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Magnetohydrodynamic boundary layer flow and heat transfer 

on a continuous moving wavy surface 

M. A. HOSSAIN (DHAKA) and I. POP (CLUJ) 

ｔｾＡｅ＠ PROBLEM of the boundary layer fl ow and heat transfer on a continuous moving wavy surface 
in a quiescent electrically conducting fluid with a constant transverse magnetic field is formulated. 
The resulting parabolic differential equations arc solved numerically u.sing the Kcller-box scheme. 
Detail ed results for the velocity and temperature fields arc presented, and also the results for the 
skin-friction coeffi cient and the local Nussclt number. These results arc given for different values 
of the amplitude of the wavy surface and magnetic parameter when the Prandtl number equals 
0.7. It is shown that the flow and heat transfer characteristics arc substantially altered by both the 
magnetic parameter and the ampl itude of the wavy suliace. 

1. Introduction 

THE INTERACTION between an electri call y conducting fluid and an appli ed mag-
netic fi eld is an important practical problem which has been studied very often 
in relation to the magnetohydrodynamic (MHD) power generator and bound-
ary layer fl ow control. Hydrodynamic behaviour of boundary layers along a fl at 
plate in the presence of a constant transverse magnetic fi eld was fir st analysed by 
Rossow [1 ], who assumed that magnetic Reynolds number was so small that the 
induced magnetic fi eld could be ignored. This problem has been further investi-
gated by many researchers, including LEW!S [2), KATAG!RI [3), L!RON and WI LHELM 
[4), CHUANG [5), l NGHAM [6), PATHAK and CHOUDHARY [7), SOVNDALGEKAR et a/. 
[8), WATAN ABE [9), and WATANABE and POP [10), among others. 

The purpose of this paper is to study the MHD boundary layer flow and heat 
transfer over a continuous moving wavy surface in an electri call y conducting fluid 
at rest, in the presence of a constant transverse magnetic field. The transformed 
nonsimilar boundary layer equations were solved numericall y using the Kell er-box 
method [11] for some values of the amplitude of the wavy surface a, and magnetic 
parameter M with the Prandtl number Pr equal 0.7. We have studied the efiect 
of the parameters a and M on the velocity and temperature fields, as well as 
on the skin-fri ction coefficient and the local Nusselt number. We expect that the 
physical insight gained in this paper will enable the understanding of the complex 
situations where boundary layer approximation is not made. 

It is worth pointing out that the MHD fl ow and heat transfer over a wavy 
surface is of importance in several heat transfer collectors where the presence of 
roughness elements disturbs the fl ow past surfaces and alters the heat transfer 



http://rcin.org.pl

814 M. A. ll osSA IN AND I. PoP 

rate. On the other hand, a continuously moving surface in an electrically con-
ducting fluid permeated by a uniform transverse magnetic fi eld has many practi-
cal applications in manufacturing metall urgical processes involving the cooling of 
continuous strips or fil aments by drawing them through a quiescent fluid . Men-
tion may be made of drawing, annealing and tinning of caper wires. In all these 
cases the properties of the fin al product depend to a great extent o n the rate 
of cooling. By drawing such strips in an electrically conducting fluid subject to a 
magnetic field, the rate of cooling can be controlled and final products of desired 
characteristics might be achieved. Another interesting application of hydro mag-
netics to metallurgy lies in the purification of molten meta ls from non-metall ic 
inclusions by the application of a magnetic fi eld. 

2. Basic equations 

Consider a wavy surface at wall temperature Tw moving tangentially from left 
to right with a constant velocity U through a stagnant electri cally conducting fluid 
of temperature T 00, where T w > T 00• The wavy surface is electrically insulated 
and a constant magnetic field flo normal to the surface is imposed. The geometry 
and the coordinate system, which is fix ed in space, are illu strated in Fig. 1. The 
wavy surface is described by 

(2.1) y = S(x) = asin (1rxjl), 

where a is the amplitude of the wavy surface and l is the characteristic length scale 
associated with the waves. In the present analysis the magnetic Reynolds number 
is assumed to be small and therefore, the induced magnetic fi eld will be very small 
and can be neglected compared to the applied fi eld. Under this approximation, 

y 

u 

FIG. 1. Physical model and coordinate system. 

the basic equations governing the steady fl ow of a vi scous incompressible and 
electrically conducting fluid in presence of a uniform transverse magnetic field 
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are 

fJu fJu 1 fJp 2_ o-oD6 _ 
U- + V- = -- - + v\1 'U- --U 

fJx fJy e EJx e ' 

fJv fJv 
u - + v- = 

fJx oy 

(2.2) 
1 f)p 2 

--- + v\lv 
{2 fJy ' 

f)T fJT 
u - + v- = 

fJx oy 
ll 2 
Pr \1 T, 

where u and v are the components of velocity along the x- and y-directions, 
respectively, T is the temperature, p is the pressure, e, v and o-0 are the density, 
kinematic viscosity and electric conductivity of the fluid, and \12 is the Laplacian 
expressed in Cartesian coordinates. 

