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Surface stress waves in a nonhomogeneous elastic half-space 
Part 11. Existence of sur face waves 
for an arbitrary variation of Poisson's ratio 
Approximate solution based on perturbation methods 

T. KLECHA (KRAKOW) 

Two A I'PROACILES to the solut ion of the nonlincar eigenvaluc problem of propagation of surface 
waves in a non homogeneous isotropic clastic half-space arc considered. In Sec. l the nonl inear 
eigcnvalue problem is transfo rmed to the equivalent integra l equation, and the method of solving 
this equation is proposed. In Sec. 2 Fricdrich's perturbation theory 161 is used to solve an c igcn-
valuc problem describing the surface stress waves in a "weakly" nonhomogcncous isotropic c lastic 
half-space. Two cases arc discussed in detail: a) a half-space with a "weak" variation of density, 
b) a half-space with a "weak" variation of the shear modulus. In both cases an asymptotic solution 
is obtained and numerical results arc given. 

1. Effecti ve form of amplitude of surface stress waves in a non-homogeneous 
isotropic elastic half-space 

1.1. Formulation of the problem 

IT IS SHOWN in [1] that the problem of propagation of surface waves in a non-ho-
mogeneous isotropic elastic half- space can be reduced to the foll owing eigenvalue 
problem: to find a nonvanishing pair (!3(x), en) satisfying the relations 

(1.1) 

and 

(1.2) 

Here 

(1 .3) 

(
1 1 ) 1 n [ 2 2 ] - D--D - 1 ---- D - s (1 - J!h) {3 
s2 1 - n 1 - 1-i. 2 - n 

[ 
1 2 1 1 - n] +4 --D -D--D-- {3 = 0 

2 -n 1 - n 2 -n 
for x E (0, oo), 

{

{3 (0) = {J(oo) = 0, 

1 n 1 2 2 21-n 
. D{--[D - s (1 -J!i-i.)]f3- 4s -!3}

1 

=0. 
s2(2-fl ) 2-fl } -K 2- fl :r2=0 

"'2= 00 

1 - 211(x) 
2 - 211(x ) = 1-i.(x), 

d 
D =-d.1: , 
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in which t/ (.1: ) and fL(x) are the Poisson's ratio and shear modulus, respectively, 
while the symbol en = pj ｾＮ＠ where 21r Ill is the wave peri od and 2r. ［Ｎｾ＠ is the ww e 
length, deno tes the velocity o f surface wave. The e igenvalue en corresponding to 
the eigenfuncti on {3 is to be identifi ed with the Rayle igh velocity. 

Next we consider the case 

(1.4) 
{ 

{3 E C4[0, oo ), 

ｾ＠ ｾ＠ ｾ ｸ Ｉ＠ E_C
2
[0, ), 

fl(x) = 110 - 1, 

0 < ｾＰ＠ :::_; ｾＮＺ Ｈ Ｎ ＱＺ Ｉ＠ ＺＺＺ｟［ ｾ ｉ＠ < 3/ 4, 

.!7(:r) = Do = c;l . 

These hypotheses assure that the e lastic energy of the half- space is stricly posit' e. 
The system (1.1) - (1.2) subjected to conditions (1.4) is equivalent to the fo ll owing 
equations: 

(1.5) 

(1.6) 

(1.7) 

\ ) [D2 - s2(1 - S?o,.:(.z:)) j {3 = ｃ ｴ ･Ｍｳｾｸ＠ + C2csJl -rlox , 
1 - h" X 

f] (O) = ;J (oo) = 0, 

D { 
1 

｟ＡＲＺＨＺ ｾＺ Ｉ＠ [ D2
- s2(1 - S7oi{( .T))] !3- 4s\l - S7o)f3 } = 0, 

l,=n 

D { 1 _
57
: (x ) [ 0

2
- s

2
(1 - S7o,{(.r)) j ;3- 4/ (1 - S7o).r3} ｉ ｾ ］ ﾷＧＢ＠ = 0, 

where C1 is an a rbitrary constant, ('2 = 0, ;3 E C4[0. oo), ti ( ) = 0. 
The aim of this sectio n is to transform the problem (1.5)- ( 1.7) to an equiva-

lent integral equatio n and to construct an iterati on method of solv ing this equa-
tion. To this end consider the diiTe rential operator L associated with (1.5): 

(1.8) 

(1 .9) 

L/3 = -D2j3 + . 2(1 - S7oh" (:r ))(3, 

{3 (0) = jJ( ) = 0. 

Le t g = g(.1·, t;f?0,s); (.T, I; fto,.s ) E (0 , ｾ Ｉ ｘ＠ (O,oo) X (0, 1) X (O,oo) be the 
Green function fo r the operato r L with a "frozen" coeffic ient ,.,, In o ther words, 
the Green functio n g ful fi ll s the re lati o ns: 

(1.10) 

(1.11) 

(1.12) 

fo r t ::j. :1:, 

fo r /. = 0, 
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Fo r the operato r with a variable coefficient '"• the Green function G = G'(x , I ; 
f?0 , s) sati sfi es the fo llowing equatio n (c.f. [2], 123 - 149): 

(1.13) G'(.r, l ;f?o,s) = .rJ (:t ,l; Do,s) 
,:x, 

-s2Do j Ｎｲｊ Ｈ Ｚ ｲ Ｌ ｾ［ｄｯ Ｌｳ Ｉ｛ ｾ＾ﾷ Ｈ Ｎｴ Ｉ Ｍ ｾ Ｈ ｏ ｝ ｇ Ｈ ｃｴ ［ ｦ＿ ｯ Ｌｳ Ｉ､ ｾ＠
0 

for every (x, I; f?o, s) E [0, oo) x [0, oo) x (0, 1) x (0, oo). 
It is easy to show, tha t the function g = g(x, t; D0, s) fulfilling the conditions 

(1.1 0) - (1.12) has the foll owing form 

1 [e -s/1-n0,..(;:)(t-2') _ ･Ｍｳ ｪ ｬ Ｍ ｮ Ｐ ＬＮＮ Ｈ ｸ ＩＨ ｴＫ ＺｾＮﾷ Ｉ｝＠
2s J!- ｄｯＢ Ｈ ＮｾＺ Ｉ＠

fo r x ｾ＠ l < oo, 
1 [ e-sJI -no,..(l ·)(.c-t) _ e-sj l -n0 ... (x )(t+ x )] 

2s J 1- Do,:(.t ) 

g(x, l;f?o ,s) = (1.14) 

fo r 0 ｾ＠ l ｾ＠ :t . 

In the subsequent part, the properties of the Green functions r: = G(.1:, 1; Do, s) 
will be investigated and the solution o f e igenvalue problem ( 1.5)- (1.7) will be 
expressed using the function n. 
1.2. Integral equation for Green functi on 

Let us denote by X the Danach space of real functio ns A (.1:, 1), ( x, 1) E [0, oo) x 
[O,oo) with norm ll·ll x given by 

(115) 11 A(x, 1)11} ｾ＠ l { / lA('·, 1)12 
dl } <h < 

Let N be the opera to r in X o f the form: 

(1.16) 
00 

N 1\ ( x , I) = s 2 Do j .rJ ( :r , ｾ［＠ Do, s )[" ( .r ) - ｾＭ｣＠ ( 0] A ( ｾ Ｎ＠ I) d ｾ＠ , 
0 

where g(x ,C Do,s) is defin ed by Eq.(1.14). 
One can observe, that fo r every (:r , O E [0, ) x [0, 00) there exists such m, 

that 

(1.17) ＱｾＭ｣ Ｈ Ｎｲ Ｉ Ｍ h:(OI ｾ＠ ml.r- ｾｾＭ

The existence of m. follows from assumption (1.4) and from the fact, that ｾＭ｣ Ｈ Ｚ ｴ Ｉ＠ E 
C2[0, oo ). It can be assumed that 

I 
rf,.._ I m = sup - . 

x EjO,.x·) d.'l: 
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The following lemma is valid: 

LEMMA 1. If the inequality 

(1.18) 

is satisfied, then operator N is a contraction in the space X, i.e. 

