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A Cosserat theory for elastoviscoplastic single crystals
at finite deformation

S.FOREST, G.CAILLETAUD (PARIS) and R.SIEVERT (BERLIN)

IN THIS WORK, displacement and lattice rotation are regarded as independent de-
grees of freedom. They are connected only on the constitutive level and by the balance
equations. The description of plastic deformation is based on the slip theory. Elas-
tic lattice curvature and torsion are associated with couple-stresses. The continuum
theory of dislocations has been revisited to derive the kinematics of plastic lattice
torsion-curvature. Explicit constitutive equations and hardening rules are proposed
to close the theory in the case of elastoviscoplasticity. The thermodynamical formu-
lation of the model involves internal variables which are similar to the densities of
statistically stored dislocations and the densities of geometrically necessary disloca-
tions. Accordingly, the proposed Cosserat theory can be regarded, on the one hand,
as the classical crystal plasticity theory complemented by lattice curvature and tor-
sion variables and, on the other hand, as the continuum theory of dislocations closed
by the missing hardening variables and constitutive equations within the appropriate
micropolar framework. A generalization of Mandel's elastoviscoplastic decomposition
of strain is used especially for the torsion-curvature measure at finite deformation.

1. Introduction

MANDEL (1] introduced the notion of oriented microelements characterized by
some hidden directors into the theory of elastoviscoplasticity. The epoch-making
expression “triedre directeur” is directly taken from the Cosserat brothers’ well-
known work [2]. The relative rotation of neighbouring microelements may induce
local couple stresses. To the first approximation Mandel neglects them and re-
gards the single crystal and the polycrystal as a classical continuum. We propose
here the strict treatment of the single crystal as a Cosserat continuum.

NYE [3] noticed that after bending or torsion, a crystal contains excess dis-
locations of a definite sign that give rise to lattice curvature. In a modelling of
single crystals with more reference to dislocations, this additional deformation
possibility should be taken into account. Furthermore KRONER [4] claimed that
the macroscopic response of a medium to lattice curvature is the existence of
actual Cosserat couple stresses. The couple-stresses may have the same order
of magnitude as force-stresses under some circumstances [5, 6]. In these early
works Kroner regards the dislocated crystal as a Cosserat medium. However,
his theory deals with symmetric force-stresses and he suggests later that there
may be fundamental differences between the dislocation theory and the Cosserat
theory [7].

The reason for such a misunderstanding stems from the frequent use in litera-
ture of the Cosserat continuum as the medium in which single dislocations may be
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embedded. KESSEL [8] computes the force and couple stress fields around screw
and edge dislocations in a Cosserat continuum. In the present work we claim
that the continuum containing a large number of dislocations in the sense of the
continuum theory of dislocations [3], can be modelled as a Cosserat continuum.
KRONER [9] argues that the rotation of the crystal lattice with dislocations is not
the eigenrotation of physical particles but the rotation of a structure. This pleads
against the constrained Cosserat theory that is usually used in the continuum
theory of dislocations (see Sec. 3.4). As a result, in the Cosserat theory presented
here, the rotational degrees of freedom are independent of the displacement field
and are linked only on the constitutive level and by the balance equations. While
the definition of the Cosserat directors involved in the continuum theory of dislo-
cation is generally left unspecified, the “triedre directeur” in this work is clearly
made of three orthogonal lattice vectors attached to each volume element in a
released state of the crystal element. As for them, CLAUS and ERINGEN [10] also
erect a lattice triad at every point of the continuum. A most interesting point in
their work is that they resort to a micromorphic continuum. They also propose
a phenomenological treatment of micromorphic elastoplasticity but they do not
derive the crystallographic expressions of plastic slip and curvature nor the nec-
essary constitutive equations. WOZNIAK [11, 12] devoted great attention to the
structural interpretation of the additional degrees of freedom of the micromor-
phic continuum and considered also bodies with lattice structure. More recently,
LE and STUMPF [13, 14] have reformulated the continuum theory of dislocations
in the modern language of differential geometry and they also resort to an ori-
ented continuum. In order to get a closed formulation of our model including
constitutive equations, we will focus on the Cosserat continuum.

The characteristic size of the volume element must be large enough so that it
contains a large number of dislocations and that a mean crystal orientation can
be unambiguously defined at each time. It will finally depend on the structural
application one aims at.

In Secs.2.1 to 2.3, the main features of the Cosserat theory at finite de-
formation are recalled in order to introduce the subsequent developments in
elastoviscoplasticity. The evolution rule for plastic curvature is derived from the
continuum theory of dislocations in Sec. 3.3, after recalling the closure problem
of the continuum theory of dislocations. Explicit constitutive equations are then
proposed to solve this problem in Sec. 4. The notations and some classical results
used throughout this article are explained in the Appendix.

2. A Cosserat theory for single crystals

2.1. Kinematics of the Cosserat continuum

A material point M € B at time tg is described by its position X and its inner
state, for an arbitrary initial placement, chosen as the reference site. At time ¢,
its position is x(X , t) and its inner state R(X,¢), in a given reference frame E. If
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(d;)i=1,3 are three orthogonal lattice vectors in a released state at ¢ and (g‘g)i:m
their initial placement in E, then the rotation R is defined through

(2.1) d; = EQ%
with
(2.2) RBR" =1, R(X,tp) =1 and DetR=1.

A rotating frame E*(M) is attached to the lattice structure at each point M € B
and each vector and tensor variable y considered with respect to E* will be
denoted by *y.

The rotation field R(X ,¢) can be replaced by the vector field (X, ¢) given by
Eq. (A.12) of the Appendix. The three components of ® are three degrees of free-

dom of the continuum, in addition to the three components of the displacement
field

(2.3) uX,t) =x(X,t) - X.

Here, u and @ are regarded as independent kinematic variables which can be
connected on the balance or constitutive level or by some constraint.

The deformation gradient classically links the current infinitesimal material
segment dx with its initial position dX

(2.4) dx =F dX
so that
(2.5) F=u®V=uy;;e; ®¢;

(in the absence of other indication, partial derivatives are taken with respect to
the X;).