The appropriate boundary conditions for the above equations are 

y= S(x): uty-- v t-x = o, ut-:;; + v t:y = u, T = Tw, all x > 0, 

(2.3) fj-+ oo: u = v = 0, P = Poo, T = T00 , all x 2: 0, 

x = 0 : P = Poo, T = T 
' 

all y =I 0, 

where t-x and t -y are the components of the unit vector tangent to the wavy surface 
along (x, Y)-directions. 

Equations (2.2) may now be nondimensionalized by using the following vari-
ables 

(2.4) 
x = xl l , y = "Yi l , u = uiU, v = viU, 

p = (J5 - Poo) I f2 U 2 , fJ = (T - Too) I _j T, a = aIl , S ( x) = S (x) I l, 

where L1T = Tw - T 00 • Using these variables and introducing the nondimensional 
stream function 'lj; defin ed as 

(2.5) 

Eq. (2.5) can then be written as 

(2.6) 

81/; EJ2,p 8·1/; EJ2 1/; 
fJy oxfJy - ox f)y2 

EJ J/; EJ2,p a 1/J D21/J 
fJy Dx2 - ox DxDy 

D,P DB D·l/; f)fJ 
oy Dx Dx f)y 

= 

Dl/; 
v = - -

D.'L ' 

= - _!_ _1 v2fJ. 
Pr Re 
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Also, the boundary conditions (2.3) become 

y=S(x): 
{) 'lj; {) 'lj; {) 1/J - S {)·1/J = a e = 1, all X > 0, SxD +f)= o, y X Dy x Dx ' 

(2.7) y ----; 00 : 
{)'lj; = {)'lj; = 0 
{)y {)x ' ]J = 0, e = o, all X 2: 0, 

X= 0: ]J = 0, e = o, all y f 0; 

here a is defined according to 

(2.8) ( ) 
1/ 2 

a= 1 + s; 
with Sx = dS/dx. Here Re= Uljv is the Reynolds number and M= aoD5l / QU 
is the magnetic field parameter. We notice that Ctx , ty) = (1 / a, Sxfa) were used 
in (2.7). It should be noted that the value a = 1, i.e. a = 0, corresponds to the 
case of a fl at surface. In this case we take for l a characteri stic length L along 
the flat surface. 

The efTect of the wavy undulatio ns can be transferred from the boundary 
conditions (2.7) to the governing equations by means of the transformation given 
by (see REES and P OP [1 2, 13]), 

(2.9) X= X, fj = y - S(x). 

Applying (2.9) to Eqs. (2.6) and dropping the hat we get the following equations: 

(2.10) 

and the boundary condit ions (2.7) become 

y =O '1/J = 0, 
{) 'lj; 
f)= 1j a, 

y 
e = 1, ali X> 0, 

(2.11) y ----; 00 : {) 'lj; = {) !jJ = 0 
{)y {)x , 7J = 0, e = o, all X 2: 0, 

X = 0 ]J = 0, e = o, all y f 0, 
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where L 1, L2 and L3 are the operators defined by 

[J3 [)3 [)3 [)2 
L 1 = a2

-- + -- - 25x--- 5xx-, 
D y3 D yDx2 ｄ Ｚ ｾＺｄ＠ y2 D y2 

[J3 [J3 [J3 
L2 = -5xa

2 
ｾ＠ 3 + (1 + 35_;) -D D 2 - 35x-D {) 2 u y .!: y y x 

(2.12) ()2 [)2 {) [)3 
- 35xx-D {) . + 35x5xx{) 2 - 5xxx-{) + {) 3 , 

.c y y y X 

[)2 [J2 [)2 {) 
L3 = a 2- + -- 25.--- 5 .. - . [)y2 [).c2 xfJ.c{)y xx{)y 

Next, we introduce the boundary layer variables 

(2.13) x = x, y=VRey, ｾ ］ｖｒ･ Ｇｬｪ［Ｌ＠ p=p, B=B. 