IIN Allx ｾ＠ lf iiAIIx · 
P r o o f. D ue to (1.16) and (1.4) we obtain 

N A(x, t) = M (x, t, Do, s) 
00 

T . 1-:LECIIA 

= ｾ ｳ ｄｯ＠ j(l -noK)- 1/2 [e - sJ1-Dw•({ - l·) - e- sJ1-Dr,"(.r+O] ｛ ｴＮＺＨ Ｚ ｲ Ｉ Ｍ Ｑ ｾ ＨＰ｝ａＨｃ＠ ｴＩ､ｾ＠
X 

X 

+ ｾｳｄｯ＠ J (1- noK)- 1/2 [ ･Ｍｳ ｊＱ Ｍｄｮ ｾ＼Ｈ ｸＭｾ Ｉ＠ - e- sJ 1-nn"(.r+ o] ｛Ｑ ｾ Ｈ Ｚｲ Ｉ Ｍ t.:(0]A((, ｴＩ､ｾ＠
0 

= o(:t, l; no, .s) + b(:c, t; Do, .s). 

Hence, the following estimate can be deduced 

(1 .19) IM(x,t;Do,s)i ｾ＠ ia(x , t.;Do,s)l + lb(:r, I;Do,.s)l. 

Estimating from above the function a we get 

(1 .20) a2(x, t;no,s) ｾ＠ ｾ ｳ Ｒ ｄＶ ﾷｻｊＨＱ Ｍ D0" 1) -
112 

l' 

[ e - •Jl-n,,(( -x) - e -•J ' -0"'(•·+0] . H x) - " ( OJ·I A ( C 1)1 df.} 2 

From the inequalities (1.17) and (1.4) we have 

(1.21) (1 - DoK)-1/2 [ ･Ｍｳ ｊｉ Ｍｄｮｾ＼ Ｈ Ｈ＠ ->) - e-syl! - Dn"(,·+o] . [ K(.<· ) - n(OH A((, 1)1 

ｾ＠ (1 - ｄｯ ＬＮＬＮＱＩ Ｍ ｬ Ｏ Ｒ ･Ｍｳ ｊｬ Ｍｄｲ Ｌ Ｂ ｉＨ ｻＭｊＧ ＩｭＨ ｾＭ Ｚ ｴ Ｉ ﾷ ｉ ａＨｾ Ｌ＠ t) l, 

and finally 

(1 .22) 
1 

a2(x ,t; no,s) ｾ＠ 4s2m2D5(1 - Do,.,.1)- 1 

· {l(f.- xV'J '- 0 ""(<-xliA (C t)l df.} 

2 
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Integrating inequality (1.22) with respect to :r on the interval [0 , ) and chang-
ing the variables we obtain 

(1.23) 

00 

j a
2(x,l; no.s)rLr :S ｾｭ Ｎ Ｒ ｮＶＨＱＭ no'''1)-3s-2 j l;l(x.l)l2(h . 

0 0 

Integrating the inequality (1 .23) with respect to t on the interval [0 , oo) we get 

1 
(1.24) Jla(x, t;no,s)l lx :S 2f2om(1- ｮｯｾＱＩ Ｍ Ｓ Ｑ Ｒ ｳ Ｍ Ｑ ｉ ｉａＨ ｸＬ ｬＩ ｬｬｸＮ＠

Now we shall estimate the norm llb(x, l; no, s) llx. From the definition of the 
function u(x, t; no, s) we have: 

1' 

(1.25) u(x, l; no, s) = ｾ ｳｦＲｯ＠ J (1 - ｮｯｾ Ｉ Ｍ Ｑ Ｑ Ｒ＠

0 

[e-sJ1-nn"(J·-o _ e-sJ1-nur<(.c+o]. [t.:(:l') _ Ｑ ｾ ＨＰ｝ＭｬｲｬＨｾ Ｌ＠ l)l d(. 

The inequalities (1.26) and (1.4) lead to 

(1.26) 
1 

u2(x, t;no,s) :S 4s2nom2(1 - not.:1)-1 

{ l (.> - Oe_,,;, ＭｮＬＬ ＬＨ ＾Ｍ＼ ｬ ｩ ａＨｾ Ｌ＠ t)l ､ｾ ｽ＠
2 

Similarly to the case of inequality ( 1.22), from (1.26) we get the following estimate 

(1.27) 

From the inequality (1.19), (1.24) and (1.27) it follows that the operato r N is 
a contraction in the space X , if 

(1.28) 

which ends the proof of Lemma 1. 
In the further analysis it will be convenient to introduce two other Banach 

spaces Ｉ［ｾ Ｑ ＾ Ｌ＠ Ｉ［ｾ Ｍ Ｑ ＱＲ ＾＠ with the following norms 

(1.29) IIA(.?:, Y)ll2. ll) = sup j lr \(x, y)l rl.r, 
); 2 YEIO.oo) 0 

(1.30) 
2 loo lA (.?:. Y)l2 

II A(x, y) ll .(-1/2) = sup .2[1 n ·( ·)] d:t . 
.>.I YEIO, > o s - ot.: x 
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The fo ll owing lemma are vali d: 

LEMMA 2. The operator N given by formula ( 1.16) is a contraction in ｘｾ Ｑ ｬＬ＠
i.e. 

(1.31) llN All ,.11) ｾ＠ rll ll Al l \ . (1) . 
,1'\ 2 ./ 2 

if '11 = Jri < 1. 

Here q is defi ned by the formula (1.18). 

LEMMA 3. The operator N given by formula (1.16) is a contraction in x[ -1
/
2
), 

i.e. 

(1.32) llN All x:<-112> ｾ＠ rt ll ,IJl x: <-112>, if q < 1. 
. I . I 

Here q is defined by the fo rmula (1.18). 

The proof of Lemma 2 and 3 is given in the Appendix I (le, l a. la and 11 ) . 
We need the fo ll owing lemma: 

LEMMA 4. For every (.Oo , 8) E (0, 1) x (0, oo) the functions g(x, l;[. o, ·'), 
og(x, t; f?o. s) o2,r; (x, t; f?o. s) b 1 - (1) y (- 1/ 2) 

ol ' Dt2 e ong to .\ 2 ' -· I • 

. . uq(.r. I; Oo. s) ( I ) 
P r o o f. First, we show that the fu nction . belongs to X2 . 

i) l 
Indeed, di fTerentiating the functions defined by (1.14) with respect to I we o1tain 

ｾ＠ [r -sJl-fl11,.;(.r )(t+J·) _ l"-.sJ1-n11,,(J·)(t -,-)] 

(1.33) 
ug(:r , I ; Oo. s) 
-"--=-----'- = 

Dt 

fo r :r < I < 
ｾ＠ [f -sJI -n""( J·)(J·-t) _ ＨＭ ｳｊ ｉ Ｍｦｬ ＱＱ ｾ＼ Ｈ ｊﾷ ＩＨｴ ＫＮｲＩ｝＠

fo r 0 < 1 ｾ＠ .r. 

and we obtain the estimate: 

(1 .34) 
= 00 j I Dg(x Ｍ ｾ［ Ｑ＠ Oo, s) I dl ｾ＠ ｾ＠ j lc -·•J l-n11 ... (, )(t+J·) _ r- .sJ I-J?11,..(.l·)(t-:)l r/1. 