Similarly, we compute the variation dR of microrotation along a material
segment dX. Defining § & by

(2.6) (dR)RT =1x68=¢5®
we derive

(27) 5% = - c(dRR") =T dX
with

(2.8) I-=
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The notation § € means that § @ is not a total differential, as can be seen from
(2.7). Contrary to F, I generally is not invertible. With respect to the local space
frame E¥,

(2.9) "dx='FdX and '6&='IdX,
where fdx = BT dx and '@ = BT 6%, and

(2.10) '"E=R"F, 'L=R
It can be seen that the relative measures 'F and T are invariant under any Eu-
clidean transformation [15]. Accordingly they are natural Cosserat strains for the
development of constitutive equations. They are called respectively the Cosserat
deformation tensor and the wryness (or bend-twist, or torsion-curvature) tensor.
An alternative expression of the wryness tensor is then

(2.11) 'T=->¢:(RT (R®Y)).

~

B =
|2en

One defines next the velocity and the gyration tensor
(2.12) y=u=1u;e; and 'g:I;ll}T

which can be replaced by the associated gyration vector

|&x

(2.13)

! v

—€

2= 7

since it is skew-symmetric. The time derivative of the Cosserat strains can be
related to the gradient of the latter quantities:

(2.14) PP =RT (v@ V- 1x )R,
(2.15) 'f 'F' =R 2@V R

bt }

7, . .
where V¢ = v F~T ¥ (Euclidean representation, c stands for current).
Z;
v® V°— v is the relative velocity gradient and describes the local motion of

the material element with respect to the microstructure.
2.2. Forces and stresses

In order to introduce forces and stresses and to deduce the equilibrium equa-
tions, we resort to the method of virtual power developed by GERMAIN [16] in
the case of micromorphic media. The method is readily adapted to the case of a
Cosserat continuum.
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The virtual motions are the velocity v and the gyration § (or microrotation
rate vector). The next step is to choose the form of the virtual power of a system
of forces. Within the framework of a first gradient theory, the virtual power of
the internal forces is a linear form of the virtual motions and their gradients.
The principle of material frame indifference requires that this linear form should
be invariant under any Euclidean transformation. That is why we will work with
the objective quantities v ® V° — v and ﬁ ®V°. The dual quantities involved
in the linear form of the virtual power of the internal forces are denoted o and
p respectively, and are assumed to be objective tensors. For objectivity reasons
the dual variable associated with v is zero. For any subdomain D C B

Pu) = —f (g (@Y —v) (i®2‘)) av
D
= —/ (O'ij Vi + i Vi — O3 Uij) av
D

X X
= —f (C"ij vi + pij Ui) K4 +_[(0ij,j vi + (pij; — €kt Ukl)Ui) v,
D o D ’

that is

(216) Py=- [(re+dp).nds +/(x.d‘ﬂg+§ .(d_ixg.+2§)) av
aD D

(in this subsection the partial derivatives are taken with respect to the current

configuration). The virtual power of external forces reads

(2.17) P = [ (Ex+e 8)ads
D
The virtual power of contact forces must then be defined
(2.18) Pl = f (g.g+r_n_. ﬁ) ds.
8D

The dual quantities of the velocity and microrotation rate in P and P,y have
the dimensions of volume or surface force and moment, respectively. The principle
of virtual power then states that

VDCB, V(Lﬁ) P(;‘) %+ 'P(e) + 'P(C) =0.
In particular
VDCB, Y(vd)/v=%

=0
[ (v @ivg+0)+5. @ivp+28+5)) av =0
D

on 0D,
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Assuming that the quantities are continuous on B, the local equilibrium equations
follow

+

Iy
1

div

0,
(2.19)

IQx 9

divp +28+¢ = 0

1
Il

As a result, the principle of virtual power becomes

vDcB Vd) [(@n-v.v+ma-m. §)av=o
aD

from which the boundary conditions are deduced

Q

=
Il

e+

(2.20)

F
I
Il
=

o is called the Cauchy force stress tensor and p the couple-stress tensor. They are
generally not symmetric. A detailed account of Cosserat statics and dynamics
can be found in [17].

2.3. Hyperelasticity

2.3.1. Energy balance. Let ¢ be the internal energy per unit mass, q the heat flux
vector, p the current density. The energy balance equation reads then

(2.21) 0é =g: (Y@ YV —v)+p: (VOVS) —divg
(any other inner heat supply is excluded for simplicity).

According to the thermodynamics of irreversible processes, the entropy prin-
ciple is written

(2.22) o7 + div (%) >0,

where T' denotes the temperature and 7 the entropy per unit mass.
Introducing the free energy ¥» = ¢—nT and combining the energy and entropy
equations, one derives the Clausius—Duhem inequality

5 i ‘ 1
(228) e +nT)+ g (CE'E )+ (T FFY) - 5q. TV 20,
where

‘s = R" g R,
(2.24)

T
Il
14
<]
1=
i4=~]
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are rotated stress tensors with respect to the space frame E* attached to the
microstructure.

A material is said to be hyperelastic if its free energy and entropy are functions
of *F and T only. The Clausius - Duhem inequality (2.23) becomes

9y tg tF-T ) . IF 9y iy 1T . I
1

oY
- Y P = € > 0.
(QT[+QBT)T Tq TV >0

Since this expression is linear in ﬂ]!;‘, "i‘ and ’I", the last inequality implies

o
(225) n= —57‘—‘
and
| p— 936;/;‘ HFT
(2.26)
e = 31/) 1T
~ 8"[‘ *

2.3.2. Linear case; isotropic elasticity. Strain and torsion-curvature are small if
I*F — 1| < 1 and ||*T||l < 1, where [ is a characteristic length. If, in addition,
microrotations remain small, i.e. if ||®|| < 1, then

Rxl+1lx@=1-¢8,
(2.27) 'F~1+u@V+ed=1+e,
T~8@V=x

Furthermore, 'g ~ g and ' ~ p. Accordingly, for linear elasticity, two four-
rank elasticity tensors are introduced

g=E:e,
(2.28) &
p=C:x

(no coupling between strain and torsion-curvature is possible as soon as point
symmetry is assumed, even for the less symmetric solid [18]). Some symmetry
properties of these tensors are derived from the hyperelasticity conditions (2.26)

(2.29) Eijit = Exij and  Cijig = Chij -

Further symmetry conditions can be obtained if material symmetries are taken
into account. The form of the Cosserat elasticity tensors for all symmetry classes
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has been established by KESSEL [18]. In the case of isotropic elasticity, the two
classical Lamé constants A, p are complemented by 4 additional parameters [12]
g = A1 Tre+2ulel +2u. el

2.30
i p=al'l‘r§.+2ﬂ{5.}+27}|5.{.

