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The effect of formation and evolution of stress-induced martensitic microstructures on macroscopic me-
chanical properties of shape memory alloys in the pseudoelastic regime is investigated with account for
size-dependent energy of interfaces. A quantitative relationship is established between the changes in free
energy and dissipation on the interfaces at three microstructural scales and the overall mechanical char-
acteristic of the material under tensile loading. The multiscale analysis carried out for a polycrystalline
NiTi shape memory alloy has revealed that the interfacial energy storage and dissipation can strongly af-
fect the shape and width of the stress—strain hysteresis loop. The predicted non-monotonic stress—strain
response for the material of a selected grain size shows a remarkable similarity to the experimental
one extracted from a tensile test of a laminate by Hallai and Kyriakides (2013). By the classical Maxwell
construction, the non-monotonic response for a material element results in a commonly observed stress
plateau for a tensile specimen, which is associated with the propagation of phase transformation fronts.
This behaviour is confirmed with striking accuracy by 3D finite-element computations performed for a

macroscopic tensile specimen, in which propagating instability bands are treated explicitly.
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1. Introduction

The unique behaviour of shape memory alloys (SMAs), no-
tably the shape memory effect and pseudoelasticity, results from
the martensitic phase transformation (Otsuka and Wayman, 1998).
The transformation is reversible in the sense that the overall in-
elastic strain can be induced and fully recovered upon adequate
thermomechanical loading. This is accompanied by formation and
evolution of martensitic microstructures at several spatial scales
so that the martensitic transformation in SMA polycrystals is a
truly multi-scale phenomenon. The present paper deals with quasi-
static, stress-induced and nearly isothermal transformation in the
pseudoelastic regime, with the emphasis put on rarely studied ef-
fects of the interfacial energy and dissipation at lower-scale inter-
faces.

The overall behaviour of SMAs is described by numerous phe-
nomenological models (e.g., Raniecki et al, 1992; Auricchio and
Petrini, 2002; Lagoudas et al., 2012; Sedlak et al., 2012; Stup-
kiewicz and Petryk, 2013; Qiao and Radovitzky, 2016; Jiang et al.,
2016), and many others, where basic properties of SMAs are as-
sumed at the macroscopic level. However, several important fea-
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tures of the macroscopic behaviour of SMAs can be predicted
by micromechanical models that typically consider the individual
martensite variants within the differently oriented grains and ap-
ply scale-transition schemes to arrive at the overall response of
a polycrystalline aggregate. A number of related micromechani-
cal models of various complexity and various predictive capabili-
ties can be found in the literature, cf. some representative models
(Siredey et al., 1999; Gall and Sehitoglu, 1999; Sittner and Novak,
2000; Thamburaja and Anand, 2001; Hackl and Heinen, 2008; Lev-
itas and Ozsoy, 2009; Sengupta and Papadopoulos, 2009; Stup-
kiewicz and Petryk, 2010a; Yu et al.,, 2015; Xiao et al., 2019) and
a review (Cisse et al., 2016).

The feature that is not yet included (to the best knowledge
of the authors) in any existing micromechanical model of poly-
crystalline SMAs is the effect of interfacial energy at lower-scale
interfaces on the overall non-monotonic response of a material
sample. The entire formation and evolution of microstructure is
accompanied by nucleation, propagation and annihilation of inter-
faces at multiple scales. Depending on the type, character and rel-
evant spatial scale, each interface is associated with some energy -
the interfacial energy of the density referred to the area of an in-
terface. Evolution and ultimately annihilation of an interface may
also be associated with dissipation of the interfacial energy. The
related contributions to the total free energy and dissipation in a
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Fig. 1. Nominal stress-elongation response measured for a NiTi strip under tension
and the intrinsic material response extracted from a laminate with steel face-strips,
after Hallai and Kyriakides (2013) (reproduced with permission from Elsevier).

macroscopic volume element depend on the characteristic dimen-
sions of microstructural elements, and thus the overall energy bal-
ance includes size-dependent contributions. As a result, the in-
terfacial energy can govern the overall behaviour of SMAs in a
size-dependent manner, see (Petryk and Stupkiewicz, 2010) for a
general theory and (Petryk et al, 2010) for its application to a
simplified case of a rank-three laminate. The conclusion that the
interfacial energy can significantly influence the overall response of
SMAs can be traced back to Miiller and Xu (1991), but the respec-
tive macroscopic free energy factor has remained unknown. The
aim of this work is to develop a hierarchical multi-scale frame-
work for predictive modelling of the interfacial energy effects in
SMA polycrystals.

The specific focus of this work is on pseudoelastic behaviour
of SMA polycrystals under quasi-static tension, with the restric-
tion to the stress-induced transformation and isothermal condi-
tions. In this regime, the material is initially in the austenitic state,
and application of a mechanical load, after an initial stage of elas-
tic response, induces the martensitic transformation that is accom-
panied by an overall inelastic strain. Upon unloading, the inelas-
tic strain vanishes, and the initial undeformed state is recovered.
The pseudoelastic response exhibits then two characteristic fea-
tures, namely the hysteresis and frequently the stress plateau on
the nominal stress—elongation diagram. The origin of the plateau
and hysteresis has been widely discussed in the literature, but ap-
parently not yet fully clarified. The present paper is intended to
make a progress in this direction, although with the limitation of
the analysis to the tensile loading/unloading.

Nowadays, the aforementioned stress-elongation plateau is, or
should be, no longer understood as a physical property of the ma-
terial, but rather as the effect of propagating instability due to a
negative slope on a part of the stress-strain diagram for the mate-
rial. This has been clearly shown in the experiment by Hallai and
Kyriakides (2013), in which the intrinsic material response of NiTi
under tension has been extracted from a laminate of a NiTi strip
and steel face-strips that practically enforce a uniform deforma-
tion of the NiTi strip. Such a uniform deformation cannot be ob-
served for a free-standing strip because the negative slope of the
uniaxial stress-strain diagram leads to path instability in the form
of strain localization. The transformation proceeds then through
propagation of macroscopic transformation fronts that separate the
transformed and untransformed domains. The fronts propagate at
an approximately constant load under end-displacement control,
hence a plateau is observed on the load-elongation diagram which
should not be interpreted as a stress-strain diagram for the ma-
terial. Fig. 1 reproduced from (Hallai and Kyriakides, 2013) shows
both the intrinsic material response and the specimen response.

without direct characterization of strain localization.