0 r 

J' 

Ｋ ｾ＠ j le-sJI -J?11 ,.;(.r )(.r -t) _ r- s J l-J?""(J)(;·-t/)1 dl 

0 

ｾ＠ ｾ＠ (! 1'-sJI -J?""(l· )(t-x) d/ + j e-sji -J?11"(1·)(:z:-t ) dl 

J' 0 

+} P- sJ1-J?11 ,.;(l ·)(t+.l· ) dl) ｾ＠ ｾ＠ (! ･Ｍﾷ ｊ ｉ Ｍ ｊ＿ｲｯ ｾ＼ ｬ Ｈ ｴ ＭＱ Ｉ＠ dl. 
0 r 
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[cont.] 
+ j ｐＭｳｾＨ Ｒ ﾷＭｴＩ＠ dl + J f'-sJ1-n1,,..,(th) rll) 

0 0 

(1.34) 

= ｾ＠ ( - 1 c-sJ1-nu"J(t-2·)j 1
= -· + 1 e-sJ1- n0 ,.. 1(t - x)lt=x 

2 sJl - S?0n:1 t = x sJl - S20n: 1 t=O 

+ - 1 e-sJ1-n0 ,.. 1(t+3·)jt= x ) = ｾ＠ ( 1 + 1 
sJ1- .f20n:1 t=O 2 sJ1 - J.?0n:1 sJ1 - ｦ＿ｯＬｾ Ｑ＠

1 esJ i-flct"CX _ 1 e-2sJi- fluli JX 
syl1 - S?oii:1 ｾｊＱＭ S?on:t 

+ 1 e-sJl- flu"Jl· ) < ｾ＠ ( 3 ) 
sJl - S?on:1 - 2 sv'l - f?oK 1 ' 

due to 

and 

And finally 

(1 .35) sup ;oc· l iJ.r; I rlt < 3 < 00 . 

xE[O. · ) 
0 

i)J - ＲＮｾ＠ J 1 - f?o" 1 

. . . Dq(s, l; f?o, s) . (t) 
Th1s 1mp!Ies that · Dt E .\ 2 • 

For the other functions the proof is simil ar. 
Using the formula (1 .16), Eq. (1 .13) can be wri tten in the form 

(1 .36) (,'(s, t; f?o, s) = ｧＨ Ｎｾ Ｎ ｴ［＠ S?o. s)- ｎｃＨＮ ｾ Ｎ＠ I ; f?o , s) 

and a solution to this equation can be obtained by the iteration procedure 
([3] pp. 30-31) 

(1.37) !Jn+ l = - Ng, +go, 

where 

(1.38) !JO = g(s . t; f?o . . ｾＩＮ＠
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1.3. Time derivatives of the Green function G 

Fro m Eq. (1.13) by formal difTerentiation wi th respect tot, we obtain: 

) 
8G(s, t; flo , ｾ Ｉ＠ fJg(s , /.; flo . s) 

(1.39 fJt = Dt 

l
oo f) 

- s2 .00 g(s, t;[2o, ｳＩ ｛Ｂ Ｚ ＨＺｾ Ｚ Ｉ Ｍ ｾ＾ＺＨＰ ｝＠ Dt ＨＬＧＨｾＬ＠ t ; f?o , ^ Ｉ､ｾＮ＠
0 

From Lemma 2 and Lemma 4 it fo ll ows that the solution of Eq. (1 .39) beongs 

to the xi1
> space. It is easy to show: 

. fJG(s , t;f?o,s). . fi 
THEOREM 1. Functwn fJt IS contmuous or eve1y 

(x, t;f?o ,s) E (O,oo) X [O,oo) X (0, 1) X (0, 1) 

such that t -::j: x. 

P r o o f. Equation (1.39) may be writt en in the form: 

fJG(s, t; f?o , s) fJg(s , l; f?o , s) 
8t fJt 

(1.40) 

00 

2 J oq(( , l;flo s) = - s [20 ｱＨＺｺﾷ Ｌ ｾ［｛Ｒ Ｐ Ｌ ｳＩ ｛ Ｂ ＨＮｲＩ Ｍ "(0] · fJt ､ｾ＠

0 
<X> 

2 J { Dn(c t; f2o. 8) ｄＮｲ［ Ｈ ｾＬ＠ t; !20, s } 
-s I2o g(:r' C f?o, s)("(.T) - 1>(0] iJI - i)l rlt . 

0 

Applying the estimates simil a r to those used in the proof of Lemma L. one 
can show, that the function 

00 

2 j ) Ｉ｝ｦｊＬｲ［Ｈｾ Ｌ ｴ ［ＮｦＲｯ Ｌ ｳ Ｉ＠
l(:r , t;rt0,s) = -s rt0 ｧＨＮ ｲＬ ｃｦ＿ Ｐ Ｎ ｳ Ｉ ｛ Ｑ ｾ Ｈ Ｎｲ＠ Ｍ Ｑ ｾ Ｈｾ＠ ut tL (1.41) 

0 

is continuous with respect to t, fo r every x E [0, oo) and (f?o, s ) E (0, 1) x (! , oo). 
Indeed, the integra l is uniformly convergent with respect tot, due to the esti nates 
used in the proof of Lemma 2. 

Continuity of l with respect to l and Eq. (1.41) imply that ｾｾ［＠ - ｾﾷｾ＠ beongs 

to X, xi1
> or ｸｾ Ｍ ＱＱＲ ＾＠ if the conditi on (1.18) is fulfill ed. 

Applying the iterative procedure to Eq. (1.40) one can show, that the fUI ::tio n 

f) f) 
fJt G(x, t; f?o , .') - fJtg(x, t; f?o, .s) 

is continuous with respect to l, for/. -::j: x, which ends the proof. 
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One can prove: 

THEOREM 2. The function gl C'(.T, I; n0, s ) has the same points of discontinuity 

as the function gl g(:r, I ; no, s). 

P r o o f. From formula (1 .33) it follows that 

a D 
(1.42) -a g(x, t;no, s)l - -;=)g(x,t;no, s)l = - 1. 

l t= x +O ul t=x-0 

D Th 1 h f 
. fJG(x, t;no, s). . . h 

ue to eorem t e unct1on fJ t IS contmuous Wit respect to 

t , except l = x, where the discontinuity of the first kind appears, i.e. 