~

2.4. Elastoplastic Cosserat single crystals

The works of SAWCZUK [19], LIPPMANN [20] and BEsDO [21] are the first
milestones in the plasticity theory of Cosserat continua at small strains. In the
case of single crystals we resort to recent results in the Cosserat theory at large
strains [22].

2.4.1. Strain decomposition. In single crystals, non-homogeneous plastic defor-
mations may induce non-homogeneous permanent lattice rotations, which are
associated with plastic lattice curvature. That is why elastic and plastic Cosserat
deformations and curvatures are introduced : ltEe’ HE-” , ﬂ!e and ”[‘p . By means of
elastic strains, free energy can be stored without intrinsic dissipation, i.e. with-
out dissipation of power of deformation. The plastic strain rates can occur only
together with the intrinsic dissipation rate. Strain partition rules must then be
proposed. The most general decomposition of the strains NE and 'T reads:

(2.31) =0, e, P ),

(2.32) It =101, e, i, Y,

The multiplicative decomposition proposed in [23] is adopted for the partially
P P P

pure elastic materials under consideration, but only for the Cosserat deformation:

(2.33) 'E = Vpe P

The expression

(2.34) PE Pl = YRC Ipel 4 bpe tRT dpp-1 tpe-

has to be substituted in the Clausius-Duhem inequality (2.23). This can be
done also with the strain-functions (2.31) and (2.32) using the partial deriva-
tives with respect to the elastic and plastic strain parts. At a dependence of
the strain-functions “E‘ and "i‘ only on the corresponding elastic parts (besides
the plastic ones), substitution into the fundamental restriction (2.23) gives the
hyperelastic constitutive equations in a general form [22]:

!
M o'F
by = g, 3 T
=T e (6"136) et

A -1
o o'T
fom v | 2 e
=g ()

(2.35)
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Metals are materials which can behave in the current configuration purely elas-

tically. Therefore the most natural assumption is that the elastic relations still
have the form

'y 0% _yger

(2.36) o Qa_ﬁg‘_e o
' by = o 0¥ tpeT
r, Qau!“e "~ )

as in the pure hyperelastic case, see (2.26). Then, setting the special constitutive
relations (2.36) equal to the general hyperelastic forms (2.35), one obtains con-
ditions for the strain-functions (2.31) and (2.32), from which the representation
(2.33) and a decomposition of the entire wryness tensor can be derived [22]:

(2.37) HE = ﬂEe ﬂEP + ﬂL\P_

An elastic-plastic decomposition of the rotation R [24], as of the displacement, is
not recommendable, because these non-objective variables can not be connected
with the quantities of energy and dissipation. Such a connection is possible only
on the level of strains. The decomposition (2.37) has been assumed in [25]. Then
the elastic constitutive equations (2.36) follow necessarily. The decompositions
(2.33) and (2.37) enable one to define at each point the released state of the
crystal for which stresses and couple stresses are removed and plastic deformation
and curvature only remain. This is the reason why (2.37) is more suitable for
crystals than a purely additional decomposition [26].

2.4.2. Kinematics of elastoplastic Cosserat single crystals. The plastic deformation
of single crystals is the result of slip processes on slip systems. For each slip
system s, we define

(2.38) m’ = b*/||b*|l,

where b® is the Burgers vector. z*® is the unit vector normal to the slip plane. As
a result, the plastic strain rate takes the form

(2.39) =3 40 i
8€S

v* is the amount of slip for the system s. !P* is given by the kinematics of slip
(2.40) P =m'aly,
where z° = BT z°. If we go back to the Eulerian representation

vOV =FF'=RRT+R' 'FRT +R'EE PP IR,
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we can split the last expression into its symmetric and skew-symmetric parts:

(241) {y_® vc} _ {B uF;\C uEe—l B‘T} & E ,Y:{ *m* ® *ZS}
sES

and

(242) oVt -RRT= R IR+ Y50 wt e el
sEeS

where we have noted

(2.43) *m* =R'F*'m’  and ' =RIpPT by,

Equation (2.42) clearly shows that the relative rotation rate of material lines
with respect to the microstructure is due to the lattice rotation associated with
slip processes, if elastic contributions are neglected.

We would like to compare the proposed formulation with Mandel’s work. We
are working with invariant tensors written in the microstructure space frame in
order to get rid of undetermined rotations. An equivalent method is to deal with
the so-called isoclinic configuration introduced by TEODOSIU [27] and MANDEL
[23]. Their description reads
(2.44) F=EP,

~

where the rotation Ijismljmc appearing in the polar decomposition of E links the
isoclinic reference frame to the working space frame. As a result, comparing

2.33) and (2.44) one can think of the equivalence
q
(2.45) E =R 'F°.
However, considering the respective polar decompositions
E‘ - Bisoclinic ge and ﬂEe — Be ge
we should have then
(2.46) Risoclinic — RRE.

Regarding the elastic behaviour in the classical case, lattice vectors are ma-
terial vectors with respect to the intermediate released configuration. Within
the proposed framework this is not exactly true any more. There is an additional
rotation R® of material fibres with respect to the microstructure, that could be
attributed to the presence of heterogeneities. Nevertheless the constitutive theory
must be such that R® remains a corrective term.
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The plastic lattice curvature and torsion are due to the presence of disloca-
tions with a non-vanishing resulting Burgers vector (see Sec. 3). The curvature
planes and torsion axes are therefore related to crystallographic directions. They
can be represented by the effect of continuous edge and screw dislocations for
each slip system. That is why we propose the following kinematics for the plastic
WIyness

- p fs
24 ir" tpp—1 _ 7o,
(2.47) Iipi=y 2 ig
sES

The 6¢ are angles that measure the plastic curvature and torsion over a charac-
teristic length I. Explicit forms for !Q® are given in Sec.4.1.

