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On the macroscopic parameters of brittle fracture 

N.F. MOROZOV and Y.V. PETROV (ST. PETERSllURG) 

TtiE PRODLEM of modeling of some of the specific effects of brittle fracture in the high loading rate 
conditions is discussed. An approach based on the system of fixed materia l constants describing 
macro-strength properties of the material is considered. New principles of material testing are 
analyzed. l11e corresponding incubation time criterion allows us to manage without the a priori given 
rate dependcnccs of dynamic strength and fracture toughness. New applications of the criterion to 
the problems of disintegration and erosion arc considered. 

1. Basic structural characteristic of static fracture 

ONE OF THE PRINCIPAL parameters o f li near fracture mechanics is the material 
structure size d describing the elementary cell of failu re. The classical approaches 
by G RIFFITH [3] and IRWIN [5] consider this characteristi c as a latent quantity. It 
may be presented as dimensional combination of surface energy, critical stress 
intensity factor, static strength and elasti c constants o f the material: 

(1.1) 
, .£ 

d f'V --2 , 
ac 

The elementary cell o f fracture has no unique physical interpretati on. It may be 
interpreted in vario us ways, depending on the class of problems. The correspond-
ing Grillith - I rwin cri terion is a universally recognized cri t ical cond ition o f brittle 
and quasi-brittle fracture. This crit erion is based on the square root singulari ty o f 
the stress fi eld at the crack t ip. Therefo re its fi eld o f appli cabili ty is limited. For 
instance, in the case o f an angular notch in a plate, the general energy balance 
equation cannot be satisfi ed fo r all methods of loading (MoRozov [9]). 

NEUBER [1 2] and NovoZHI LOY [14] suggested to consider the material structure 
directly. The corresponding cri teri on requires that the mean normal stress in the 
range o f material structure size d must be equal to the static strength o f the 
material. In the plane deformation state case we have: 

(1.2) 

d 1 j a (1·) dr ｾ＠ ac . 

0 

Assuming that in the simplest cases the crit eri on (1.2) gives the same results 
as the I rwin's criti cal stress intensity facto r cri teri on, we obtain fo r the material 
structure size d the expressio n: 

(1 .3) 
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Criterion (1.2) may be used in various cases in which the square root singulari ty 
and the appropriate energy balance do not work. Results obtained by means of 
the crit erion (1.2) under the condition (1.3) are well confirmed by experiments 
in static cases (MoRozov [9]). 

The introduced material constant d is quite simil ar to the p rocess zone size 
parameter fo r the short crack fracture assessment occurring in ce ramics (AN oo 
et al. [1 ]). 

2. Fast fracture processes 

The constant progress observed in experimental mechanics during the last 
years enables us to understand the fact tha t dynamic fracture in brittle soli ds is 
remarkable for its specific nature. The corresponding experiments helped us to 
discover some principal efTects that have no interpreta tion within the framework 
of the conventional models of brittle fa ilure. Here are just some of them: 

1) The dynamic branch of the time-dependence o f strength and fracture delays 
in spallin g (ZLATTN et al. [23]). 

2) The extensive zones of fail ure (cavitation) in spalling and their unpre-
dictable geometry (BROBERG (2], SEAMA N et al. (21 ], etc.). 

3) The dependence of cri tical stress intensity facto r o f crack growth init iation 
on the load ing history (RAV L-CHANDAR and KNAU SS (20]). 

4) T he behaviour of the short pulse load threshold amplitudes leading to 
failu re at the crack tip (KALTHOFF and SHOCKEY (6), SHOCKEY et al. (22]). 

