
the solutions separately composed of the forcing function G(x, t) resulting from
the initial value disturbance g(u, x) and the resolvent kernel depending only on

the plasma equilibrium 2 F,, (U). Assuming the hot components of pair plasma

a
with the so-called square equilibrium velocity distributions and the cold heavy
dust grains or ions, we have:

K (%,1) = —w2td(x) - (@ / 2a)[H (x +at) — H (x - at)],

where @} =N,q*/¢g,m, is for dust or ions, and the effective gap frequency is:
a)g =(N,q° / £,m,)(2 —v). The constant v is to ensure the charge neutrality of the
plasma.

Hence, the Fourier and Fourier-Laplace symbols are

. 2 2 : . wﬁ @y
K(k;t) = —wt — (o / ak)sin(kat) and K(k;s)= =

2 2

The dispersion relation takes the form
D(k;s) =s" +s°k’a’ +5° (0 + w}) + wik’a’ = 0.

The respective dust-pair plasma wave equation for the resolvent kernel takes
the form:

Ry —a°R + (@3 +w§)Rn—a)§a2RXX=O (11)

and we note, that R(x, t) are time reversible and x-space reflective.
Assuming that o] /w’ <<1and introducing the dust acoustic velocity

C, =aw, / o, we can approximate the last equation, as follows:
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Ry — Cstx - (a2 /wg)Rxm =0. (12)

Hence, we can expect dust/ion acoustic waves in the pair plasma with dust
grains. Also, one can expect dust acoustic solitons in the case of finite amplitude
and nonlinear waves.

3. Maxwellian plasmas
Maxwellian equilibrium distribution
F, (W) =aa " exp(-a’u®), a=¢e,p, <u’>=1/2a’ (13)

is considered to be most appropriate but analytically almost intractable and the
exact closed-form solution of Eq. (9) is not yet known, see [5]. In the paper [2],
Maxwellian plasmas are analyzed by means of approximate formulae and compu-
ter diagram presentations. The main results of the computation concerning the
Maxwellian plasmas can be summarized as follows. The nature of plasma response
is a compound of a diftusive transition, being essentially a plasma oscillation mode
with the w, — plasma frequency and the Gaussian types of amplitude envelop, and
a decreasing dispersive wave mode. Differentiation of these two properties is not
an easy task and we have not a ready conclusion but it seems that the Maxwellian
plasma response exhibits mainly diffusive transport in space for fixed values of
time in a long time range, and damped wave behavior with respect to time for
fixed values of x. Such behavior is typical for the anomalous diffusion described
by fractional derivative operators, see [4]. The presence of dust impurities requires
new additional numerical calculations.

4. Anomalous diffusion of oscillations

The next exact solution known to us is the resolvent for the Lorentz (Cauchy)
pair plasma with dust impurities. The equilibrium distribution is

A
F.W)=F_U)=————,
0+( ) O—( ) JT(AZ"'UZ)
where 4 is the positive number. The distribution is related to Lévy stable nongaus-
sion processes and has no higher moments, e.g. mean-square velocity. It can be
related to anomalous diffusion processes and is useful for modeling plasma with
a high-energy tails that are typical in space plasmas.
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We quote new results concerning the resolvent for pair plasma with dust

grains.
Let us describe the kernels due to equilibrium distributions of plasma species:

K (k;t) = —wit - witexp(-|k| At),

14
K(x,t) = -witd(X) - (@ 2Im) A1 (A2 + X*/t?). (14)

The Laplace-Fourier symbol of the resolvent kernel takes the form:

wj (s +|k|A)? + s*w?
R(k,s)=—— “(2 KA — (15)
(s* +w})(s+|k|2)* + 5’0}
Introducing the parameter €=} / w? <1, we can write
R(k,s) = Ry(k,s)+ Y.€" R°, (k,5)

N (16)

and R(x,t)=R,(x,t) + Ry (x,t) + Y. €" R (x,1).