2.5. Dissipation

In the Clausius—Duhem inequality (2.23), a contribution to the overall en-
tropy production is due to the development of rotation gradients. If no hardening
variables are introduced, the intrinsic dissipation rate is

D = ; (}3 ﬂEe ﬂg‘p ﬂEP—l NEe—l IN{T)
: (B bpe ¢p” Ipp1 tpe BT)
: (13 bp” tp-1 BT) _

+

E

—+

'

Taking (2.39) and (2.47) into account,

(2.48) D=Y4%g: *P
SES
+ 36 *Q
s€S -

where
(2.49) - ~

Three terms appear in the dissipation. The first one is the classical one: slip
processes due to irreversible dislocation motion are dissipative. The second one
is due to the evolution of plastic curvature and torsion. It is clear that homo-
geneous lattice rotation is definitely not a dissipative process, but plastic cur-
vature due to non-homogeneous lattice rotation is related to the existence of
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accommodation dislocations and therefore must be associated with dissipation.
This will be investigated in Sec. 4.4. The last term reveals the independence of
the elastic curvature-torsion measure from plastic changes of the material lines in
the intermediate configuration. This is due to the lattice concept, which means
that the elastic behaviour, given in (2.36), is primarily not influenced by plastic
straining. Thus, the elastic strain measures are related to lattice line-elements
and their reference to material lines produce an additional term in the plastic
wryness rate. However, at small elastic strains, this term vanishes.

3. Closure of the continuum theory of dislocations
3.1. Closure problem of the continuum theory of dislocations

The origin of the continuum theory of dislocations goes back to Nye's epoch-
making work on “Some geometrical relations in dislocated crystals” [3]. He in-
troduced the dislocation density tensor & which will be presented in Sec. 3.2 and
he established a link between o and lattice curvature. KRONER [28] proposed a
general presentation of the theory and gave the set of partial differential equa-
tions to be solved in the linear static case for a given distribution of dislocations,
and here for an infinite body

(3.1)

where 9 =u®Y = u;; e, ®e;. In this part, we use Kroner’s notations for
historical reasons. It must be noted that, strictly speaking, the non-objective
quantity @ cannot be decomposed entirely into an elastic and plastic part but the
usual notations of the continuum theory of dislocations and of classical plasticity
theory can be reconciled by the concept of isoclinic configuration as it was done in
[29]. The continuum theory of dislocations is a way to think of dislocation theory
as of a physical field theory. The system (3.1) enables us to find the stress-strain
field around dislocations for some given arrangements. However such a theory
cannot bridge the gap between the dislocation theory and plasticity theory since
it does not predict the motion of dislocations. The dislocation distribution must
be known at each step. In the dynamic theory of continuous distributions of
dislocations, KRONER (28] and MURA (30, 31] introduce the dislocation flux

tensor V which is related to the plastic deformation rate B” by

(3.2) B2 =—(c: ¥)T
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and we still have

(3.3) a = —cgrlép.

~

For a single dislocation, the dislocation flux tensor reads

(3.4) V=v®£{®b,

v is the dislocation velocity vector, £ is the dislocation line vector and b the
Burgers vector. In this case stress and strain can be obtained provided that o
and ¥ are given at each time, which is of no help to derive a plasticity theory.
For, the continuum theory of dislocations, even in more recent review articles
like [33], does not provide constitutive equations. As pointed out by HAHN and
JAUNZEMIS [34], in a complete theory of dislocations, the density and motion of
dislocations should be derivable from the knowledge of initial conditions (and
boundary conditions) only. This is what we call the closure problem of the con-
tinuum theory of dislocations.

Two attempts to derive the missing constitutive equations must be men-
tioned. On the one hand MURA [35] showed how the von Mises yield criterion
and Prandtl-Reuss relations can be explained in terms of the dislocation veloc-
ity tensor and a so-called “gliding force”. The underlying constitutive assump-
tion is a linear relation between V and the gliding force. According to [36] and
[37], constitutive equations are also necessary to link plasticity and dislocation
theories. On the other hand, HAHN and JAUNZEMIS [34] distinguish mobile dis-
locations (M) from immobile ones (I) with common line and Burgers vectors.
A% = A‘}b + A‘,“f} is the number of dislocations of Burgers vector b® and line
vector gb. Using a large strain formulation, (3.1) combined with (3.4) yields

(3.5) Ep = Tb e (¢ x x4l = DAV 0r,

where
Asye !a e ZA?& §b % !ab
b

is normal to the slip plane. Evolution equations are proposed for A} and Af,.
Isotropic and kinematic hardening and a viscous stress are also introduced in the
modelling. Climb mechanisms are not considered.

3.2. Statistical description of dislocation distribution

The dislocation network and dislocation sources distribution within a consid-
ered single crystal volume element often is or becomes so intricate that an exact
description of all dislocation lines and Burgers vectors must be abandoned. In-
stead some overall and statistical information about the distribution may be
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sufficient for the modelling of the plastic behaviour of the element. The only
known attempts to develop a complete statistical theory of dislocations go back
to ZoRrskI [38] and KRONER [39]. The systematic approach comes up against
tremendous difficulties which are still not overcome. This explains why the con-
cepts reviewed in this section are only rudimentary tools which do not exhaust
the complexity of dislocation structures.

3.2.1. Dislocation density tensor and the continuum theory of dislocations. Within
the framework of the continuum theory of dislocations, the characteristic size [
of the volume element is taken large enough for the effects of the dislocations
within it to be averaged. The distribution of dislocations is made continuous by
letting b = ||b|| approach zero and increasing the number n of dislocations of
each kind so as to keep nb constant [3]. The definition of the Burgers vector can
be extended to continuous distributions of dislocations [27]. For that purpose
one refers to the kinematic description proposed by MANDEL [23] making use of
the isoclinic configuration and of the strain partition given by (2.44). In (2.44),
E relates the infinitesimal vectors d{ and dx, where d( results from the cutting
and releasing operations of the infinitesimal current lattice vector dx

(3.6) d¢ =E " dx.

It can be seen that the decomposition (2.44) actually goes back to [40].
Accordingly, if S is a smooth surface containing x in the current configuration
and bounded by the closed line ¢, the true Burgers vector is defined as in [27]

(3.7) b= f@‘l dx .
c

The application of Stokes’ formula (A.19) leads to the definition of the so-called
true dislocation density tensor

(3.8) g=—cul'B' =B x V' = —¢;u By e; ®e;
such that
(3.9) b:/ggdS.