Analysis of the experiments shows that the main contradictions of the tradi-
tiona l models appear when failu re occurs during the short time intervals after the 
start o f the loading process. MoRozov and PETROV [1 0, 11] proposed an approach 
to the analysis of dynamic britt le failure based on the incubation time crit erion: 

t d 

(2.1) 1 J 1 J ( ') 1 -:;. d a T, B, t dr dl ｾ＠ ac · 
t-T Q 

H ere d and r are material structure size and structure time of failure, respec-
tively, ac is static strength o f the material, (1·, B) are po lar coordinates, a(T, B, t) 
is tensile stress at the crack ti p (1' = 0). T he materi al structure size d is to be 
determined in accordance wi th the data o f quasi-stati c tests of specimens con-
taining cracks, and in the case of p lane strain it may be expressed by the simple 
formula (1.3). The materi al structure time r is responsible fo r the dynamic pecu-
liari ties of the macro-fracture process and fo r each material it should be found 
from experiments. In accordance with this approach, ac, f( l e and r constitute 
the system of fixed material constants describ ing macro-strength properti es of 
the material. PETROV [15] has shown that the cri terion (2.1) refl ects the discrete 
nature of dynamic fracture of brittl e soli ds. 
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In the case of virgin materials, the criterion (2.1) reduces to the form: 

t 

(2.2) ｾ＠ j a(t')dt' ｾ＠ ac . 
l-T 

This form will now be used for the analysis of two particular problems. 
The analysis of the particular problems of dynamic fracture mechanics is as-

sociated with the appropriate choice of the parameter T. We shall mention two 
basic cases: 

1. The incubation time is defined by the material structure size of fracture: 

(2.3) 
d d..fo 

T=-=--
C k ' 

where c is the maximum wave velocity, f2 is the density of continuum, k is the 
constant depending on the deformation material properties. According to this 
definiti on, the incubation time has a physical meaning of the minimum time 
p eriod required for the interaction between two neighbouring material structure 
cells. The incubation-time criterion with the parameter T selected according to the 
formula (2.3) allows us to describe efiectively the time-dependence of strength 
and the fracture zone geometry in conditions of spalling (MoRozov et al. [10, 
11], PETROV and UTKIN [16]). Thus, the definition (2.3) provides a good analogy 
between the incubation time criterion and the well -known experiments in the case 
o f "defectless" materials. 

2. The incubation time does not directly depend on the material structure size 
of failure. This takes place when a problem of initi ation of the macro-crack growth 
is considered. Nucleation, growth and coalescence of micro-defects in the special 
process zone region at the crack tip precedes the growth of the macro-crack. 
These processes are accompanied by a local stress relaxation and change the 
effective materia l properties. The incubation time T is to be considered as the 
principal integral characteristic of the processes in the corresponding process 
zone region. P ETROV and MOROZOV [1 8] proved that in the case of macro-cracks, 
the material structure time T can be interpreted as an incubation time in the 
well-known minimum time criterion proposed and explored by KA LTHOFF and 
SHOCKEY [6], HOMMA et al. [4] , and SHOCKEY et al. [22]: 

(2.4) · T = tine · 

The aforementioned dependence of the fracture toughness on the loading history 
and the specific behaviour of the short loading pulse threshold amplitudes can 
be explained and effectively analyzed by means of the incubation time criterion 
under the condition (2.4) (PETROV and MOROZOV [18]) . 
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3. Some basic principles of the material strength properties testing 

In this section we outline some of the possible methods of description of the 
material strength properties. Table 1 represents the basic parameters and criteria 
to be used in testing of the materials. In Table 1 CJc, K1c are the material constants, 

ｃｊｾ Ｐ Ｈ＠ v ), J( Id( v ) are the material functions that represent the dependences o f 
critical characteristics on the loading rate v. 

Table 1. 

No. Method Materia l parameters Criteria 

1 Classical static 17c, J(lc 17 $ 17c, ](I $ ]( le 

2 Classical dynamic ｏＧｾｹｮＨｵＩＬ＠ xld(u) a(t) $ ｏＧｾｙＢ Ｌ＠ /\' 1(t) $ ]( Id 

3 SRI International ｏＧ ｾ ｹｮＨｵＩＬ＠ l\'ld (u), line CT(I) $ ｵｾｙＢＬ＠ minimum time criterion 

4 Incubation time approach 17c, [\ 'le, T incubation time criterion 

The classical dynamic approach, resulting directly from the static strength the-

ory and linear fracture mechanics, is based on two strength characteristics ｃｊｾｙＢＨｶ＠ ), 
J( Id( v ), that are supposed to be material functions found from experiments. 

The minimum time theory proposed by J.F. Kalthoff, D.A. Shockey and eo-
workers is based on the incubation time notion. It allows us to explain some of 
the principal dynamic fracture effects. On the other hand, the minimum time 
technique turns out to be too sophisticated for practical engineering. 