The stress plateau during the forward transformation under
tension is often accompanied by a lower stress plateau during
the reverse transformation upon unloading, with the related rate-
independent hysteresis (e.g., Shaw and Kyriakides, 1997; Churchill
et al., 2009; Bechle and Kyriakides, 2014; Reedlunn et al., 2014).
This suggests that the respective material stress-strain response is
also non-monotonic, however, it has never been determined exper-
imentally.

From a mathematical point of view, the effect of a non-
monotonic local response on macroscopic behaviour in 1D
setting has been widely studied in the literature, following
Ericksen (1975). Several macroscopic models of phenomenological
type have also been developed for SMAs and implemented nu-
merically in order to simulate the related phenomena in 1D set-
ting (Chang et al., 2006; Alessi and Bernardini, 2015; Le6n Baldelli
et al,, 2015; Rezaee-Hajidehi and Stupkiewicz, 2018) and in 2D/3D
setting (Duval et al., 2011; Jiang et al., 2017a; 2017b; Badnava
et al,, 2018; Rezaee-Hajidehi et al., 2020). A simplified form of
the non-monotonic local response is then usually adopted, often
a piecewise-linear one, although the actual response may exhibit
a visible non-linearity, cf. Fig. 1. Note that a non-monotonic lo-
cal response results also from phase-field approaches applicable to
SMA single crystals (e.g. Esfahani et al.,, 2018; Tuma et al., 2018).
The models mentioned above involve some kind of regulariza-
tion (gradient enhancement, non-local formulation, or viscous ef-
fects) that introduces a characteristic length-scale into the model
and improves the robustness of the corresponding computational
schemes. As an exception, the only regularization in the model of
Jiang et al. (2017a,b) is that due to the natural 3D effects at the
macroscopic transformation fronts.

In this paper, a multiscale framework for a quantitative anal-
ysis of the effect of interfacial energy on non-monotonic stress-
strain response of pseudoelastic SMA polycrystals is developed, ap-
parently for the first time. The framework involves three essen-
tially independent models, two of them are micromechanical mod-
els themselves, and the multi-scale coupling between the models
is performed in a hierarchical manner, i.e. the results of the model
at a lower scale are transferred to the model at a higher scale in
the form of constitutive functions or parameters that are identified
using the lower-scale data. The multiscale framework is schemati-
cally shown in Fig. 2, and the structure of the paper is presented
below. The whole approach is built on the previous extensive work
by the authors, which is referred to in the sequel. Each specific
model used in this work relies on the incremental energy mini-
mization, and the related framework that includes the interfacial
energy effects is briefly recalled in Section 2.

At the lowest scale, we apply the model of a spherical sub-
grain with a rank-two laminate of twinned martensite plates
within the austenite matrix to determine the size-dependent in-
terfacial energy contributions coming from the interfaces at three
scales: at the twin boundaries, at the austenite-martensite inter-
faces, and at the boundary of the sub-grain. The model is adopted
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Fig. 2. Hierarchical multiscale modelling approach for the analysis of interfacial energy effects in SMA polycrystals.

from (Stupkiewicz and Petryk, 2010b) and is briefly presented in
Section 3.1; the basic equations are provided in Appendix A. In this
model, the results of yet another micromechanical model (which
is not indicated in Fig. 2 nor discussed in detail in the paper) are
utilized, namely the estimate of the elastic micro-strain energy at
the austenite-twinned martensite interface in NiTi is taken from
(Stupkiewicz et al., 2012). The outcome of the sub-grain model, i.e.
closed-form expressions for the size-dependent interfacial energy
contributions, constitutes then the input to the model of a SMA
polycrystal to be considered at a higher scale.

At the intermediate scale, the overall response of a SMA poly-
crystal is obtained by applying a respective multiscale model
that is enhanced with the interfacial energy effects. This is pre-
sented in Section 4. First, in Section 4.1, the interfacial energy
effects are introduced to the model of a single grain, which is
done in a quite general setting without specifying the explicit
form of the bulk free energy and dissipation contributions. The
interfacial energy contributions are evaluated for a representa-
tive spherical sub-grain, and the respective results are taken from
Section 3.1. This general framework is then combined with a mul-
tiscale model of a SMA polycrystal. Here, the bi-crystal aggre-
gate model (Stupkiewicz and Petryk, 2010a) is employed, which is
briefly introduced in Section 4.2 and the equations are provided
in Appendix B. Application of the complete scheme to polycrys-
talline NiTi under uniaxial tension is then reported in Section 4.3.
The predicted stress-strain response is non-monotonic during both
loading and unloading and exhibits a significant dependence on
the grain size, which is due to the interfacial energy effects.

Considering that the non-monotonic stress-strain response is
expected to cause the path instability and strain localization, we
finally carry out 3D finite-element simulations of the tension test
in order to study the related effects quantitatively. To this end,
in Section 5, the macroscopic finite-strain model of pseudoelastic-
ity (Stupkiewicz and Petryk, 2013) is extended in order to accu-
rately represent the intrinsic material response predicted by the
micromechanical model in Section 4. Specifically, by following the
hierarchical multi-scale approach, the dissipation and free energy
functions are fitted to the respective data resulting from the lower-
scale analysis. To efficiently treat the instabilities and nonuniform

transformation patterns, the finite-element implementation of the
model employs the gradient regularization that has been recently
developed by Rezaee-Hajidehi et al. (2020). The finite-element sim-
ulations deliver the expected load-elongation response with two
plateaus, as well as the transformation pattern in the form of a
growing martensite band with inclined macroscopic transforma-
tion fronts.