S

If the surface is infinitesimal of normal n, db = andS is the resulting true
Burgers vector of dislocations crossing the surface dS. It is convenient to associate
each component a;; of the dislocation density tensor with a (super) dislocation
characterized by its line vector e; and its Burgers vector b; e; (no summation).
As a result, the diagonal components of o represent screw dislocations and the
out-of-diagonal ones edge dislocations. For n dislocations per unit surface of
Burgers vector b and line vector £, we have

(3.10) a=nbh®¢{.



A COSSERAT THEORY FOR SINGLE CRYSTALS 719

3.2.2. Scalar dislocation densities and crystal plasticity. In the classical continuum
theory of dislocations, the description of the dislocation distribution is restricted
to the dislocation density tensor. It enables one to compute stress-strain fields
for special distributions and even discrete dislocations for which o becomes the
sum of Dirac’s functions [28]. However the classical continuum theory of dislo-
cations has failed to describe the elastoplastic behaviour of single crystals. The
main reason is that the dislocation density tensor is not the relevant variable to
explain the hardening processes. In [34], the kinematics of plastic deformation
are derived from the dislocation velocity tensor and correspond exactly to the
purely mechanical description of slip processes proposed by MANDEL [23]. The
next step is the introduction of hardening variables as in the classical macroscopic
plasticity theory. They are related to usual scalar dislocation densities that are
commonly used by metal phycisists and which represent the total length of dis-
location lines within a volume element. The multiplication and interaction of
dislocations are responsible for the hardening of single crystals and the scalar
densities are reliable measures for it. This type of description culminates with
the work of MANDEL (23], ZARKA [41] and TEODOSIU and SIDOROFF [42]. In
these theories the dislocation density tensor is not even mentioned since it is not
the relevant quantity any more. Constitutive equations for hardening variables
are proposed in a more or less phenomenological way and several elementary
dislocation interaction processes are taken into account.

The main successes of these theories are the modelling of the tensile behaviour
of single crystals, the lattice rotations [43] and the cyclic behaviour of single and
polycrystals [44].

3.2.3. Proposed description. In this work we claim that both types of descriptions
are required for the modelling of non-homogeneous deformation of single crystals.
That is why the statistical description of dislocation distribution must contain
at least:

e the dislocation density tensor o which accounts for the resulting Burgers
vector across any infinitesimal surface,
and

e scalar dislocation densities p* or the associated hardening variables, for in-
stance 7* and z°® already used in [45]. The kinematic hardening variables z° are
a measure for microscopically non-homogeneous spatial dislocation distributions
that give rise to a vanishing resulting Burgers vector (dislocation cells...). Ad-
ditional variables (densities of mobile and immobile dislocations...) may also be
necessary.

It must be noted that the dislocation density tensor and the scalar dislocation
densities are related, respectively, to the one-point and two-point dislocation
correlations introduced by KRONER [39)].

The scalar dislocation densities are necessary to account for the hardening or
softening behaviour of the material whereas the dislocation density tensor may
play a significant role when strong lattice incompatibilities are present.



720 S. ForesT, G. CAILLETAUD AND R. SIE/ERT

3.3. Link between the dislocation density tensor and the lattice torsion-curvature tensor

3.3.1. Classical analysis at small strains and small rotations. NYE [3] introduces
the rotation vector @ of the lattice and the curvature tensor k = @ ® V At
small strains and small rotations, the strain and rotation rate decomposition
into elastic and plastic parts reads

~

(3.11) B=pc+p”

~ ~ ~ ~

W=w-w'=w-1x 'I’ represents the relative rotation of material lines with
respect to the lattice. As a result, relation (3.8) becomes

(3.12) & = curlP ® = curlé® + curlw®.
In a way similar to KRONER [28], we derive
(3.13) curlw® = €jrwik e, ®e;
= —€jki €ikm Pm1€; ® €
= —€klj €kmi Kmi1 €; ® €
= —(Omi 0ij — 0it 6mj) Kmi€; ® €
= k" —(Tré)1.
Neglecting the elastic strain, one obtains the expression proposed by NYE [3]
(3.14) a=r"—(Trr)l
and its reverse form

(3.15) k=a" - -(Tra)l.

Keeping the elastic term
(3.16) o = curle® + k" — (Trr)1.

3.3.2. Analysis for the Cosserat theory. Within the framework of the Cosserat
theory for single crystals presented in Part 2, we propose the following definition
for the true dislocation density tensor

(3.17) a = —cwl® (FFRY).
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We try now to link the dislocation density tensor and the wryness tensor. Equa-
tion (3.17) becomes
-1
'FL,
89:;

(3.18) a=- (Ejkl Rim + "FE €1 RE g L Ffjl) e, ®¢;

(the comma denotes again a derivative with respect to the reference configura-
tion). Note that,

(3.19) F=-¢:(RR"®Y)) = RR"®@V)=¢I

[N
[2en

or, in components,
B = =B sundrs
As a result, (3.17) can now be written
(3.20) a =AY IR RY enjenvu ToL Frl e ® ¢
= A%+ ' IRT ((CEYT - T (DEVY)
= A%+ (BT - T (LR L) BT

tpe-1
where é“' = €kl a‘"‘ Rime; ®e;. It can be checked that equation (3.16) is
T
retrieved for small strains and rotations. We define
(3.21) ‘a=aR

and R *F®a can be interpreted as the Cosserat counterpart of the local disloca-
tion density tensor introduced in the classical continuum theory of dislocations.

Using the decomposition of the total wryness given by (2.37), the expression
of the dislocation density tensor (3.20) becomes:

(322)  @=A"+ HT(('re fpe )T - T (U1 PPe ) 1) BT
+ 9Fe ()T - e (IR PR L) BT

Considering now the released state for which force and couple stresses are re-
moved, as defined at the end of Sec.2.4.1., the remaining plastic curvature is
related to the dislocation density tensor in the released state by:

(3.23) ué = (ﬂ!‘P uEP—l)T —Tr ( ﬂl\p ﬂEp—l) 1,

In particular, & is known for a given distribution of edge and screw dislocations.
This result motivates the definition of the kinematics of plastic curvature evolu-
tion in Sec.4.1. Note that, starting from the same definition (3.17), DLUZEWSKI
[46] considers elastic and plastic dislocation tensors which are related to the
contributions of elastic and plastic curvatures in equation (3.22).
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3.4. Constrained Cosserat theories

The work of the Cosserat brothers was almost forgotten until GUNTHER redis-
covered it in 1958 [47]. Furthermore Giinther has revealed the close link between
the Cosserat theory and the continuum theory of dislocations which has been
thriving since the early fifties.