2

w
Wh R,(k,8)=———2——,
e o(k:) 0 + (s +|K[2)?
L R (x.1) A otsine t (x.t)sine.t
nce Xt)=—"—92 9 —_ X,t)si .
e ° TS A o

The oscillating component with the dust plasma frequency is:
R, (X,t) = —w,0(X)sinw,t.

The higher order terms due to the dust presence:

} Sn ~ a)z n+l
e = e e e

hence R, (x,t) = (—1)nJ. g, (t-t)p(x,t)®, (t)dt;,

1 At

where 9,0 ="t p(xt)= ;m
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2
1) .
and @, (t)=L"{(1- wz—isz)"“ ~L} =P, (o,t)sinw,t+Q, (w,t)cosm,t.
9
The P,(.) and Q,(.) are the polynomials with respect to ,t. For example, the
second term is as follow:

3.
D,(t) =, (—Esm w,t-otcosw,t).

The resolvent R(x, ) is drastically different from the previous one. It does not
exhibit wave propagation and there is no dispersion relation. We observe a diffusive
transition of oscillations. The amplitudes (envelops) p(x, t) of a bit more complicated
oscillations does obey more complex fractional diffusive equation. Wave damping
has no meaning, but time reversibility and space reflexivity are preserved.

If we assume the solution in the form

RO t) = —w,p(x,D)sin(wgt), where [ p(x,t)dx=1, (17)
then resolvent Eq. (9) takes the form

F (1) —tp(xt) = wojdtl (t—t)sin(w,t,)*
’ (18)

*Up(xl,q)ﬁ’(x%xf‘“dxl—p(x.t) .

We denote K(X,t) =-w?F,(X,t) and use the relation
t
sin(w,t) = ot — [ (t—t,)sin(wt, )dt,.
0

For more details we refer the reader to [1 and 2].
If p(x,t)=(/t)F,(Xt), then the resolvent equation implies the following
Chapman-Kolmogoroft equation

p(x,t)—J.p(x—xi,t—ti)p(xl,ti)dxl =0. (19)

~ The equation has a unique solution if and only if the following integral exists:
f x?p(x,t)dx = 2Dt and the solution is the Gaussian (normal) probability density

—oo

distribution. In the case that the integral does not exist, then Eq. (18) can posses
many different solutions.
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Let the function p(x, t) satisfies the following Cauchy relation (1850)

f e p(x,t)dx = exp(-|k|"t) ,

where 0 < < 2, and exp(—|k|a t) is a characteristic function (Fourier transform),
hence p(x, t) is the Lévy a-stable probability distribution function. The function
satisfies the Chapman-Kolgomoroff Eq. (19).

Since p(k;t) = exp(—|k|a t), we see at once that the characteristic function is

a solution to the following equation

%p(x,t) ——|k[“ p(k;t) with p(k;0)=1.

Inverting shows that the distribution function p(x, t) solves a fractional partial

differential equation, (fractional diffusion equation) d,p(X,t) = ax‘p(X t).

The symmetric fractional derivative operator 8  corresponds to multiplication

by the symbol - |k|” in the Fourier space. For more detalls on symmetric a-stable
(8aS) processes we refer the reader to [6 and 7].

Conclusions

An initial-value problem for Vlasov-Poisson/Ampére equations has been
reduced to the integral equation and the solution to the problem is expres-
sed in terms of the forcing function G(x, t) and its convolution with the
resolvent kernel R(x, t).

The forcing function is responsible for the initial disturbance and the
resolvent is responsible for equilibrium distributions. Resolvent kernel
equations are eligible for computer calculations.

We have exhibited three types of exact closed-form solutions of the space-
time resolvent equations. These solutions can be classified following the
space-time behavior.

Dust/ion impurities may cause appearance of dust or ion acoustic waves
and solitons. They disturb oscillations but the diffusive transitions remain
unchanged according to envelop p(x;, t).