2. Incremental energy minimization framework

It is well known that the stress-induced martensitic transfor-
mation in SMAs in the pseudoelastic regime proceeds on the mi-
croscopic scale by formation and evolution of laminate microstruc-
tures composed of crystallographic variants of martensite. In view
of a large number of possible combinations of different variants
of martensite, the micromechanical modelling of SMAs requires
a method of selection of their physically favourable combination
for a single grain. Under the assumption of isothermal conditions
and an additional symmetry restriction imposed on dissipation,
this is offered by the incremental energy minimization method
(Petryk, 2003) extended to the interfacial contributions to free en-
ergy and dissipation by Petryk and Stupkiewicz (2010). On the time
scale adopted in the rate-independent modeling, a negative incre-
ment of the interfacial energy, as in Eq. (3) below, is locally related
to the annihilation of interfaces. This is associated with a sudden
release of the interfacial energy that can hardly be reverted into
the bulk free energy. Therefore, in the model it contributes pre-
dominantly to the rate-independent dissipation (Petryk and Stup-
kiewicz, 2010).

In outline, the incremental energy minimization framework
with interfacial energy effects on different scales indexed by s can
be summarized as follows (Petryk and Stupkiewicz, 2010):

(i) Split of the total free energy into bulk and interfacial contri-
butions,

=PV + P, =3 o (1)
N
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Fig. 3. Spherical sub-grain with periodic rank-two laminated microstructure and
interfacial energy at three scales.

(ii) Split of the dissipation increment into bulk and interfacial
contributions,

AD =AD"+ AD',  AD' =) AD;. (2)
S
(iii) Negative increments of interfacial energy contribute to dis-
sipation,
: . ify >0,
AD = k(OB 0=kl (Y)= {1{{ s
(3)

(iv) Microstructure evolution is determined by succesive mini-
mization of the incremental energy supply,

AE=A® + AD — min subject to kinematical constraints.

(4)

The aforementioned scheme can be applied at any level of a hi-
erarchical model, either separately or jointly for all levels of a poly-
crystalline aggregate. The theory is described by Petryk (2003) and
Petryk and Stupkiewicz (2010). Further details of the microme-
chanical model are discussed in the next sections.

3. Compound interfacial energy in a spherical sub-grain

3.1. Interfacial energy contributions at three scales (Stupkiewicz and
Petryk, 2010b)

The model developed by Stupkiewicz and Petryk (2010b) is em-
ployed here in order to estimate the interfacial energy contribu-
tions in a spherical domain. With reference to the micromechan-
ical model of a polycrystalline aggregate discussed in Section 4,
consider a spherical domain of diameter d that is identified with
a sub-grain, i.e. a part of a grain occupied by a single family of
internally twinned martensite plates (habit-plane variants) within
the austenite matrix, see Fig. 3. The microstructure is assumed suf-
ficiently fine so that, in view of the assumed periodicity, it is fully
characterized by specifying the volume fraction of martensite 7,
the twin spacing hyy and the plate thickness M (or equivalently
the plate spacing H = M/n).

Following Stupkiewicz and Petryk (2010b), by exploiting the
assumptions of separation of scales and periodicity of the mi-
crostructure, the total free energy density (per unit volume of the
sub-grain) is decomposed into bulk and interfacial contributions,

¢ (&, 1, M, hew) = ¢¥(€,1) + @' (1, M, hew),
@' = bty + Pam + Dy - (5)
where e is the average strain in the sub-grain in the small-

deformation setting. We note that the entire interfacial contri-
bution ¢' does not depend on the strain &. Assumption (3),

which we adopt here, means that interfacial energy release is not
fully converted into the bulk elastic energy but is at least par-
tially dissipated. The interfacial contribution to dissipation is ex-
pressed through the negative increments of the interfacial contri-
butions to the free energy, and thus it does not depend on the
strain either. Accordingly, by applying the incremental energy min-
imization (4), the evolution of the microstructural length param-
eters (here, M and hy) along a transformation path parameter-
ized by n can be determined by minimizing the interfacial energy
contributions independently of the bulk part. The corresponding
model developed for the spherical sub-grain under consideration
is briefly described below, and the set of respective equations is
provided in Appendix A. For more details the reader is referred to
Stupkiewicz and Petryk (2010b).

The analyzed microstructure, cf. Fig. 3, involves three types of
interfaces, namely the twin boundaries, the austenite-martensite
interfaces and the sub-grain boundary, each associated with
the corresponding spacial scale indicated by the subscript s =
tw, am, gb. The interfacial energy contributions from the three
scales are specified by the respective densities ¢! per unit volume
of the sub-grain, cf. Eqs. (A.2)-(A4).

Two sources of interfacial energy are accounted for, namely the
atomic-scale energy of phase boundaries and the energy of elas-
tic micro-strains. The atomic-scale interfacial energy is considered
at the twin boundaries and at the austenite-martensite interfaces,
and the corresponding energy densities per unit area are denoted
by v, and y3,, respectively. The transformation-induced changes
in the atomic-scale energy of grain (sub-grain) boundaries are as-
sumed negligible, and hence the respective atomic-scale interfacial
energy is not considered.

The energy of elastic micro-strains results from local incompat-
ibility of transformation strains. At the austenite-twinned marten-
site interfaces, the individual martensite variants are usually not
compatible with the austenite, while compatibility in the average
sense can be achieved due to twinning (Bhattacharya, 2003). The
energy of the elastic strains that accommodate the local incompat-
ibility, when integrated over the volume and referred to the nom-
inal interface area, is interpreted as an interfacial energy denoted
by ysfn. Note that this energy is not a material parameter. It can
be shown that y5, is proportional to the twin spacing hyw, thus
Vo = Iéahow, where IS, is a size-independent energy factor that
can be determined by energy minimization for each representative
microstructure along with the corresponding corrugated interface
shape. This approach has been developed in a series of papers cited
in (Stupkiewicz et al., 2012), where specific numerical results for
representative microstructures for a NiTi alloy can be found. Elastic
micro-strain energy is also associated with the martensite plates
that terminate at the sub-grain boundary, and the related energy
density ¢éb is proportional to the plate spacing H, cf. Eq. (A.4).