It is seen from the Table 1 and the aforementioned results that the incubation 
time criterion combines the simplicity of the classical stati c method with the 
effectiveness of the SRI International approach. Basing on the system of fix ed 
material constants, it enables us to predict the behaviour of dynamic strength 
and dynamic fracture toughness from a unified viewpoint. Thus, the rate strength 
dependences may be considered as calculated characteristics. The criterion may 
be applied for both the "defectless" and macro-cracked specimens. 

4. Application to the problem of disintegration 

The great interest in connection with the technology o f disintegration of soli ds 
is presented by the issues concerning the speed of propagation of failure and the 
fracture zone geometry. Even elementary experiments on spalling show that the 
zone of destruction may have very diverse geometry. It can be either one spallin g 
section (like a crack), or several ones. In some experiments, the zone of fracture 
has a form of a continuously damaged domain of finite extension. This domain was 
named a zone of continuous crushing (NIKIFO ROFSKY and SHEMJAKIN [13]). There 
are also experiments, in which the zone of destruction represents the mixture 
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of damaged regions with intact parts of the material. Most of the experiments 
show, tha t the geometry of the failure zones strongly depends on the parameters 
of the applied loading, such as a speed o f loading, its amplitude, duration, etc. 
Eventually, it can be said that the whole history o f loading is very important. 

In this section we consider the particular problem of disintegration o f a solid 
ball caused by the instant discharge (unloading) o f the external pressure (PETROV, 
SEMENOV and UTKIN [17]). We shall demonstrate that the incubation time criterion 
gives all the vari ety of the fracture zones just in the sonic approximation of the 
problem. 

Let a ball be loaded on its surface by a uniform pressure. At a certain mo-
ment, the pressure is instantaneously taken away. The corresponding boundary 
value problem in the sonic approximation is described by the fo ll owing system of 
equations: 

u = u (T, 1) , 
DP 

(4.1) 

H ere H(t) is the Heaviside step functio n; u and a are the displacement and 
pressure inside the materi al, <P is the potential functio n, a0 is the ini t ial pressure, 
c is the wave velocity. 

The discharge of the pressure produces a spherical wave o f unloading moving 
to the center of the ball. This wave carri es a tensil e stress that produces fracture 
of the material. The afo rementioned incubati on time crit erion all ows us to find 
the exteut and geo metry o f failure in this parti cular situation. 

We assume that the materia l is homogeneous, isotropic and composed o f the 
spherical layers of thickness b. All layers are assumed to have identical materi al 
properties. We assume that the layer is destroyed at the certain moment, when 
the critical condition in the cente r o f the layer corresponding to the crit erion (2.2) 
is fulfilled. The destroyed layer turns out to be, on the one hand, a shield fo r the 
moving waves, and on the other hand, a source o f an additi onal unloading wave. 
The unloading waves running inside the ball are reOected from the destroyed 
layers and inte ract with other stress waves. Thus the process is characterized by 
a complicated picture of direct and reOected waves. 

The scheme was reali zed in a complex o f computer programs I3ALL. One of 
the main results o f the calculations was the graphically submitted zone of fracture. 
It turned out that the region o f failure strongly depends on the parameters o f 
the problem and o n the material co nstants. Some o f the possible variants o f the 
fracture zone for the hypothetical values ac = 900 M Pa, T = 1 f.LS, b = 3 mm, 
c = 5000 m/s are presented in the Fig. 1 (fracture zones are shown in black), 
where a large variety of geome[ly is seen. 
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Strcngth=900MPa; Inc. timc=lmcs; b=3mm; c=5000m/s 

R=lOOmm 

Initial strcss=2000MPa 

R=lOOmm 

Initial strcss=3000MPa 

R = lOOmm 

Initial strcss=700MPa 

R =50mm 

Initi a l strcss=7000MPa 

FIG. 1. Calcu lated fracture zones caused by instant unloading of the ball. 