There is a suggestion that the envelopes of diffusive transition of oscillations
can be governed by the symmetric -stable (SaS) process. The probability
distributions of the processes are related to the fractional diffusive transition
described by the fractional diffusion equations.
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B. ATAMANIUK, A. J. TURSKI

Propagacja fal i transport dyfuzyjny oscylacji plazmowych w kosmicznej
ilaboratoryjnej plazmie par czastek (pair plasmas)

Streszczenie. Plazma elektronowo-pozytronowa (elektronowo-antyelektronowa) z domieszka pylu
lub cigzkich jondw czesto wystepuje w przyrodzie. Taka plazma moze pojawic sie w wewnetrznych
obszarach dyskow akrecyjnych (wirujace struktury uformowane przez pyt i gaz zjonizowany) w oto-
czeniu czarnej dziury, w magnetosferach gwiazd neutronowych, w aktywnych jadrach galaktyk lub
nawet w plazmie rozblyskow stonecznych. Odnosnie do plazmy laboratoryjnej wiadomo, ze p-e plazma
moze by¢ wzbudzona, ale czas jej trwania nie jest tak dlugi, by mogly uformowac¢ si¢ koherentne
struktury, takie jak fale plazmowe lub solitony. Mozna te trudno$¢ obejs¢ i korzysta¢ z dostepnej diugo
utrzymujacej sie plazmy fulerenowej, sktadajgcej sie z par 60-atomowych czastek wegla pojedynczo
i przeciwnie natadowanych, C60+, Cgp oraz plazmy par elektron-dziura (e”, €*) w czystym pét-
przewodniku, w ktorym masy efektywne elektronu i dziury sa réwne. Podstawowym zagadnieniem
pracy jest relacja rozktadéw réwnowagowych skladnikéw tej plazmy do typu propagacji albo dyfu-
zyjnego transportu odpowiedzi plazmy na zaburzenie. Praca polega na ujednoliconym traktowaniu
propagacji (transportu) w zlinearyzowanej wielosktadnikowej plazmie Wlasowa par czastek wraz
z ew. zanieczyszczeniami (cigzkie jony, pyl) w oparciu o splotowe czasowo-przestrzenne réwnania
calkowe. Badamy uklad réwnan Wlasowa-Ampeére’a/Poissona opisujacy wieloskladnikowa plazme.
Problem poczatkowy dla tych réwnan sprowadzamy do dwuwymiarowego réwnania catkowego
i jego rozwigzanie jest wyrazone przy pomocy splotowego rownania funkcji wymuszajacej i jadra
rozwigzujacego. Funkcja wymuszajaca jest odpowiedzialna za wzbudzenie poczatkowe oraz rezol-
wenta wynika z rozkladéw réwnowagowych skladnikow plazmy. Korzystajac z rownania rezolwenty,
wykazano odwracalno$¢ w czasie, odbicie zwierciadlane w przestrzeni oraz mozna jeszcze ujawni¢
inne symetrie. Te symetrie — zgodnie z twierdzeniem Noether — odpowiedzialne sg za fizyczne wla-
snosci plazmy par czgstek, np. prawa zachowania. Odpowiednio dobierajac rozklady réwnowagowe
sktadnikéw plazmy, redukujemy réwnania na rezolwente do: (i) niettumionych réwnan falowych,
(ii) falowo-dyfuzyjnych réwnan transportu, (iii) réownan anomalnej dyfuzji oscylacji. W ostatnim
przypadku mamy do czynienia z anomalng dyfuzja opisywana frakcjalnymi (utamkowymi) pochod-
nymi w czasie i przestrzeni. Frakcjalne réwnania dyfuzji odpowiadaja za anomalne wlasnosci, ktore
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obserwuje si¢ w wielu uktadach, np. w przypadku dyspersyjnego transportu w pétprzewodnikach
amorficznych, ciektych krysztatach, polimerach, proteinach i biosystemach.

Stowa kluczowe: plazma pytowa, plazma par czastek, gaussowska i frakcjalna dyfuzja, plazma
Wiasowa

Symbole UKD: 531.3:53; 533.9