At the initial stage of transformation (1 ~ 0), nucleation of the
first martensitic plates is associated with the increase of the in-
terfacial energy, and hence the interfacial contribution to dissipa-
tion is then equal to zero, cf. Eq. (3). Energetically optimal mi-
crostructural parameters h?, and M?, cf. Eq. (A.5), corresponding
to the initial stage of transformation are then obtained by mini-
mizing the free energy alone, see Eq. (A.6) for the respective for-
mula for the compound interfacial energy at n ~ 0. Note the char-
acteristic square-root scaling rule for the parameters h?w and MP°
in Eq. (A.5) with the characteristic lengths ¢am and g, defined
in terms of the interfacial energy parameters, which is typical for
rank-one laminates (Khachaturyan, 1983). The subsequent evolu-
tion of the plate thickness M = nH is obtained by minimizing ¢!
for given 7, while the twin spacing is kept constant, hew = h9,,, cf.
Egs. (A.7)-(A.8).

The predictive capabilities of the approach described above
have been confirmed, both qualitatively and quantitatively, by the
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Fig. 4. Evolution of microstructural length parameters predicted for a spherical sub-grain of diameter d during a complete forward-reverse transformation cycle: (a) plate
thickness M, (b) number of plates per sub-grain d/H. Solid lines correspond to the forward transformation, dashed lines correspond to the reverse transformation.

phase-field computations carried out by Tima et al. (2016) with
no a-priori assumptions concerning the microstructure. Specifi-
cally, the problem of a cylindrical grain with an austenite-twinned
martensite microstructure has been analyzed, and it has been
shown that the phase-field computations agree reasonably well
with the square-root scaling of M, as predicted by the present ap-
proach, although with a somewhat different coefficient.

3.2. Application to NiTi alloy

The procedure developed by Stupkiewicz and Petryk (2010b)
and summarized in Section 3.1 and Appendix A is now applied to
a spherical sub-grain of a NiTi alloy. The computations are here
performed for three sub-grain sizes d = 13, 38, 113 pm that corre-
spond to the three grain diameters dg = 20, 60, 180 pm considered
in Section 4.3.

To estimate the elastic micro-strain energy factor I'§,,
we use the results of the computations carried out by
Stupkiewicz et al. (2012) for the eight crystallographically distinct
microstructures at the austenite-twinned martensite interface in
NiTi, and we adopt the smallest value of this factor predicted for
microstructure C-I-2, namely 'S, = 9.7 MJ/m3, which is close to
the earlier simple estimate in Stupkiewicz and Petryk (2010b).
The estimate of the elastic micro-strain energy at the sub-grain
boundary is given by Eq. (A.4) and results from a simplified
micromechanical model which, unlike the model used to estimate
I'§,. assumes elastic isotropy and small-strain kinematics. The
corresponding material parameters are the elastic shear modulus
M =26.3 GPa, Poisson’s ratio v =0.33 and shape-strain vector
modulus b = 0.1343, as in (Stupkiewicz and Petryk, 2010b). Like-
wise, following Stupkiewicz and Petryk (2010b), the atomic-scale
interfacial energies are assumed equal to y3, = 0.014 J/m? and
y2, =0.3 ]/m?. Parameters ks are assumed to be close to unity,
specifically, ktw = 1, kam = 0.95, and Kgp = 0.9.

In Fig. 4, the results of computations are presented in terms
of the evolution of plate thickness M during a complete forward
and reverse transformation cycle and in terms of the number of
plates per sub-grain, treated here as a continuous variable equal to
d/H. The predicted microstructural parameters at the initial stage
of transformation, cf. Eq. (A.5), are provided in Table 1.

Table 1
Interfacial energy contributions and microstructural parameters predicted for a
spherical sub-grain of NiTi.

dg [um]  d [pm]  hY, [um]  MO° [pm] e MI/m?] g [M]/m?]
20 13 0.014 0.14 1.95 2.56
60 38 0.019 0.26 1.45 1.56
180 113 0.026 0.48 1.07 0.96
25

2.0

0.5

Interfacial energy contributions [MJ/m?]
e
L T T T T T T T T T T T T A A A

0.0 I
0 a-m 1

m-a 0

Volume fraction of martensite, 7

Fig. 5. Results for NiTi: interfacial contributions to free energy (d = 13 pm). The
dashed line depicts the approximation of ¢l + ¢g‘b by a quadratic function, Eq. (6).

Fig. 5 shows the individual interfacial contributions ¢ to the
free energy density, as predicted for d = 13 pm. Qualitatively, the
results corresponding to the other sub-grain diameters are the
same, the difference is only in the actual values of the individ-
ual contributions. It can be seen that as long as ¢l and ¢gib
increase, and thus there is no related interfacial dissipation, the
two contributions are equal to each other, so that ¢i, = gib for
0 < 1 < 0.5 during loading and for 0.5 < n < 1 during unloading.
This feature results from minimization of the interfacial contribu-
tion to the free energy in the absence of the related dissipation
(cf. Stupkiewicz and Petryk, 2010b). For 0.5 < n < 1 during load-
ing and for 0 < n < 0.5 during unloading, the interfacial dissipa-
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tion defined by Eq. (A.8) is present in the incremental energy min-
imization scheme (cf. Section 2). It prevents the number of plates
and hence the interfacial energy ¢i,, to decrease within some pe-
riod after the maximum if Kgh < Kam < 1, until eventually qb;m
falls to zero.

The sum of the two contributions, ¢}y, + ¢, can be well ap-

proximated by a quadratic function of the volume fraction 7, as in-
dicated by the dashed line in Fig. 5. At the same time, the free en-
ergy contribution of twin interfaces, gbtiw, is proportional to n. The
results of the present model can thus be summarized in the form
of the following useful formulae that will be exploited in Section 4,

¢tiw = n¢tr{/1vaxs ¢aim + ¢éb ~4n(1—-mn) ;nnfigbv (6)
where
0
max _ 27/'(?/\/ max  _ Fgmh?w + Vaam n 3-2V2 F;bMUS
v hg, am+gb Mo Mo 2 da ’
MO
Mys = —— . (7)
3-2V2
The closed-form formulae for the coefficients ¢{* and ¢;?gigb

have been derived by Stupkiewicz and Petryk (2010b), and the val-
ues of those parameters corresponding to the three sub-grain di-
ameters considered are provided in Table 1.