Substituting (2. 13) into (2.10) and formally letting Re ---. oo, we obtain, after 
dropping the tilde, 

87j; ()27j; - {) tjJ [J21j; = - {) fJ + R e I /2 S . Dp + a2 [J37j; - M D1f; 
Dy DxDy D:t Dy2 Dx x Dy [)y3 Dy ' 

(2.14) 5 ( D1f; [J27f;- D1f; _D2P._) - 5 .. (D t/J)2 + 5 .a2D31f; = Re l /2Dp 
x ox Dy2 Dy D.1:fJy xx Dy x fJy3 Dy ' 

81f; DB D1f; DB 1 fJ2B ----- = - a2- . 
Dy Dx Dx Dy Pr fJy2 

Equation (2.14)2 indicates that the pressure gradient in they-direction must 
be of O(Re-112). This implies that the lowest order pressure gradient in the 
x-direction can be determined from the inviscid fl ow solution. In the present 
problem, the inviscid flow fi eld is at rest and hence Dpj Ox = 0. Now, elemination 
of Dpj{)y between (2.14)1 and (2.14)2 results in the foll owing boundary layer 
equations for the problem under consideration: 

D1f; D21f; Dt/J D21f; a1. (D1f; ) 2 
2D3t/J /1/ D1f; 

Dy DxDy - Dx oy2 + -;; fJy = a Dy3 - a2 Dy ' 

D w DB D1f; DB 1 2 D
2B 

Dy D.1: - D.1: fJy - Pr a Dy2 ' 

(2.15) 

subject to the corresponding boundary conditions 

Dt/J 
.J.=O, - =1/a 8= 1, all x > O 
If/ Dy ' . ' y = 0 : 

(2.16) y -+ oo: D1f; = fJ·tjJ = 0 B = 0, all x ｾ＠ 0, 
Dy Dx ' 

X = 0 : B = 0, all y -:f 0. 
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To solve Eqs. (2.15) along with the boundary conditions (2.16), we introduce 
the following group of transformations: 

(2.17) () = ｧ Ｈ ｾＬｲｊ Ｉ Ｌ＠

where 

(2.18) _ Y c - 1/ 2 TJ- - ., ) 
(T 

ｾ＠ = X . 

Equations (2.15) then become 

(2.19) 

ＡＢｉＫｾ＠ J !" + CT( ｾｵ＠ !"- !'2)- 1\I ul ］ ｾＨｴ｡ｲＭ !"of) , 
2 (T CT2 ｄｾ＠ ｡ｾ＠

1 11 l I CT( I ( log ID f) - g + - f g + - U g = ｾ＠ f -. - g -
Pr 2 CT Ｘｾ＠ Ｘｾ＠

subject to the boundary conditions 

(2.20) 
!(CO)= 0, ｪＧＨ ｾＬｏ Ｉ＠ = 1/ CT, g(CO) = 1, 

ｊＧＨ ｾＬ＠ oo) = ｨＨｾＬ＠ oo) = 0, ｧ Ｈｾ Ｌ＠ oo) = 0, 

where primes denote partial difierentiation with respect to "' · We notice that 
Eqs. (2.19) reduce to those derived by REES and Por [1 4] when there is no appli ed 
magnetic fie ld (M = 0) in the fl ow fi eld. 

The physical quantities o f interest are the skin-fr ict ion coefficient and the local 
Nusselt number defined as 

(2.21) N = x 7Jw 
Ux k.!1T ' 

where the skin-frict ion r w and the heat flux 7j w at the wall are given by 

(2.22) Tw = f L Ｈ ｦＩｾ Ｋ ｻＩ ｾ Ｉ＠ , 
Dy D:t iJ=O 

7Jw = - kn • \lT. 

H ere fL and k are the viscosity and thermal conductiv ity of the fluid , and 

(2.23) ( 
Sx 1) 

n = - --;; , -; 

is the unit vector normal to the wavy surface. Using (2.4 ), (2.9), (2.13) and (2.17), 
we get the skin-friction coeffi cient and the local Nusselt number from the fo llow-
ing expressions: 

(2.24) ｎｵ ｸｦ ｒ･ ｾ Ｏ Ｒ＠ = Ｍ ｧ Ｑ Ｈ ｾ Ｌ＠ 0), 

where Rex = Uxjv is the local Reyno lds number. 
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3. Results and discussion 

An implicit fin ite-difference method together with the Kell er-box elimination 
technique [11] have been used to solve the parabolic difierential equations (2.19) 
along with the boundary condition (2.20). Since a good description of this method 
is available in [15 -17], it will no t be repeated here. The accuracy of the predicted 

a) I. 0 .-----.-----.---.-----r------, 
ｾ＠ = o .. ｾ＠ (crest) 

= l..'i (trough) 

0.8 

0.6 

!' ( ｾＬ＠ 71) 

0.4 

0.2 

0.0 
0.0 

0.8 

0.6 

g((, ry) 