This explains why the continuum theory of dislocations has often been further
developed within the framework of a Cosserat continuum, for instance in [48]. In
[8] discrete screw and edge dislocations are embedded in the Cosserat continuum.
However the physical meaning of the directors remains unclear in these works:
are they independent lattice vectors or material vectors? How do they rotate? In
many cases the resulting framework is that of a constrained Cosserat theory like
in [19]. The rotation rate of the directors is then given by the skew-symmetric
part of the overall deformation gradient

(3.24) $=——c(u®V).

The curvature tensor that we denote y in the constrained case then becomes

. 2 1
(325) X:'I'@Z:—ieimnum‘njgi@gj.

It is clear that because of this constraint the directors generally are not lattice
vectors. Besides the microrotations are entirely determined by the displacement
field, which is not the case in the theory presented in Sec.1. Considering the
decomposition of the deformation and bend-twist tensors into elastic and plastic
parts, MURA [35] and many authors consider

(3.26) B=p +p and x=x+%

with

(3.27) 'g'czi’_e:—%gge and ');(_ngp:—%gép,
so that

(3.28) $eV+d V=%,

which also implies the constraint (3.24). As for them, KOsSSECKA and DE WIT
(33] define

(3.29) T = eppm (Bl + €hta Xom ) €5 @ &1
= cgrl{ﬁp} +xPT —TrxP1.

R
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Finally they interpret (cgrl{,xp})T as the disclination density tensor. However,
these formula are not derived from a precise definition of the Burgers vector like
in (3.7) or (3.17) and are therefore difficult to assess.

The main advantage of the previous restricted Cosserat theories is that no
constitutive equations are required for the plastic curvature. But it must be noted
that the expression of the dislocation density tensor (3.16) or (3.20) involves the
total torsion-curvature tensor. As a result, nothing is known a priori about the
elastic and plastic relative contributions, so that constitutive equations with a
yield criterion for the plastic curvature may be necessary.

However, looking at Eq. (3.22) may lead one to propose the following relation:

(3.30) ('re "B - T ('re PR 1 = —"EC AR,

which can be regarded as a definition for I'®. If we still accept the decomposition
(2.37), I'” can be deduced. In this case, there is no need for additional constitutive
equations to close the problem. Nevertheless, it is not sure that Eq.(2.36) can
be derived from this definition of the elastic wryness and, consequently, (2.37)
does not necessarily hold. As a result, this definition is abandoned and Eq. (3.30)
will not be used in the following. Instead we will stick to relations (2.33), (2.37),
(2.39) and (2.47), and propose constitutive equations in Sec. 4. These constitutive
equations will allow us to take the influence of plastic curvature on the hardening
of the material into account.

3.5. Geometrically necessary dislocations and statistically stored dislocations

According to AsHBY [49], dislocations become stored in a plastically non-ho-
mogeneous solid for two reasons: dislocations are either required for the compat-
ible deformation of various parts of the specimen or they accumulate by trapping
each other in a random way. This gives rise on the one hand to the density og
of so-called geometrically necessary dislocations and on the other hand, to the
density pg of statistically stored dislocations. The density g can be computed
approximately in some situations like plastic bending or punching. This variable
comes directly from the continuum theory of dislocations and corresponds to the
components of the dislocation density tensor a. In Sec. 4 we will introduce addi-
tional inner variables which are directly related to the density o¢ of geometrically
necessary dislocations for each slip system.

In contrast, the density pos belongs to the second group of variables that have
been listed in Sec. 3.2, namely the hardening variables. However, as shown by
Ashby in the case of two-phase alloys, geometrically necessary dislocations may
lead to additional hardening. In Sec.4 we will try to model this coupling effect
between the two types of variables that describe the dislocation distribution.

The relative importance of g and pg depends on the amount of overall plastic
deformation, and on the type of solicitation. Clearly pe can dominate in the case
of strong deformation gradients.
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These considerations have led FLECK, MULLER, ASHBY and HUTCHINSON
[50] to apply a so-called strain-gradient plasticity theory to the tension and
torsion of copper wires with various diameters. The model is equivalent to a
constrained Cosserat theory first proposed in [19]. The Jp-theory is extended to
couple stresses in a way similar to [51]. However the modelling becomes ques-
tionable when applied to wires with diameters comparable to the grain size. In
that case the constrained rotations of the model have nothing to do with local
lattice rotations, as explained in Sec. 3.4, and the associated curvature is not a
relevant variable.

4. Explicit constitutive equations

We propose a set of constitutive equations for the elastoviscoplastic deforma-
tion and intrinsic curvature of metal single crystals.

4.1. Kinematics of plastic deformation and curvature

The plastic flow due to slip on various slip systems has been studied in
Sec.2.4.2 (Eq.(2.39)). Similarly, an expression of the plastic curvature evolu-
tion has been proposed (Eq.(2.47)). An expression of 'Q? is now derived from
the analysis of the dislocation density tensor in Sec. 3.3.2. The scalar ~* repre-
sents the amount of slip due to the passage of dislocations of type s through the
volume element, as for them the scalars 6° represent the plastic curvature due
to dislocations trapped in the volume element of characteristic length {. When
stresses and couple stresses are released, the elastic contributions in Eq. (3.22)
disappear so that a direct relation between residual plastic curvature and the
dislocation density tensor is obtained (Eq. (3.23)). We consider then that o can
be decomposed into the contributions of edge and screw dislocations and we give
in the following the curvature and torsion axes in the two cases. The amounts of
curvature 6° will be computed using constitutive equations proposed in the next
section.

Curvature due to edge dislocations (1)

For edge dislocations, ug =b'm® ug.
€ is the dislocation line vector and the normal to the glide plane is defined as

(4.1) g=mx¢.
The associated curvature is shown in Fig. 1, so that we take
(4.2) 'Q, ="%®'m.

Arrays of edge dislocations of the same type give rise to lattice curvature in the
plane (m,b). The rotation vector @ has the same direction as the dislocation
line vector.
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Z

- >
F1G. 1. Curvature due to edge dislocations.

Torsion due to screw dislocations (©)

For a screw dislocation, 'a. = b 'm ® 'm.