The total interfacial contribution to the thermodynamic driving
force for phase transformation is

RIoX aft
~ a1 A —pMX _4(1 - 2n) ;‘r’;‘igb, kD ~ 8¢;“r§igb > 0.
(8)

It follows that for the austenite-to-martensite transformation dur-
ing loading, the transformation driving force fi increases linearly
with n, which corresponds to the transformation stress decreas-
ing linearly with 7. The latter property is frequently introduced as
a constitutive assumption into phenomenological models of pseu-
doelastic transformation, with the proportionality factor taken ar-
bitrarily. In contrast, the proportionality factor here takes the value
expressed by the closed-form formula (7) derived from the inter-
facial energy considerations alone. This remarkable conclusion will
have its consequences below when studying a more complex be-
haviour of a polycrystalline aggregate.

fi=

4. Transition to the scale of a polycrystalline aggregate
4.1. Interfacial energy contributions for a single grain

A typical scheme of micromechanical modelling of a SMA poly-
crystal involves a certain model of overall behaviour of a sin-
gle grain that is combined with a suitable micro-macro transi-
tion from the scale of a single grain to that of a polycrystal.
Representative examples include (Thamburaja and Anand, 2001;
Hackl and Heinen, 2008; Sengupta and Papadopoulos, 2009; Stup-
kiewicz and Petryk, 2010a; Xiao et al, 2019). The variables in-
volved in the constitutive description of a single grain, in ad-
dition to the overall stress and strain, include the volume frac-
tions of martensite variants, usually represented by the so-called
habit-plane variants (HPVs) that account for the compatibility of
average transformation strains at austenite-martensite interfaces
(Bhattacharya, 2003). Such a model does not involve any charac-
teristic dimension of the microstructure and thus is incapable of
describing size effects. Our aim here is to develop a model that,
in a simplified manner, accounts for the size-dependent interfacial
energy effects by exploiting the results of the model described in
Section 3.

Assume that the size-independent bulk contribution to the
overall Helmholtz free energy density of a single grain in a poly-
crystalline aggregate depends on the average strain & in the grain
and on the volume fractions n, k=1, ..., N, of martensite variants
(HPVs) in the grain, thus ¢v = ¢V(€, ;). As a rule, only several
n, will be nonzero in a given grain. We further assume that the
microstructure that develops within the grain during the stress-
induced martensitic transformation divides the grain into several
sub-grains such that each sub-grain is occupied by one family of
parallel, internally twinned martensite plates corresponding to one
HPV. Since individual volumes of the sub-grains can hardly be de-
termined, a simplifying assumption is introduced that the inter-
facial energy contributions are only estimated for a representative
spherical sub-grain, of diameter d being a specified fraction of a
diameter dg; of the actual grain. Consequently, the volume frac-
tion of the parallel martensite plates within the representative sub-
grain is assumed equal to the average volume fraction of marten-
site within the whole grain, 7 = )", ;. As a result, the total free
energy density per unit volume of the grain can be written in the
following form

d@E.m) = @)+ ). D) = b (D) + Pim (D) + 1, ().
n= an <1, (9)
k

where the interfacial energy contributions ¢{ are determined using
the model described in Section 3, with the sub-grain diameter d as
the input parameter. Recall that the model delivers the evolution
of microstructural parameters and the related interfacial energies
along a transformation path parameterized by the volume fraction
of martensite, and thus each individual interfacial energy contribu-
tion ¢ can be expressed as a function of 7.

The complete evolution problem for a grain is now again for-
mulated as the minimization problem for the incremental energy
supply AE, cf. Section 2. In a strain-controlled process, the overall
strain & is prescribed and minimization is performed with respect
to the volume fractions 7. The incremental minimization problem
then reads
AE@.m) — min.  AE= A@¥ + Ag' + ADY + AD', (10)

k
where AD!, the interfacial contribution to dissipation increment, is
expressed in terms of the increments of individual interfacial free
energy contributions according to Eq. (A.8). The bulk contributions
@V and ADV are here arbitrary.

The results reported in Section 3.2 show that ¢l and ¢)gib
attain maximum at 7 = 0.5, while ¢J, is proportional to 7 and
thus reaches maximum for 7 = 1. Accordingly, during the forward
transformation (A7 > 0), the interfacial contribution to dissipation
vanishes as long as 7 <0.5. For 7j > 0.5, the increments A¢i,
and Aqbgib are nonpositive and contribute to dissipation accord-
ing to Eq. (A.8). Assuming for simplicity that xtw = kam = kg =
1, cf. Appendix A.3, for ij > 0.5 we have A¢i, + ADi =0 and
Aqbgib + ADj;b = 0 so that the incremental energy supply during the
forward transformation takes the form
A@Y + ADY + Adiy, + Adin + Ay,

for A7>0 and 0 <17 <0.5,
A¢Y + ADY + Agi,

for A >0 and 05 <7 <1.
By a similar argument, during the reverse transformation (A7 < 0),
we have
A@Y + ADY + Adly, + Ady,

for A7 <0 and 1> 17 >0.5,
A@Y + ADY

for A <0 and 0.5>7>0.

AE = (11)

AE = (12)
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Fig. 6. Bi-crystal aggregate model: a polycrystal is treated as an aggregate of bi-
crystals, and the corresponding additional level is introduced into the typical se-
quential averaging scheme (Stupkiewicz and Petryk, 2010a).

Since minimization (10) does not involve evolution of dimensional
quantities, the approximate explicit formulae (6) for ¢tiw and ¢, +
q%b can be used with 7 in place of 7, thus leading to a particularly
simple formulation.

The model of a grain, as presented above, can now be combined
with a suitable micromechanical model of a SMA polycrystal.

4.2. Bi-crystal aggregate model (Stupkiewicz and Petryk, 2010a)

The transition from the level of a crystallographic lattice up to
the scale of a SMA polycrystal undergoing stress-induced marten-
sitic transformation is in this work performed using the bi-crystal
aggregate model (Stupkiewicz and Petryk, 2010a). This multiscale
model is illustrated graphically in Fig. 6, and the underlying basic
equations are provided in Appendix B. The model is presented here
only in outline; more details can be found in the reference, along
with the discussion of the assumptions and results, and compari-
son with experiment.