(1.43) fJG(x ,t;no,s)l _ fJG(x , t;no ,s)l = - 1. 
fJl t=J·+O ' fJt t= x-0 

The type of discontinuity of function G follows from the definition of the 
Green function for the operator L. In order to establi sh the properties of the 
second derivative with respect to l, we shall transform Eq. (1.39) to the form 

(1.44) l(x, t; no, s) = l{ :r, I; no, s) 

where 

(1.45) 

00 

- s2 n 0 j g(.r , C n 0, s)[n-(.1') - ｾ＾Ｚ Ｈ Ｐ｝ｌＨ ｃ＠ t; no , s) ､ｾ Ｌ＠
0 

[) [) 
l(:r , t ; no ,s) = iJt G'(.T, I;no ,s) -

01
!J(.r, t;no, s), 

ｾ＠ 2 j- )[ () ( Ｉ｝ｩｊﾣＨｾＬｴ［ｮｯ Ｌｳ Ｉ＠/(:r , 1; n 0, s) = -s n0 g(.r. ｾ［ｮｯＮ Ｚ［＠ ｾ＾Ｚ＠ :r - 1" ｾ＠ fJ I df,. 

0 

Thking the derivative wi th respect to t we obtain 

fJ£ (f, . t;no, s) 
1 . ( {: 

ut " for t f; x. 

Denote the first term on the R.H.S. of Eq. (1.46) by ·iT1 (x, t; n0. s) and consider 
the equation 

(1.47) MCr, t; n o,s) = nl(x, t;no ,s) 
00 

-s2f2o j y(:r , f,;fto , s)[h:(:r)- h:(O ]t\f(f,t;no ,s)df, 

0 
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in which A!(x , I ; .00 , s) is an unknown function. It can he shown that the function 
ih E ｘ ｾ Ｍ

Ｑ
Ｏ
Ｒ
Ｉ Ｎ＠ The proof is analogous to that proposed by K OST UCENKO (2]. 

From Lemma 3 it foll ows that if 

q = S7om(1 - ｓＷｯ ｾ＾ Ｑ Ｉ Ｍ Ｓ Ｑ Ｒ ｳＭ Ｑ＠ < 1, 

then a solution of Eq. (1.47) belongs to Ｎ ｙ ｾ Ｍ ｬ Ｏ
Ｒ

ＩＮ＠ We are to show that this solution 
for t :f: x is identical with the function 

[]2 

012 
[G(.1:, t; sto, .s) - g(.r, t ; sto, 8)]. 

In order to do this we integrate (1.47) with respect to /. over the interval [O . t ] 
and we get 

t t 

(1.48) j M (x, I; .Oo, s) rll = j 111.(.1:,/.; .00, s) dl 
0 0 

-s2 fio lq(x, I;; fio. <)[ o(.,) - "(0 ] {I ,\I (I;./; fio, s) dl} dl; 

From (1.44) it foll ows that the equation 

(1.49) £ (x, t; S7o, s) - £ (.1:, 0; S7o,s) = i(.r, t; .Oo,s) Ｍ ｬＨｲ Ｌ ｏ［ ｳｴｯ ＬＮ ｾ Ｉ＠

-s2S7o ｪ ｹ Ｈ ｸＬｃ ｓＷｯＮ Ｘ Ｉ｛ ｾ＾ Ｈ Ｎｲ Ｉ Ｍ ,;(0 ][L.:((.t;S7o, s) - ｌＮＺＨ Ｎ ｾＺＬ ｏ ｊＲｯ Ｌｳ Ｉ ｝ｲ ｬｾ Ｌ＠
0 

and existence as well as uniqueness of the solution of Eq. (1.48) imply that 

(1 .50) 

t 

j A! (:1: ,/; .Oo. s) rlt = £ (.r , t; .Oo, s) - £(.r , 0; .Oo, s). 

0 

The last relati on implies 

(1.51) 
D 

M (x , t.;.Oo. <>) = 
0 1

{ (.T, t; S7o. s) 

[) [ [) iJ ] 
= Ot iJ IG(x. t;sto,s) - iJt ·r; (x, t; S70,s) . 

02 
. ( - t / 2) D2G' 

Because Dt2 g(.1:, t; .00, s) for x :f: I belongs to .\ 1 , therefore dt2 belongs 

.(-1/ 2) D2G' .(- 1/2) . ' . . to .\ 1 • From Dt2 E --'\ 1 and Eq. (1 .51) we obta1n. 
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THEOREM 3. if q = no111(l - no1.:1 )- 3/ 2 s - I < 1. then (,'(.1:, I; no. 8) satisfies the 
equation 

(1.52) 

D2C'(x, t; no.8) 2 , 
ul2 = ·' (1 - f2o,.(t))r.(.r. t; n 0,s), 

C(x, t; no, s) = C(t , ｾﾷ ［ｮｯ Ｌ＠ 8), 

and conditions 

(1.53) 
C'(.r , t;no,s)lt=O = 0, 

oC(:r: ,t;no.s) l D(,'(x, t;no,s) l _ 
- - - 1 ol t=.dO Ut t =x-0 . 

In other words, C (.t, t; n0, s) is a Green function for the boundary value prob-
lem: 

(1.54) 
Ｏ ｾ Ｑ Ｓ Ｈ Ｎｲ Ｉ＠ = 0. 

fj(Q) = 0. 

Clearly, a solution to (1 .5)-(1 .6) expressed by C takes the form 

(1.55) {J (.r; ｮｯＬＬｾ Ｉ＠ = C 1 j (,'(.r, t; Do. ·')(1 - Ｂ ﾷ ＨｴＩ｝ｲ ＭＢｾ Ｑ＠ dt (C1 = const). 

0 

Since condition (1.7) can be written in the form 

(1 .56) 

a soluti on to the eigen-problem (1.5)- (1.7) is defined by the pair (no,/3(x)) in 
which n0 is a solution to the equation 

(1 .57) 

and {3(x ) is given by the formula (1.55). 
Using the formulae (1.37)-(1.38), (1 .55) and (1.57), we get a solution of the 

eigen-problem if q < 1, e.g. 

(1 .58) 

In general, the Eq. (1 .57) has a finit e number of solutions n0 = n0(s), (cf. (4]). 
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2. Surface waves in a weakly nonhomogeneous isotropic elastic half-space 

The problem of propagatio n of a surface stress wave of the form 

(2.1) 

r11(x1, x2, l) = 0'11(x2)cos(sx1 - l ..f>.), 

r22(x 1,x2, t ) = a22(x2)cos(sx1 - t..f>.), 

TJ2(X1, X2, t ) = -11'J2(X2) Sin(sx1 - t ..f>.), 

in a nonhomogeneous elastic half- space 

reduces to the following eigenvalue problem [5]: find a real symmetric tensor fi eld 
O'ij = O'ij ( x 2) ( O'ij E C2[0,oo); i,j = 1, 2) and a real number A. (A. > 0) satisfy ing 
the system of equations 

(2.2) 

g- 1(-'2o11 + S0t2) - .X.(2Jt)- 1(11'JJ - IJO' .. ,n,) = 0, 

- [g- 1( 0..22 + sn 12)]' - ;\(2p)- 1(o22 Ｍｶ｡ＢｾＮＮＮＬ Ｉ＠ = 0, 

- (g- 1(s2 a 12 + Sll' tl)]' - .5[1 - l ( 0 22 - ｓ ｦ ｾ ｊＲ Ｉ Ｍ /\(2ft)- 12rtl2 = 0 

fo r .r2 E (0, oo) (J = 1, 2) 

and the boundary conditio ns 

(2.3) 0'22(0) = o 12(0) = o22( ) = o 12(oc) = 0, 

s being the wave number (8 > 0), and g = o(x2). f L = Jt(.1·2), v = 11(.r2) denoting, 
respectively, the density o f the medium, the shear modulus, and the Poisso n ratio. 
The functions are assumed to be o f the C2[0, ) class, and to sati sfy the fo ll owing 
inequaliti es 

(2.4) 
0 < [lO :S g(x2) :S 01 < oo, 

0 < f.LO :S Jl (:1'2) :S Jl l < 
- 1 < vo :S v (x 2) :S IJI < 1/ 2. 