0.4 

0.2 

0.0 
0.0 

1.0 2.0 

:2 .0 4.0 

:3.0 
''7 

6.0 
Tf 

M 

1> : 0.0 

o: 0.5 

o: 1.0 

4.0 

M 

5.0 

1>: 0.0 

o: 0.5 

o : 1.0 

8.0 10.0 

FrG. 2. a) Velocity profiles against 17 for different !If with a= 0.1; b) temperature profiles 
against 17 for differen t Af with a = 0.1 and Pr = 0. 7. 
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results has been establi shed by comparison with known results for the skin-friction 
coeffi cient and the local Nusselt number of a continuously moving f1at plate (a = 
0) in a viscous electricall y non-conducting fluid with M = 0. Thus, REES and PoP 
[14] found C1Re_!P = -0.4438 and ｎｵ ｸｦ ｒ･ｾ ｬ Ｒ＠ = - 0.3492 for Pr = 0.7, while 
the present calculations give ｃ Ｑ ｒ･ｾ ｬ Ｒ＠ = -0.4439 and ｎｵ ＬＩ ｒ･ｾ Ｏ Ｒ＠ = -0.3509. It is 
seen that these results are in excell ent agreement and therefore we are confident 
that our present solution is very accurate. 

a) 
1.0 

ｾ＠ = O . .'i tcrcst) -
= !. .') trough) -

0.8 

0.6 

!' ( ｾＬ＠ 71) a 

0.4 

0.2 

0.0 
0.0 1.0 2.0 :3.0 4.0 5.0 

7f 

1.0 
b) f. = 0.5 ｾ｣ｲ･ ｳ ｴＩ＠

= I .S Lro11g h) 11 

lJ s C> : 0.0 

o: Ａｬ Ｎｾ＠

O.G o : 0 .') 

g ((7!) 

0.4 

0 •) 

0.0 
0.0 2.0 4.0 60 8.0 10.0 

r; 
FrG. 3. a) Velocity profi les against 17 for different a with AI = 0.5; b) temperature profiles 

against 17 for different a with M = 0.5 and Pr = 0. 7. 
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Representative velocity and temperature profiles are shown in Figs. 2 and 3 
exhibiting the efiects of the wave amplitude a and of the magnetic fie ld parameter 
M. Results are given for Pr = 0.7 only. Then, since behaviour of these profiles 
at crest and trough positions is very similar, the case of ( = 0.5 (crest) and 
( = 1.5 (trough) are only presented in this paper. Figures 2 and 3 show clearly 
that both the velocity and temperature profiles increase with the increase of M. 
However, Fig. 2 indicates that for a = 0.1 and M == 0 (non-magnetic field) at 
both the through and crest positions, the velocity and temperature profiles are 
almost identical due to which the difierences between the thick and thin curves 
are not observable. But, at a larger value of a (0.5, say), there is a considerable 
difierence at these two positions (trough and crest) in the velocity and tempera-
ture profiles for M = 0. On the other hand, the velocity profiles decrease, while 
the temperature profiles increase owing to the increase of the amplitude of the 
wavy surface. 

a) 
2.0 

0.5 

0.0 
0.0 

b) 0.4 

ｾ＠
1/ 'J Rr.r 

ｯ Ｎ Ｚｾ＠

0.'2 

() . 1 
0.0 

:2.0 

:2.0 

u 

o: U.ll 
o · 0. 1 
• : 0.2 

4.0 6.0 8.0 
f, 

IL 

V: () .() 
o: !) . 1 .. lU 

4.0 6.0 8.0 
f, 

FIG . 4. a) Skin-friction coefficient for diffe rent a with Jlf = 0.5; b) loc:ll Nusselt number 
for diffe rent a with AI = 0.5 and Pr = 0. 7. 
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In Figs. 4 and 5 the vari ati on with a, M and ｾ＠ o f the skin-fr iction coeffici ent 
and the local Nusselt number is il lustra ted. It is o bserved tha t these quantities 
vary peri odically in the directi on ｯ ｦ ｾ＠ when a =I 0 (wavy surface), whil e they 
vary smoothly fo r a = 0 (Oat plate). Further, Fig. 4 a shows that the skin-fri cti on 
coefficient is less than or equal to that corresponding to a fl at surface (a = 0); 
this is due to the effect o f centrifugal fo rces, the third term o f Eq. (2.19)1• 

a) 3.0 

:2.0 

C., jJ I /2 
- ' f 1.e.., 

1.0 

M 
<l ' 0.0 
o : 0.25 
o· 0.50 
• : 

0.0 L..._ ____ L.._ _ _ _ _ .L.._ ____ ...J...._ _ _ _ ____, 

0.0 2.0 4.0 6.0 8.0 

f, 

b) 

0.3 

!::!..!!..:r._ 
H 

1/l 0.:2 
" r 

U. l 

0.0 ｌＮＮＮ｟｟｟［ｾＮＮｌｊＮｪ｟ＮｌＮＮ｟＠ ____ ...J...._ _ ___ _,__ ___ _ 

0.0 2.0 4.0 G.O 8.0 

f, 
F IG. 5. a) Skin-fri ction coeffi cient for different M wit h et = 0.1; b) local Nussclt number 

fo r different M wi th a = 0.1 and Pr = 0.7. 
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