A distinctive feature of the model is that the scale transition
from the scale of individual grains to that of a polycrystal is
performed by introducing an intermediate scale of bi-crystals, cf.
Fig. 6. The polycrystal is thus treated as an aggregate of randomly
oriented bi-crystals, each bi-crystal being formed by two neigh-
bouring grains separated by a planar interface (grain boundary).
Accordingly, grain interaction is accounted for by enforcing the
compatibility conditions (B.5) on the average strains and stresses of
each grain of the bi-crystal. Introduction of the intermediate scale
of bi-crystals and consideration of the respective grain interaction
mechanism significantly improves, as shown in Stupkiewicz and
Petryk (2010a), the performance of the simple Taylor (Voigt) and
Sachs (Reuss) grain-to-polycrystal scale transition schemes when
applied as the transition scheme between the bi-crystals and the
polycrystal. As a result, those simple transition schemes can be
used with a higher confidence, and specifically the Taylor scheme
is employed in this work.

A characteristic feature of the model is the quantitative descrip-
tion of the transformation at all scales using only a small number
of parameters that remain to be assumed arbitrarily, which will al-
low us to predict the changes in the free energy and dissipation
during transformation. This is done by step-by-step minimization
of the incremental energy supply with respect to the variables at
all levels of the description, cf. Appendix B.

4.3. The effect of interfacial energy on non-monotonic stress-strain
characteristic

A multiscale model of a SMA polycrystal with interfacial energy
effects is now obtained in a straightforward manner by includ-

ing in the bi-crystal model the scheme developed in Section 4.1.
Specifically, an enhanced model corresponding to the level of a
single grain is obtained by combining the bulk contribution ¢V
to the free energy, cf. Eq. (B.2), and the bulk contribution ADY to
the dissipation function, cf. Eq. (B.4), with the respective interfacial
energy contributions according to the general scheme outlined in
Eqgs. (9)-(12). The resulting single-grain model enhanced with the
interfacial energy effects can then be seamlessly employed in the
overall scheme of the bi-crystal model. Importantly, the quadratic-
programming structure of the actual computational scheme is pre-
served when the closed-form formulae (6) are used for ¢tiw and
B + Bl

The results reported below have been obtained for a NiTi
polycrystal for three values of an average grain diameter, dgr =
20, 60, 180 um. Following Stupkiewicz and Petryk (2010b), it has
been assumed that the diameter of a representative spherical
sub-grain is such that its volume is equal to one fourth of the
volume of the grain, thus d =4-1/3dg. This choice is justified
by the analysis of the results of the bi-crystal aggregate model
(Stupkiewicz and Petryk, 2010a) showing that typically three to
five martensite variants (HPV’s) appear within one grain during
proportional loading. Accordingly, the estimates of the interfacial
energy contributions have been computed in Section 3.2 for three
sub-grain diameters d = 13, 38, 113 pm. The respective material pa-
rameters used as the input to those computations are provided
in Section 3.2, and the resulting interfacial energy contributions,
which serve as the input to the present computations, are provided
in Table 1.

The remaining material parameters pertinent to the bi-
crystal model are the following. The elastic properties are as in
Section 3.2, and the chemical energy, which is correlated with the
temperature and influences the level of the transformation stress,
is assumed equal to A?™M¢q = 19 MPa. The bulk contribution to dis-
sipation is specified by the critical driving force for transformation
fc =3 MPa and by the critical driving force for martensite reorien-
tation f;r = fc/2.

The transformation strains &} of martensite variants (HPV's) of
NiTi are determined using the crystallographic theory of marten-
site (Bhattacharya, 2003), and N = 48 variants are used in the
present (small-strain) computations of the uniaxial tension test,
see Stupkiewicz and Petryk (2010a) for details. A drawing texture
is assumed with the (111) poles of the cubic austenite preferably
aligned with the drawing direction (along which tension is ap-
plied) such that the angle between the (111) poles and the drawing
axis is randomly chosen between 0 and 30°. Following the proce-
dure developed by Stupkiewicz and Petryk (2010a), the total of 256
distinct grain orientations has been generated according to the as-
sumed drawing texture. The grains have been arranged in pairs in
a random manner, and the orientation of the corresponding grain
boundary has also been generated in a random manner. The rela-
tive volume fraction of grains in each bi-crystal has been assumed
equal to 0.5. Overall, the bi-crystal averaging has been performed
for an aggregate of 128 randomly generated bi-crystals. It has been
checked that this number is sufficient, and further increase of the
number of bi-crystals does not influence the results visibly.

Fig. 7a shows the predicted pseudoelastic response of a rep-
resentative element of a NiTi polycrystal under uniaxial tension.
As expected, due to including the interfacial energy effects, the
response exhibits a significant dependence on the grain size. The
dashed line in Fig. 7a indicates the underlying response predicted
by accounting only for the bulk contributions to the free energy
and dissipation, i.e. in the limit of vanishing interfacial energy con-
tributions for dgy — oc.

Several effects can be observed in Fig. 7a. With decreasing grain
size, the initiation of transformation is shifted to a higher stress.
The stress must increase to compensate the extra thermodynamic
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Fig. 7. Grain-size effect on the stress-strain response of NiTi polycrystal under uniaxial tension: (a) material response, (b) specimen response predicted using the Maxwell

construction.

driving force associated with the interfacial contribution to the free
energy, fl = —d¢i/97. At the initial stage of transformation, the
interfacial contribution to the free energy increases, cf. Fig. 5 and
formula (8), hence f! is then negative. The initially negative driving
force fi increases during transformation, which leads to a decrease
of the stress. Averaging over the polycrystalline aggregate causes
the stress to vary nonlinearly with the overall tensile strain. At the
later stage, the further decrease of the stress is suspended because
the negative increments in interfacial free energy are dissipated,
and ultimately the stress-strain slope becomes strongly positive in
the final stage of transformation. The final slope tends to the elas-
tic modulus since martensite detwinning has been excluded form
considerations.