5. Application to the problem of erosion 

The solid particle impact velocity at the beginning of target material loss in the 
steady-state erosion process can be considered as a cri t ical or threshold velocity. 
It is a principal characteristic that bears an informatio n about dynamic strength 
properties of materials subjected to the impact loading. In this section, the rela-
tion between the threshold velocity I V and the incubation time r is investigated. 
The possibility of using the incubation time criterion in determining the threshold 
erosion characteristics is establi shed. 

One of the principal features of the erosion process is ｾｨ｡ｴ＠ the target material 
surface is subjected to extremely short impact actions. The evaluation of failure 
in these conditi ons may be done only on the basis of special criteria renecting the 
specific nature of fast fracture phenomenon. The incubatio n time crit eri o n (2.2) 
is an effective instrument for this analysis. H ere we shall consider the simplest 
way to obtain some o f the basic threshold erosion characteristics. 
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Let a spherical particle o f radius R fall with velocity v on the surface o f 
an elastic half-space. Using the classical H ertz impact theory approximation 
(KOLESNIKOV and MoRozov [7]), we describe the motion of the parti cle by the 
fo ll owing equation: 

(5.1) 

where 

(5.2) 

d2h 
m-=-P dt2 , 

P(t) = k(R)h312(t) , 
4 E 

!,;(R) = 3VR (1 - v2) . 

At the beginning o f the impact event we have dh/ dt = v. The maximum pene-
tration h0 occurs when dhjdt = 0. So lving Eq. (5.1), we obtain 

(5.3) (5 2) 2/5 mv 
ho(v, R) = 4k , 

I 

to(v R) = 2ho j cfr = 2.94 ho , 
' v 

0 
V 1 _ 1 s;2 v 

where to is the duration of the impact event. The penetration function h(t) can 
be approximated by the simple formula (KOLESNIKOV and MoRozov [7]): 

(5.4) h(l) = ho sin(1rt/ t.o) . 

The maximum tensil e stress occurring a t the edge of the contact area is given by 
the expression (LAWN and WI LSHAW [8]): 

(5.5) 

1 - 211 P(t , v, R) 
a(t, v, R) = - 2- 2( /l), 

1ra l ,v, . 

a(t, v, R) = [3P(l , v, R)(l - v2)!!:_ ] 113
, 

4£ 

where the contact force P(t , v , R) can be found by means of Eqs. (5.2) - (5.4). 
Let v = W denote the thresho ld velocity corresponding to the beginning of 

failure. We co nsider the function: 

t 

(5.6) J(r, v, R) = m
1
ax j a (s, v , R) ds- a cr . 

t -r 

According to (2.2), we de termine the thresho ld velocity v == W as the minimum 
positive roo t of the equatio n: 

(5.7) J(r , v , R) = 0, 

where r is the incubation time fo r the target material. 
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The corresponding calculations were performed for the aluminum all oy D95 
and the incubation time was determined according to formulae (1.3), (2.3): ac = 
460MPa, l\"I c = 37MPam112, c = 6500m/s, T = ＲｊｾＧｦ ｣ｦ ＨＷｲ｡［ ｣ Ｉ ＺＺＺＺＺ［＠ 0.6JLS. The 
calculated dependence of the threshold velocity 1 V on the value of radius R is 
presented in the Fig. 2 by the solid curve. The static branch shows a weak de-
pendence of the threshold velocity on the length of the radius. On the contrary, 
the dynamic branch, corresponding to the small particles and very short load-
ing pulses, represents a strong dependence of the cri tical velocity on the radius 
of particles. This behaviour of the threshold velocity is observed in numerous 
experiments (POLEZHAEV [19]), but it can not be explained on the basis of the 
traditional fracture mechanics. The dependence followin g from the conventional 
critical stress theory is also presented in the Fig. 2 by dashed line. 

8 

6 

4 

2 

log(w(R)) 

log(wc(R)) 

-- - -------------- Ｍ ｾﾷ ＭＭＭ

QL_ __________ _L ____________ L_ __________ _L ____________ L_ __________ ｾ＠

1.5 2 2.5 3 3.5 
log(2KI06 ) 

FIG. 2. Dependence of the threshold velocity IV (m/s) on the radius R (m) of erodcnt pa: ticles 
calculated for aluminium alloy I395. The dependence corresponding to the classical frac1ure 

criterion: u :::; u c is plotted by dashed line. 
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