Fi1G. 2. Curvature due to a screw dislocations, after releasing the end couples
(from [53]).

The associated curvature can be seen in Fig. 2, so that we take
1
(4.3) ﬂQo=§l“um®“m'

The sign conventions for 'Q | and 'Q are such that 8, and 8 are positive
in Figs.1 and 2. As a result, screw dislocations cause lattice torsion about the
three reference axes. KRONER [28] noticed that a planar array of crossed screw
dislocations with perpendicular Burgers vectors produces a twist of the lattice
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about the third direction. This is equivalent to a grain boundary of the sec-
ond kind. Grain boundaries of the first kind are generated by an array of edge
dislocations with parallel Burgers and line vectors. Note that the result (4.3)
is different from that proposed in [52], which gives no torsion with respect to
the dislocation line axis. This seems to hold only when the couple that can be
derived from the classical stress field around a screw dislocation is not released
(63, 32]. Our expression (3.22) is derived from an extension of the definition of
the Burgers vector for continuously distributed dislocations.

Lastly, we give the proposed kinematics of the plastic lattice torsion-curvature

. gs 0s
(4.4) gt = Y (9% ‘¢ ® 'm" + 979 (1 1-'m'® nms))‘
s€S

4.2. Generalized Schmid’s law

4.2.1. Peach and Koehler’s force. KRONER [54] shows that Peach and Koehler’s
formula giving the force on a dislocation (b,§) due to a stress field o applies
also for a non-symmetric stress tensor. But it is important to derive again the
formula taking care of any transposition. The force f per unit length of dislocation
is defined, for a unit length of dislocation, through

(4.5) f.dx=b.(gn)dS = ((bg) x §).dx,
where
(4.6) ndS=§ xdx.

The dislocation can move in its plane only if the component of the force in the
glide plane

(4.7) br=f.(ax§) =¢: (b®n)

reaches a threshold. This is the physical meaning of Schmid’s criterion. We will
use this criterion to compute the slip rate on slip system s

(4.8)

8 _ 8 _ .53\ 1
,?s — (Max(O, l'rka T | r )) sign(Ts - xs),

where 7¢ = g : ¥P* according to (4.7), and z° and r* are internal kinematic and
isotropic hardening variables. z* and r® represent, respectively, the back-stress
and the yield threshold, which are supposed to describe with sufficient accuracy
the dislocation structure with a view to modelling the hardening behaviour.
Parameters k° and n® account for viscosity properties.
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4.2.2. Evolution law for the viscoplastic torsion-curvature variables. We consider an
array of edge dislocations with b = be;, the normal to the glide plane z = e,
and § = —ej (see Fig. 1). At small strains they produce a curvature

(4.9) K'=——e;®e =kfje3@e;.

We will assume that such geometrically necessary dislocations are produced by
local dislocation sources if the local moment p = me; ® e; (m < 0 here) is so

high that the imposed curvature cannot be accommodated elastically any longer.

Generalizing the previous example, we propose the following expression of the
viscoplastic curvature rate

(4.10)

- Max (0, | : Q7| —lr)\"™ |
6° = ( T : ) sign (*p : 1Q°),

where r? denotes the threshold and k{ and n; are viscosity parameters. The
formula is to be applied successively for edge and screw dislocations belonging
to the same system. Equations (4.8) and (4.10) and the hardening rules of the
next section close the theory based on multicriteria and associative flow rules.
Accordingly, this theory is part of the associative generalized plasticity.

4.3. Expression of the free energy and hardening rules

The key-point of the thermodynamical analysis of a constitutive model for a
dissipative system is the choice of the relevant internal variables on which the free
energy may depend. We propose such a formulation of the previous model in the
linear case for simplicity. In addition to the observable variables: deformation,
curvature and temperature (e, k, 7') or equivalently (e¢, k¢, T'), the free energy
is assumed to depend on the following internal variables:

e the variables p%, which are similar to the densities of statistically stored
dislocations, and which are defined by

(4.11) s =17'l;

e the variables gf;, which are similar to the densities of geometrically necessary
dislocations, and which are defined by

k)

b6*
(4.12) oG = l z

e the kinematic hardening variables o.
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We postulate then that the free energy is a quadratic form of these variables
according to

€+ = an

sES

t\.?lr--I

e:E:ef+

(SR

(413)  o9(ef, &, T, o, 05, 05) =

+r0295+— Zh" 0%

s€S r,s€S
1
+Tc029&+§ Z he" o 0
sES r,s€S

+ D hi 0% oG + f(T).

r,s€S

Hardening matrices A"® and h7® have been introduced for each population of
dislocations following [55], but a coupling term associated with the matrix h}"
must be added.

Assuming then that the thermodynamical forces corresponding to the vari-
ables o5, oz and o°, respectively, are 7%, 7 and z°, the following hardening rules
are derived:

Isotropic hardening

8
(4.14) =g —ro+Zh"ag+Z i 06
res res
6
(4.15) —961/: =ro+ ) h o+ > hi 0.
resS res

Note that, for simplicity, we have omitted to split the terms h" of; into A" og | +
hi € in order to distinguish the contributions of edge and screw dlsIocatlons
The same holds for the terms involving matrix h{". Furthermore, a similar ther-
modynamical formulation can be worked out for nonlinear isotropic hardening
[58]. It can be seen that a coupling between plastic deformation and curvature
naturally arises from our choice of the free energy. The existence of additional
hardening due to plastic curvature must be investigated experimentally.

Kinematic hardening

oY P

an =ca .

(4.16) =0

We refer to [45] for the expression of the nonlinear evolution law for kinematic
hardening:

(4.17) &* =5° —d|y’|a’.
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4.4. Dissipation

Introducing now the internal variables in the expression of the intrinsic dissi-
pation rate derived in (2.5), one obtains

(418) D=3 (r'4" —a%a® — 0% + vl 8% + v508 — 1L bbL — riobdbo),
res

where

1 i, - 1O%
TR -h 9@'

The multiplication and motion of dislocations are dissipative processes. The
three first terms in (4.18) account for dissipation due to slip activity whereas
the remaining terms account for multiplication of geometrically necessary dislo-
cations. In some cases the last terms can be neglected. But when strong lattice
rotation gradients develop, they may well be the leading terms.