This provides an explanation, coming from the interfacial-
energy considerations, why the stress—strain relationship during
the forward transformation is non-monotonic. For the grain size
small enough, a significant branch of negative slope is observed,
in agreement with the experimental relationship quoted after
Hallai and Kyriakides (2013) in Fig. 1. The maximum stress and
the subsequent stress drop increase with decreasing grain size. In-
terestingly, the predicted shape of the upper curve for grain size
dgr = 20 pm almost coincides with the experimental curve for the
material shown in Fig. 1 after Hallai and Kyriakides (2013); unfor-
tunately, the underlying average grain size of the material tested
was not provided in the reference. The response during the reverse
transformation upon unloading is similar to that during the for-
ward transformation, except that the stress is lower so that a hys-
teresis loop is observed. The area of the hysteresis loop, which is
equal to the energy dissipated in the complete loading-unloading
cycle (in isothermal conditions), also increases with decreasing
grain size. This illustrates the important effect of the interfacial
contribution to dissipation.

Note that the ‘softening’ response, as predicted by the present
model, cannot be observed in a uniaxial tension experiment un-
less special means are taken to avoid the nonuniform deformation,
as in the experiment of Hallai and Kyriakides (2013). Indeed, it is
commonly observed that the stress-induced transformation, par-
ticularly in NiTi in tension, proceeds through nucleation of local-
ized transformation bands followed by propagation of macroscopic
transformation fronts (e.g., Shaw and Kyriakides, 1997; Sun and Li,

2002; Zhang et al., 2010; Sedmak et al., 2016). This is typically ac-
companied by a stress plateau that is associated with propagation
of the fronts and does not represent the material behaviour at a
material point.

Fig. 7b shows hypothetical specimen responses corresponding
to the intrinsic material responses shown in Fig. 7a. The uniax-
ial stress—strain diagram with a negative slope leads to instability
of a uniform deformation path and hence cannot be reproduced
by the specimen (Petryk, 2000). Here, the classical Maxwell con-
struction has been used. The plateau segment connects the mono-
tonically increasing segments of the original curve such that the
areas above and beneath the plateau and limited by the origi-
nal stress-strain curve are equal. The plateau stress can be shown
to be the lowest thermodynamically admissible one for propaga-
tion of the transformation zone in which the original stress-strain
curve is traversed at every material point. Additionally, it has been
assumed here that the hypothetical specimen response is formed
by the loading branch of the original stress-strain curve up to
the maximum stress, followed by an instanteneous stress drop, a
stress plateau corresponding to the Maxwell stress, and the final
hardening part towards the end of transformation. The unload-
ing part of the response is constructed analogously. The maximum
stress and the subsequent instanteneous stress drop are supposed
to correspond to nucleation of the first martensite band. Similar
features are commonly observed in experiments, although the ac-
tual stress overshoot is highly sensitive to imperfections, mate-
rial inhomogeneity, etc. The minimum stress followed by a stress
increase at the beginning of the reverse transformation would
correspond to nucleation of the austenite band in a completely
transformed specimen. If the reverse transformation does not re-
quire nucleation of the austenite band, but proceeds by a reverse
propagation of an existing macroscopic transformation front, then
the corresponding feature is not expected since no energy barrier
must then be overcome and the plateau can be followed from the
beginning.

It is not evident in advance that the hypothetical behaviour de-
scribed above will agree with 3D simulations of the transformation
process. To investigate this, a detailed analysis of strain localization
and nonuniform transformation is carried out in the next section
using a phenomenological finite-strain model of pseudoelasticity.
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5. Macroscopic modelling of nonuniform phase transformation

The micromechanical model developed in the previous sections
predicts the stress-strain response that exhibits a negative slope
during stress-induced transformation. The related scenario of strain
localization in the macroscopic specimen has then been analyzed
qualitatively by employing the Maxwell construction, cf. Fig. 7b. In
this section, nonuniform phase transformation is analyzed quanti-
tatively using a macroscopic phenomenological model of pseudoe-
lasticity implemented in a finite-element code. The model is briefly
described in Section 5.1, its finite-element implementation is com-
mented in Section 5.2, and the results of finite-element computa-
tions are reported in Section 5.3.

5.1. Phenomenological finite-strain model of pseudoelastic SMAs

The model used in this work is an extension of the model
developed recently by Rezaee-Hajidehi et al. (2020) by introduc-
ing a gradient regularization to the finite-strain 3D model of
pseudoelasticity of Stupkiewicz and Petryk (2013). The gradient
regularization has been introduced in order to adequately treat
strain localization and propagation of macroscopic transformation
fronts. The model is formulated by specifying the free energy
function and the dissipation function, and the complete evolution
problem is then formulated within the incremental energy min-
imization framework. The reader is referred to Stupkiewicz and
Petryk (2013) for a detailed presentation of the constitutive model
and to Rezaee-Hajidehi et al. (2020) for the aspects related to the
gradient regularization. Below we describe very briefly the exten-
sions introduced to the model in order to accurately represent
the intrinsic material response predicted by the micromechanical
model.

The modifications introduced in the present paper concern both
the free energy function and the dissipation function. In general,
the two functions cannot be uniquely fitted using the stress—strain
curve alone. To avoid ambiguity, the contributions coming from the
free energy and dissipation functions have been separated and fit-
ted individually by adequate postprocessing of the results of the
micromechanical model.

The modification introduced to the free energy function con-
cerns the interaction energy term ¢;,(n), which in the original
macroscopic model (Stupkiewicz and Petryk, 2013) was adopted as
a quadratic function of 5, the volume fraction of martensite, with
a constant coefficient playing the role of a hardening or soften-
ing modulus. Actually, the interaction energy influences the stress-
strain response only through its derivative ¢/  (n). It is thus con-
venient to perform the fitting directly for the derivative ¢ (1),
rather than for the function ¢;,(n) itself, and this approach has
been adopted here.

The rate-independent dissipation function in the macroscopic
model is assumed as D(1)) = fc|n7|, where f. > 0 is the critical
thermodynamic driving force for phase transformation. The mod-
ification introduced here amounts to specifying the critical driv-
ing force separately for the forward and reverse transformation,
and basically consists in introducing the dependence of the criti-
cal driving force on 1, thus

DGy m) = fE () + fo (=), (13)

with the meaning of angular brackets as in Eq. (3).