A dot over a symbo l denotes difTerent iati on with respect to the variable x2; we 
will also use the symbol D to denote the derivati ve. 

The aim of this paper is to give an approximate solution o f the e igenvalue 
problem (2.2)- (2.3) in the foll owing two cases: 

1) density g = g(x 2) is a "weakly" variable function, and fL and v are constant; 
2) shear modulus f.l = 11(.r2) is a "weakly" variable function, and g and tJ are 

constant. 
In both cases we obtain the approximate so lution by using the perturbation 

method proposed by F RrEDRICHS in [6]. 
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2.1. Analysis of the case - (
1 

) :-: ..!_ + _(
10 

)' Jt(r 2 ) = Jtt. v(;·2) = v1 
f2 l'2 f21 {! ).'2 

Let us consider in the real Hilbert space H generated by the scalar product 

00 

(a, (3) = j (o'II fJil + n22fJ22 + a12fJ12) d:t2 
0 

and satisfying the condition 

00 

lloll 2 =]coil+ ｯ ｾＲ＠ + oi2)dx2 < oo. 
0 

Equation (2.2) written in operator form 

(2.5) Aa- >..Do= 0, 

where 

C") a = n22 , 
0 12 

s2 
0 !_ D 

0 0 

A := A(s;p) := 
1 1 

0 - D - D :; /)-
0 (} 

1 
-8 D -

s 
--D 

1 s2 
- D- D + -

{} 0 {} {} 

1 - /) - /) 

0 --
2;1 2;t 
- /) 1 - j) 

0 --
2;t 2;t 

B := B(tt; v) = 
0 0 

JL 

The domains of operators A and n may be defined as 

(2.6) 

V(A) = { o : a;j E C'2[0, ). o12(0) = a22(0) = (\.'12(oo) = n22( ) = 0 }, 

V (D) ={ a: aij E C'2[0,oo)}, i, j = 1,2. 

The sets V(A) and V(D) are dense in H since the set C'0 [O ,oo) x C'0 [0,oo) x 
C0 [0, oo) is dense in Hand is contained in V(A) and V(D) . 
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It can be demonstrated that operators , \ and D are symmetri c. The symmet•y 
of operator A results from the fact that operators on both sides of the principal 

diagonal are formally adjoint, e.g. ＭＸ Ｏ Ｉｾ＠ and ｾ ＯｊＬ＠ ｳｄｾ＠ and -s D. For any rr .{J E 
Q Q {] Q 

V (A) we have 

00 

(Aa, f3 ) = J {g -1(s2
0'J J + so· 12)/311 - [o-1( a22- sn 12)] ' /322 

0 

Integration by parts with the use of boundary conditions shows that 

The symmetry of operator fJ is obvious. Matrix !] is positive definite and for 
every a E V (JJ) c 'H we have C) 

(2.7) (11 n , n) ::=: /, ( n , n), 

where 

1.; = min --- -( 
1 - 2 11 1 1 ) 

ｾﾷｺｅ ｉ Ｐ Ｎ ］ Ｉ＠ 2;t ' ;t' 2;1 . 

If in Eq. (2.5) we put g = {j = const, ;t = jl = const, 11 = 11 _ = const 
(homogeneous medium), the prohlem has precisely one solution Ｈ ｾＬ＠ .\ ) of the 
form 

where 
1 - 2// 

"' = 2 - 2// , 

and w is a root o f the equati on 

(2.9) 

1 
I - 2v I I . . . . 

( ) The cigcnvalucs of matrix 8 arc --, - , - . From the theorem 111 [SJ saytng that a symnHctn: matnx 2,, J.l 2,, 
8 is positi ve defin ite iff all its cigcnvalucs arc positi ve and (Bo, u ) ｾ＠ m in .\ ,(cr . o ), results the Eq .. (27). 

' 
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such that 0 < w < 1; ｾ Ｐ＠ is an arbit rary real number. The surface wave velocity in 
this homogeneous medium is given by 

The relation between ｾ＠ and C11 is of the fo rm 

/5.. = sCf?. 

Let us consider the case when 

(2.10) 
1 1 [ 

- - = - + - -
e(x2) 01 g(:t2), 

V::: VJ 1 f-L ::: f-L I 

and c is a suffic iently small positive real number. Mo reover, g1 is a positive 
constant, and g(:t 2) is a positive function (cf. (2.4)). A fte r substi tuting (2.10) into 
(2.5) we get the equation 

(2.11) rlon + .: \ ' n = >..JJn, 

where 

rlo = ;\(.s;u,), 
\ : = V(8; g), 

D = /](JLJ ; II J ). 

The constraints on [! (cf. (2.4)) and (2.1 0) yield the constraints on ii for .1:2 E 
[0, oo). Hence for every n E T>(: l) = I>(V) C 1-t 

(2.12) ( \ 'n.n) < oo. 

Moreover the operators ;10, V and /] are symmetri c in the space H. Fro m the 
fact that ｾＨｧ Ｑ Ｌ＠ I LJ , 11 1) is a simple eigenvalue (the e igenspace is o ne-dimensional) 
it fo ll ows that (rlo - ｾｮＩＭ Ｑ＠ is defined in the subspace 'H orthogonal to the 
vector n(g1,,t1, 1/ 1)e). H ence for suffi ciently small .: in a ne ighbourhood of 

Ｈｾ Ｈ ｧ Ｑ Ｌ ｶ Ｑ Ｌ ｊｴ Ｑ Ｉ Ｎｮ Ｈｧ Ｑ ＬＱＱ Ｑ Ｎｰ Ｑ ＩＩ＠ there exists a solu tion ( /\ e,(l' E) satisfying E q. (2.11), 
analytical with respect to .: , of the form 

(2.13) 

(2.14) 

Ae = ｾ＠ + E ,\I + .:2 A2 + · · .. 
n e = ii + .: r1 1 + .:2n2 + . . . . 

{') FKtrDKICIIS 161 formulates the.: fo ll owing assumptions o f a perturbation thc.:orr: the.: operator must be 

symme tr ic, it mus t allow fo r a spectral decomposition, it must have a s imple c igcnvaluc.: .\ wi th the co rresponding 

e igenvector 7;, Hence the equation j .·\11 - \ a In = 1/1 has a solut ion for a ny right·hand side o f 1/1 orthogonal to 
-; in the space 'H. It is easily scc;n that Fric.:drich's assumptio ns arc satisfied for the proble m (2.5)-(2.6). 
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where 

er; = Ｈ Ｚｬｾ Ｉ Ｌ＠
( i) 

erl2 

T. K LECIJA 

i = 1, 2 , 3 . . . . 