Some conditions on the material parameters can then be derived from the
entropy principle. Taking the flow rules (4.8) and (4.10) and the definitions (4.11)
and (4.12) into account, Eq. (4.18) can be rewritten in the form

(4.19) v =< "91 and vy =

(4200 D= Y[+ - o*)sign(3*) — r* + cda’?|°|
res

+ 67 (v} — ey sign (64)) + 65(vg — g sign (63))]

It can be checked in this formula that the positivity of the intrinsic dissipation
rate is ensured if cd > 0 and if the marix h7{ ; is such that r}, ; is always
positive.

5. Conclusions

Recent advances in the mechanics of generalized continua have been used to
develop a Cosserat theory for single crystals at finite deformation and curvature.
The decomposition of the relative deformation gradient into an elastic and plas-
tic part is multiplicative as usual, whereas the wryness tensor admits a mixed
additive-multiplicative decomposition. We have assumed that the plastic lattice
curvature and torsion are accommodated, respectively, by edge and screw dis-
locations belonging to each slip system. The curvature and torsion angles over
a characteristic length due to each type of dislocation are internal variables in
addition to the cumulative amounts of slip for each slip system. Explicit con-
stitutive equations have been proposed in the case of elastoviscoplasticity. An
important consequence of the theory is that the plastic lattice curvature and
torsion as well as the plastic spin are associated with dissipation. The produc-
tion of geometrically necessary dislocations is clearly a dissipative process. There
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is an overwhelming tendency to include these microstructural features of dislo-
cated crystals into the framework of generalized continua. Since the pioneering
work of GUNTHER [47], CLAUS and ERINGEN [10] resorted to a micromorphic
continuum. As for them, SMYSHLAYEV and FLECK [56] prefer to develop a strain
gradient theory of slip. However they replace this plasticity problem by a prob-
lem of nonlinear elasticity at small strains. In contrast, our theory provides a set
of kinematical and constitutive equations in elastoviscoplasticity at finite defor-
mation on a physical and thermodynamical basis. Finally LACHNER et al. [57]
have shown that polycrystals also can be regarded as Cosserat media. Homo-
genization techniques should enable one to derive a polycrystal model from the
present theory.

Only a precise enough description of dislocation distribution within a vol-
ume element can enable one to model the plastic behaviour of single crystals.
For that purpose, the continuum theory of dislocations resorts to the dislocation
density tensor. In contrast, macroscopic elastoplasticity theory involves harden-
ing variables which are related to scalar dislocation densities. In both theories,
the expression “dislocation density” is seen to have a very different meaning.
The dislocation density tensor and the scalar dislocation densities are indepen-
dent measures of the dislocation distribution. The most important advantage of
the proposed theory is to combine both descriptions within a single constitutive
framework.

It must be noticed that only slip processes have been taken into account in
the present work. Further developments are necessary to include climb processes,
which may play a significant role during creep.

A coupling between plastic curvature and plastic deformation has been in-
troduced on the level of the hardening rule to represent the influence of slip
plane curvature on further dislocation motion. Experimental evidence of such
hardening effects have been provided for instance in [59].

It is clear that the difference between the classical theory and the Cosserat
theory can appear only if deformation and more precisely, lattice rotation is not
homogeneous. The theory can therefore be applied to the prediction and the
simulation of localized deformation modes like shear bands in single crystals. A
theoretical analysis of such material instabilities is presented in [60], and ASARO
and RICE [61] and DUSZEK-PERZYNA and PERZYNA [62] investigate the case of
single crystals. An analysis and numerical simulations of localization phenomena
in single crystals are presented in [63] for the classical theory. In [58] we have
performed a bifurcation analysis for single crystals undergoing single slip using
the Cosserat theory. Some crucial differences with respect to the classical case
have been pointed out. For instance, according to the classical theory, slip bands
and kink bands can occur for the same critical hardening modulus. This is no
longer true for the Cosserat theory, which is strongly supported by experimental
evidence.
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Appendix
Notations

In this work, a denotes a vector of the Euclidean space E, A a second-rank
Euclidean tensor, and A (resp. A) a third-rank tensor when operating on a vector

(resp. a second-rank tensor). The same third-rank tensor is denoted by A when

regarded as a 3-linear form. The tensor product of two vectors a, b is such that,
for all x € E,

I
=
I
b2y
=
Il
154
I8
=

(A1)

D
®
=
™
Il
=g
14
i®

where the dot denotes the inner product on E.

Let (e1,eq,e3) be a positive oriented orthonormal basis of oriented E with
dimension 3. When written in components, the double contraction of second-rank
tensors reads
(AQ) A ; B= A,‘j B,'j ‘

We note € the Levi- Civita tensor

(A.3) e=Det(e; e, e)e;®e;Re.
Notice the useful identity

(A.4) €ijk €itm = 01 O — Ojm Okt -

The following result concerning third-rank tensors have been used,

1 1
If B=§§ ] éziﬁiktAkljgi@)Qj
(A.5) and  Ajjr = —Ajik,
then Azg.]}zeiijmkg,-®gj®gk.
The cross product is defined by
(Aﬁ) gxb=g(g®b):eﬁka,—bkgi.

The symmetric and antisymmetric parts of tensor A are respectively denoted

X
{A} and YA{ There is then one and only one vector A such that, for all x,

B

(A.7) Aty =

<X
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and

1 1

2£A =5 ckim Amey-

Following TROSTEL [60], we define a cross product between a second-rank tensor
and a vector

(A.8) | Y.

(A.9)
ax(b®c)=(axb)®c,
so that
(A.10) Axe=—(cxAT)T.
As a result
X x
(A.11) JAl=1xA=-¢A.

Any element R of the orthogonal group can be represented by the element & of
the associated Lie group such that

(A12) R=exp(lx @) =exp(-¢®).
Concerning tensor analysis, our notations are:

Nabla operator

(A13) M= iCan
gradient operator
(A.14) grad f = fV = fiey,
(A.15) gradu =u®V =u;;e;Q¢e;,

curl operator

(A.lﬁ) cmlg = u X Z = €k Uj k4,
(A.17) cglé=éx2=eh3k44”ke,®eh
Note that
} (1

(A.18) u® V' = J elcurl u)
We have made a wide use of theorem
(A.19) fg; dl = —/(cgrl A)nads,

E s

where the open surface S is bounded by the contour L.
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