Substituting (2.13) and (2.14) into (2.11) and comparing the expressions appearing 
at suitable powers of c we get 

(Ao - ｾｂＩ ｡＠ = o, 
(Ao- ｾｂＩ ｡ Ｑ＠ = - (V- A1 B)a, 

(2.15) (Ao- ｾｂＩ ･ｲ Ｒ＠ = - (V- AJfl)oi + A2flO:, 

(Ao - ｾｂＩ ｡ Ｓ＠ = - (V - A1fl)a2 + A2Ba1 + A3flO:, 

Multipl ying the fi rst equation by er1 and the second by o, and subtracting we 
get 

(2.16) 
A _ (V a, n) 

1 - en- -). 0', 0 

Analogously, multiplying the first equation by n2, and the third one by o and 
subtracting we obtain 

(2.17) 
, _ (VfY 1, er) - A1(/Ja 1, o) 
/ ' 2 - (D O: , a) · 

In general, we get A; (i ;?: 3) by multiplying the fir st equation by er;, multiplying 
the (i + 1)-th equation by o and subtracting both sides o f the re lations. 

Equations (2.13), (2.16) and (2.17) effectively determine the approximate 
eigenvalue in the problem with weakly variable density in the considered half-
space. 

We now proceed to construct the seri es er;. It is easy to demonstrate that the 
right-hand sides of the system (2.15) are elements of a subspace H orthogonal 
to the vector er. The construction o f the series a; is thus reduced to finding an 

operator [Ao - ｾ Ｈ ･ Ｑ Ｌ＠ lLJ , v1) /J(;t1, 111 )] - 1 on a subs pace orthogonal to er(o1, ;.t 1, 11 1) . 

To this end, let us consider the equation 

(2.18) 

where 

(
!711) 

f) = !722 , 
912 
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and g is a vector of the subspace 1t satisfying the condition 

(2.19) (g ,O:) = 0. 

The vector a e given by (2.14) should belong to V(A). Thus to construct a; it is 
enough to find a satisfying (2.18), (2.19) such that a E V(A). It can be shown 
that vector a is of the form 

(2.20) 

where 

(2.21) 

(2.22) 

= f l\"1(x2, l)F(l)dt 
0 
= J K2(x2, t)F(t)dt 
0 
= f A"3(x2, t)F(l)dl 
0 

LJ Cs) J-:;;,; i(X2- t) + ｬ Ｒ ･Ｍｳ ｾＨ Ｓﾷ Ｒ Ｍ ｴＩ＠ + (l } e-sJ J-:;;"1(t+x2) 

+ Ｍｳ Ｈ ｾｴＫＩ ｬ ＭＺ［［ｋｊＱＢＲ Ｉ＠ + b ｃＭｳ Ｈｊｊ ＭＺ［［ｋ ｊｬ ＫｾｸＲＩ＠a2e 1 

for t 2: x2, 

l, es) l -:;;" J(l·2- t) + ｬ Ｒ ｣ｳｾ Ｈ ｸＲ Ｍｴ Ｉ＠ + CL JC- sJl- :;;" 1(t+ x2) 

Ｋ｡ Ｒ ･ Ｍｳ Ｈ ｾｴＫｊ ＡＭ Ｚ［［ Ｂ ｊ Ｇ ＡＺＲ Ｉ＠ + ｢ Ｑ ･Ｍｳ ＨＩｬ ＭＺ［［ Ｂ ｴ ｬＫｾｸ Ｒ Ｉ＠

for x2 2: l , 
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(2.23) 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

T . 1\ LECII A 

ｬｳ ･ Ｍｳ ｖ Ｑ Ｍ［Ｌ ｾ＼Ｌ Ｈ ｴ ＭＮ ﾷＲＩ＠ + ｬ Ｖ ｣ Ｍ ｳｾＨｴ Ｍ ｊ ﾷ ＲＩ＠ + ＰＱ ｨ ｣ Ｍｳｖ Ｑ Ｍ［Ｌ ＬｉＨ ｾ ﾷ ｾ ＫｴＩ＠

Ｋｯ ＲｨＬ Ｌ ＭＮｳ ＨｾｴＫｊＱ Ｍ［ＬＬ Ｌ Ｌ｟Ｎ ＲＩ＠ + ｢ＱＱｳ ･Ｍｳ ＨｖＱ Ｍ［Ｌ ＬＬｴＫ ｾｊﾷ ＲＩ＠

- lsesJ 1-;,,..,(t-J·2) Ｍ ｬＶ ｣ ｾＨｴＭﾣＲＩ＠ + ｡Ｑｨ ｲ Ｍ ｳ ｖｬ Ｍ［Ｌｾ＼ ＬＨ ｸ ＲＫｴＩ＠

Ｋ ｡Ｒｨ ･ ＭｳＨｾｴＫｊＱＭ ［ＬＬ Ｌ ｸＲ Ｉ＠ + ｢ＱＱｳ ･Ｍ ＨｊＱＭ ［ＬＬ Ｌ ｴ Ｋ ｾＮ｣ ＲＩ＠

for x 2 ;:::: l , 

F(t) = - LJt [ D2
- kf] £f22(l) + LJtW- t [2 - 2::J-2ti:1 + wti:t) [ D2 + ｫｾ｝＠ 911 (I) 

+2g1s(2 - w)(1 - ti: 1):i-
1 D.r;12(t) , 

G'11(.1·2) = Ｎ ｾ ＲＨＺｩ＠ _ 2)(.'122 - .1111)· 

C'22(·1:2) = 0. 

c 12(.1'2) = 0. 

The coefficients l 1,l2, ... , /g, ｫｦＮｫ ｾ Ｌ＠ rt 1, o2, b1, b2, appearing in Eqs. (2.21) - (2.27) 
are given in the Appendix IT. 

Using Eqs. (2.18)-(2.27) and the re lations (2.16) and (2.17) we can find suc-
cessively (A i, n i). 

Let us now analyse the eigenvalue A< (cf. (2.13)) in the case when the function 
g = g(T2) (cf. (2.10)) is a monotonic function o f the half-space depth coordinate. 

Assume that 

(2.28) 1 - 1 [ (1 -UJ"2) -- - - + - -e 
Q(X2) LJ1 g.x, . (o ;:::: 0). 

. 1 1 1 1 1 
Smce - ｾ＠ - (- ) ｾ＠ - we have on the one hand max - (- ) = - and on the 

Ql [J :r2 [JQ :r2E!O.·x·) [J .1:2 [JQ 

hhd 
1 1 E c . 

1 ot er an , max - ( . ) = - + -;:::- . ompanng these va ues we get 
x2EIO.co) (! .12 LJ1 (!.x . 

(2.29) 
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Substituting (2-28) and (2.29) into (2.16), taking into account the relations 

1 - 211] 
K-J = 

2 - 211] 

and limit ing ourselves to two terms in Eq. (2.13) we get fo r the square of surface 
wave velocity the relation 

(2.30) 

(the polynomials P0 , f-11, F2, F3, f>4• 1)5 are given in the Appendix TT). I ntroducing 
the following notation 

B = L'l 
f!o , 

ｾ＠. ｾ＠
a= - a 

2r. 

we rewrite the formula (2.30) in the form 

(2.31) 

(liE [O.oo)), 

It is easy to demonstrate that the functi on w = w (li.fJ,,.;, 1) descri bed by (2.31) is 
for every fi xed B and Ｇｾｉ＠ an increasing fu nction of the variable a. Figure 1 shows 

the function w fo r: 1) ,.;,1 = ｾ Ｌ＠ B = 1.1; 2) ,.;, 1 = ｾＧ＠ fl = 1.01; 3) 1,-1 = ｾＬ＠ (} = 1. 
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w 

0.3 0.6 0.9 1.2 a 
FIG. 1. 

2.2. Surface wave in an elast ic ha lf-space with a weakly vari able shear mod ulus e) 
Assume now that 

1 1 [ 
(2.32) -- = - + -- (! = Il l V= 111. 

Jt(x2) J.Li ji{x2) ' - "' ' 

Substituting (2.32) into (2.5) we get 

(2.33) A(s,g,)a- .-\ [ !J(JLJ,vl) + .:B(,U ,v,)]a = 0. 

Operators A(s, g1), B(!lJ , v 1), JJ(jL , t/ 1) are symmetric in H. Moreover, IJ is a 
positive definite operator. According to the perturbation theory, there exists a 
solution of the eigenproblem (2.33) determined in some neighbourhood ｯｦＨｾ Ｌ＠ fi,) 
which is an analytical function of the parameter .:. The pair Ｈ＾Ｎ ｾＬ＠ ｯｾ Ｉ＠ is given by 
(2.13) and (2.14), whil e Ｈｾ Ｌ＠ 0:) is given by (2.8) and (2.9), where g = {!J, j1 =PI> 
v = v1• Substi tuting (2.13) and (2.14) into (2.33) and comparing the values at 
suitable powers of c we obtain the follow ing system 

[A(s, f! r) - ｾ＠ D(pJ , v,)]O: = 0, 

[A(s, g1)- ｾｦｬＨｰＬ Ｌ＠ t/ 1)]a1 = ｛ ｾｦｬＨｪｩ Ｌ＠ IJJ) + At D(JLJ, Vt))CY , 

(2.34) [A(.s, g1)- ｾｂＨｴｴ Ｑ Ｌｶ Ｑ Ｉ ｝ ｯ Ｒ＠ = ｾｦｬＨｪｌ Ｌ ｴ ［ Ｑ Ｉ ｯ Ｑ＠ + ,\ 1[fl(t t 1,t/1)11'1 + B(jL, v1)o] 
+ ,\2B(p, , t/ ,)0:. 

Performing scalar multi pli cation of (2.34)1 by o 1, of (2.34)2 by n and subtracting 
by sides, we get 

(2.35) 
>. _ - >.[ D(ji ,v1)0:,0:] 

1
- [ /J(p1, v1)lr,O:) · 

(')This problem was also analysed in (7J, using another approach. 
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Proceeding simil arly as in the derivation of the series (2.16) and (2.J 7), we get 

(2.36) 

A _ Ｍ ｾ ｛ｮＨ ［ｴ Ｌ ＱＱ Ｑ Ｉ ｮ Ｑ Ｑ ｯ｝Ｍ ｾ ｜ｊｻ｛ＡｊＨ Ｑ Ｌ ＱＱ ｶ Ｑ Ｉ｡ Ｑ Ｑ ｮ ｝＠ + [D(;t . 111)o1a]} 
2

- [D(1t 1, ｾ ｾ ｾＩ｡ Ｌ＠ n] 

The vectors ai are defined by the equations 

a1 = [A(s ,e1) - ｾｊｊＨ Ｑ ｌ ｊ ＱＱ Ｑ ｊＩｲ Ｑ ｾｄＨｪ ＺｬＱ ｶｴＩ Ｒｙ＠ + AJB(11t1vl )a, 

(2.37) - I -a2 = [A(s, .QJ) - Afl(JLJ, v1)] - {AJJ(;L1 v1)cq + A1[lJ(f.LJ , v1)a1 
+JJ(;L , v1)a ] + A2D(!-LJ , vl)a}, 

We continue simil arly to the case of the half-space with "weakly variable" density 
and we assume 

(a ｾ＠ 0), I/ := II J 1 {! := {! ) 1 

where 

E = JLoo Ｈｾ＠ - __!__) 1 t!..!_ rv 1. 
/LO fLJ JLO 

From relation (2.35) for the square of wave velocity we get 

(2.38) 

Introducing the fo ll owing notations 

B = !!J_ 
JLO 

1 

s ｾ＠
a = 27r a, 
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we reduce (2.38) to the form 

(2.39) - -eo 1 Ｉ ｾ＠ [ r3 w = w - w - n 
J1 - C·(a + 4rr J 1 - w) 

1'4 
+ -;-( v'1 :;=1 =_::::;w:;;:-:-+--/1 7'1 ］｟ ］Ｚ ｷｾ ＬＮＮＬ ］ Ｎ＠ ｉ ｾ Ｉ＠ (-;:::a:-+-:-:::2-7r-Vr.1=-=w:;;;::_:--+:-::-2 7r-V--:;:;::1 =-=w;;=n.=· ｉ ｾ Ｉ＠

+ (J 1 - wn.1(a :
5 

47rj1 - wn.t)l 

[ 
P3 Ps P4 J - I 

X + Ｋ ＭＭＭ［Ｚ［］ＺＺＺ［［［ＺＭ ＭＺＭｲＺＺ［］Ｎ］］［ｾ＠J 1 - w J 1 - wn.1 J I - w + J1 - wh: 1 

The functi on w given by (2.39) fo r a fixed 0 and " 1 is a decreasing functio n 
o f the argument cr. F igure 2 shows the diagrams of the fu nction w(O, n.1, Cl ) fo r 
1) KJ = 0.5, B = 1.1; 2) h: J = 0.5, f)= 1.01; 3) h:J = 0.5, B = 1. 

0 3 06 ll 'J 1 2 1.5 a 

f 1c. 2. 

Appendix I 

I a: To obtain (1.23) from (1.22) we calculate the integral 

(A.l) Ia = Jd:r [J ｦｬ Ｈ ｾＭ ｾ ﾷＩ ｵ Ｈ ｏ＠ ｲＯ ｾ ｝
Ｒ

Ｌ＠
0 1 ' 

where 

(A.2) 
b(p) = I A (J> . t )i (p > 0). 
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Changing the variables in (A. l) and using the Fubini theorem, we obtain 

(A.3) J. ｾ＠ l dx [l "(p)b(p + .x)dpr 

ｾ＠ rlx [7" (p )b(p h )d 7' l· [l, (p)b(fi +x) dV l 
00 00 00 

= j a(p) dp • j a(j)) rlji • j dx [b(p + x)u(p + x)]. 
0 0 0 

From the Schwartz inequalit y it follows 

(A.4) 

Finally we obtain 

(A.5) 

Similiarly we estimate the integrals h, le, ｬ ･ｾ Ｚ＠

(A.6) h = Jdx {J (:r- Or- .. ｾＨ＠ ... Ｍｯ ﾷ ｬ ｴ ｬＨ ｾＮｴＩｬ＠ ｲｬｾ＠
0 0 . ! (x - n ,-•J l-fl,, ,(,-(') · I A((,l)l d(} 

•X> 

:S s-4(1- J2o1.: 1) -
2 j IA (.T, L) i2 rlx , 

0 
00 'X• 

(A. 7) f c = j ia(:r . t; .r?o. s)l d.r :S ｾ＠ f?om( I - f?o.1·1 )-
312s-1 j I A (.t. t) i d.1: . 

0 0 
00 ｾ＠

(A .8) Id = j lb(.r, I; r2o. s)l d.r :S ｾｊＲ ｯＱＱＱ Ｈｬ＠ - .Oo.r,)- 312s-1 j IA(.t, 1)1 rl :r. 
0 0 
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Integrating the inequality (cf. (1.19)) 

(A.9) IN A(x, 1)1 ｾ＠ la(x, t; f?o , s)l + lv(:r, t; f?o , s)l 

with respect to x over the interval [0, oo) and using the estimate of the integral 
l e and Id, we obtain 

(A.lO) 

and fin ally 

(A.11) 

00 00 00 

j IN A(x, t) i dx ｾ＠ j la(x, t; f?o, 8)1 dx + j iu(x, l ; f?o , s)l dx 
0 0 0 

00 

00 

ｾ＠ f?om(l - f?ox t)- 3128-1 j IA(x, t)l dx, 
0 

!IN A(x, t)1! 2
, cJJ = sup j IN A(x, t)l dx 

X2 tE[O, ) 0 

00 

ｾ＠ f?om(l - f?o,.1)
3128-I sup j IA(:r, t) i 

tE!O,oo) 
0 

= f?om(l - f?o''J )312s-'ll r1 (:r:, t)112. c1J • 
; .; 2 

From the last inequali ty it results that N A is a contraction operator in xf), if 

(A.1 2) fJI = ,fij < 1. 

Let us consider the integra l 

r = j' u2(.r, t ; f?o,8) l· 
e 2(1 - n ·) ( X. 

8 J tOh· 
0 

Due to (A.1 2) we get 

(A.13) 
82 f?2m2 J={ 1 I < o 

e - 4(1 - f?ot>. ) sJ1 - f?ot.: 
0 

• J (x - 0 exp [ -s)l - Jlo"J (x - 0] 1 , J((, 1.)1 <L< }'dx . 
0 

H ence, by making estimates simil ar to those fo r the integra l h we obtain 

1 2 2 - 3 -2]
00 

IA(:r, t )2
1 

ｬ ･ｾ＠ 4n0m (1 - ｦ＿ｯｾＭＺ Ｑ Ｉ＠ 8 82(1 _ f2o,..)d:z:, 
0 

(A.14) 
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and 

(A.15) llb(x 1 l; no, 8)112
, (-1/2) = sup l e 

ｾ ｜ｉ＠ tE(O.oo) 

1 
:S 4nJm2(1- ｮｯｾＭＮＺｊＩ Ｍ Ｓ ｳ Ｍ Ｒ ＱＱａ Ｈ Ｚ ｴＬ＠ ｴＩｬｬｾＬ Ｑ Ｍ Ｑ ＱＲ Ｎ＠

Applying a similar procedure to that used for integral Ｑ ｾ Ｌ＠ we get 

(A.16) 

Since 

(A.17) NA (.T, I) = a(.1:, 1; f2o,s) + b(x, t;f2o ,s) 

and 

lla(x, l; no, 8)112
,( - 1/2) = sup fe 

.\I IE (O,oo) 

1 
::::; 4nJm2(1 - ｮｯｾＭＮＺ Ｑ Ｉ Ｍ

Ｓ Ｘ Ｍ Ｒ ＱＱ ｾ ＱＨ Ｚ ｲ Ｌ ｴＩ ｬｬｾ ＬＺ Ｍ Ｑ ＧＲ＾Ｌ＠

(A.18) 
llb(:r, t; no, s)ll 2

.( - l /2) = sup l e 
. .\ 1 tE(O,cv) 

1 ::::; 4nJm2(1 - ｦＲｯＬＮＮＺｴＩ Ｍ Ｓ ｳ Ｍ Ｒ ＱＱｾ Ｑ Ｈ ＺｴＬ＠ ｴＩ ｬ ｬｾＺ Ｍ Ｑ ＯＲＩＬ＠

the operator N is a contraction in xf-112
) if the fo ll owing condition is fulfi ll ed: 

(A. ] 9) 

Appendix II 

Po(w) = a:}(l - w) + ｾＨＲ Ｍ w)4w, 

P1 (w) = ｾ ｷ Ｒ ＨＱ＠ - w)(2 - w)2 + ｾＨＲ＠ - w)4
, 

P2(w) = - [4W2(1 - w)(2 - w) + (2- w)4w], 
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P3(w, hi) = 8 - 4-:1 + w2
- 4Whi , 

P4(w, hi} = - 32 + 8.:;) + 24-:lf.:I - 4-:12h:I , 

Ps(w, hi) = 8 + hiw2
- 8:Jhi, 

kf = w- I[4s2(1- w)(1 - hi )(:J- wh i - 1)], 

ｫｾ＠ = s2(1 - w)(l - 2hi}:J[2 - 2.:;) - 2hi + Whi]- I, 

t, = [283w(l - hi)(1 - w''I)112
] -' , 

t2 = - [2s3w(1 - ii:I)(1 - w)I I2r' , 

t3 = [2(1 - wh,) + w][2s3w(1 - hi)(w - 2)(1 - wKI)'I2ri, 

l4 = [2s3w(1 - ii:I)(1 - w)112]- I , 

T. ｉ ｾ＠ LEC'II A 

ls = [ - 2(1 - wii:,)(1 -hi }.:;) + (1- 2hi)P - 2):J- 4(w- 2) - w2(1 - hi)] 

x [8.-;3(1 - hi)2(w - 1)(:1- 2):Jr' , 

t6 = [883(1 - h,)2(w- 1)(.:;) - 2):r '[- 2P - 1).:;;- (1 - 2"I)(w - 2):J 

+4(.:J- 2) + w2(1 - '' I)], 

h = (1 - wh i)' I 2[4(1 - ''I)P - 1)(:J- 2)ri[u(1- ::ih·,) -.:;;(1 - 2"I)(w - 2) 

+ 4(1 - hi)(w- 2) + w2], 

ls = (1 - whi)I /2[1 6(1 - h·I)P- 1)(w- 2)(1 - ::;,, ,)] - I 

x [SW(1 - WI{ I)2 - w(1 - 21i,){:i - 2)3 + 4(1 - " I) (.:;) - 2)3 + w2
(.:;) - 2)2

] , 

a 1 = ｛ ＸＮｾ Ｓ ＨＱ Ｍ ｉ ｾ ｉＩ Ｒ ＨＱ Ｍ C::•1.: 1)l/2p - 1):Jri[2(J - WI> I):J - {.:;) - 2)(1 - 2Hi):J 

+2(_::; - 2)(_::; + 6)(1 - "I)] , 

a2 = [1 6s3(1 - hi )2(1 - w1;1)1/2p- 1):J(:J - 2)2]- I[- 4(1 - ,:,,,: I).:(.: - 2)2 

+2(.:;)- 2)3(1 - 2" 1).:;; + 16(1 - ::;:;,,.I)(-:1 - 1)(1 - h'I) 

- 8(-:1 - 2)\1- 1.: I) - w2
{.:;) - 2)(1 - lii)], 

b1 = - [1 6s3(1- ii:I)2( 1 - ::;:;,. I)I f2(w - 1):·][4(1 - wh·I).:;;p - 1) 

- 2(.:;) - 2)(1-2,.1).: +8(w- 2)(1-h1)+ w2)(J-,.: 1)+4(.:- 1)(1 - w,, ,)] , 

b2 = [1 6s3(1 - '' I)2(1 - ｷ ｾ＾ｉＩｉ Ｏ Ｒ Ｈ ＰＭ l):J(.: - 2)2ri x [4(1 - ::;:;,;I)W(:J - 2)2 

- 2(w- 2)\1 - 2"IP + 8(w - 2)\1 - hi):! + : 2p- 2)2(1 - '' I) 
+1 6(1- :J,; I){:J - 1)(1 - "I)] . 
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