Each of the constitutive functions ¢/ (1), f&(n) and f (1) has
been fitted using a Bernstein polynomial of degree 12. The impact
of the individual contributions on the pseudoelastic stress—strain
response is illustrated in Fig. 8a for the case of the grain diam-
eter dgr = 20 pm. The adopted procedure yields a good fitting of
the response predicted by the micromechanical model, as shown
in Fig. 8b for the three grain diameters examined in Section 4.3.

As a part of the identification procedure, the transformation strain
in tension has been determined as equal to &1 = 0.055.

5.2. Finite-element model

The finite-element formulation of the gradient-enhanced model
relies on the micromorphic-type regularization, as proposed by
Rezaee-Hajidehi and Stupkiewicz (2018), see also Maziére and For-
est (2015). The computer implementation follows exactly that de-
veloped by Rezaee-Hajidehi et al. (2020), where all the details
can be found. The resulting computational model involves, as the
global unknown fields, the displacement field, the micromorphic
counterpart of the volume fraction of martensite, and temperature.
The thermomechanical coupling is introduced to the model be-
cause it provides an additional, physically-based regularization of
the non-monotonic response. Indeed, the thermomechanical cou-
pling improves the robustness of the computational model, which
is particularly beneficial when the softening is high. The thermo-
mechanical coupling renders the response rate-dependent so that
the experimentally observed loading-rate effects can also be stud-
ied (e.g., Rezaee-Hajidehi et al., 2020), which, however, is not pur-
sued here.

In the present computations, isoparametric hexahedral ele-
ments are used with triquadratic shape functions for the displace-
ment and with trilinear shape functions for the remaining un-
knowns. The computer implementation is carried out using AceGen,
a symbolic code generation system, and the finite-element compu-
tations are performed using AceFEM, a finite-element code inter-
faced with AceGen (Korelc and Wriggers, 2016).

Finite-element computations have been carried out for a dog-
bone specimen loaded in tension. The specimen of the total length
of 60 mm contains the gauge segment of the length L =24 mm
and uniform cross-section of 5.2 x 0.15 mm?. The specimen width
gradually increases in the transition segments between the gauge
segment and the gripping segments, the latter of the width of
20 mm. The axial displacement is prescribed at the specimen ends
in a way that no bending moment is transmitted to the specimen
by allowing the gripping segments to rotate. The load is applied
with a low constant nominal loading rate of 10~> s~! in order to
obtain a nearly isothermal response. The elongation §/L is deter-
mined as the averaged relative axial displacement of the two cross-
sections at the ends of the gauge segment normalized by the gauge
length L. A small geometrical imperfection is introduced in the
upper-right part of the gauge segment to trigger a non-symmetric
mode of strain localization.

The finite-element mesh within the gauge length is adopted
such that the in-plane element size is 0.13 mm, and through-the-
thickness element size is 0.15 mm, so that the gauge segment is
discretized into 185 x 40 x 1 elements. The in-plane element
size gradually increases towards the gripping segments. The total
number of degrees of freedom exceeds 550 000. For completeness,
the model parameters used in the finite-element computations are
provided in Appendix C.

5.3. Finite-element simulations of uniaxial tension test

Fig. 9 shows the normalized force-elongation diagram com-
puted for the grain diameter dgr =20 pm. Also shown are the
snapshots illustrating the evolution of the transformation pattern
at selected instants, as indicated by the markers and labels on the
force-elongation diagram. Each snapshot represents the specimen
in the deformed configuration with the colour indicating the vol-
ume fraction of martensite.

Initially, the transformation is nearly uniform within the gauge
segment, and this stage corresponds to the initial ‘hardening’
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Fig. 8. Fitting of the macroscopic model to the uniaxial-tension response predicted by the micromechanical model: (a) illustration of the individual contributions for the
case of dgr = 20 pm; (b) comparison for the three grain sizes (solid and dashed lines correspond to the macroscopic and micromechanical model, respectively).
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Fig. 9. Finite-element simulation of uniaxial tension: nominal stress-elongation diagram predicted for dg; = 20 pm (left), and snapshots of the evolution of the transformation
pattern at selected instants (right). The colour denotes the volume fraction of martensite varying between 0 (blue) and 1 (red), with the intermediate colours corresponding
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branch of the intrinsic stress-strain relationship for the material.
At the elongation of about 1% a sudden load drop is observed
which is associated with the nucleation of a thin inclined band of
martensite (snapshot 1). The band nucleates at the imperfection.
The transformation proceeds then through propagation of macro-
scopic transformation fronts at an approximately constant load.
The obtained nominal stress—elongation curve is visibly smoother
than the experimental one shown in Fig. 1. The wiggles in the ex-
perimental curve may be related to abrupt events, like nucleation
of new interfaces, changes in orientation of interfaces, and for-
mation of criss-cross patterns, or to material inhomogeneity, e.g.,
due to the grain microstructure. In the present computations, the
abrupt events are not observed during loading, but they are ob-
served during unloading, thus leading to small wiggles at the ini-
tial stage of unloading, as commented below. On the other hand,
material inhomogeneity is not included in the model, except for
that resulting from the finite-element discretization. However, the
finite-element mesh is here sufficiently fine, in particular, with
respect to the thickness of the diffuse macroscopic transforma-

tion fronts, so that the related nominal stress fluctuations are very
small and thus not visible.

The macroscopic transformation fronts are diffuse interfaces
that separate the domains of low and high volume fraction of
martensite equal to 0.037 and 0.94, respectively. Those values are
close to the limit values of 0 and 1, and their deviation from the
limit values is thus hardly visible. The end of the load plateau cor-
responds to the instant at which the martensite domain extends
over the entire gauge length (snapshot 3). With further elongation,
the load increases which is accompanied by a uniform transfor-
mation within the gauge segment until the transformation is com-
pleted.

Upon unloading, the reverse transformation proceeds through
a reverse motion of the macroscopic transformation fronts. At the
initial stage, small oscillations of the load are observed which
are associated with the development and evolution of a criss-
cross pattern at the macroscopic transformation fronts (snapshot
5). Subsequently, two inclined interfaces form and propagate in a
stable manner until the martensite band annihilates. The event of
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Fig. 10. Comparison of the stress plateau in the 3D finite-element simulation of the
tension test with the Maxwell stress for the non-monotonic response of the mate-
rial for grain size dg = 20 pm. The specimen and material responses are expressed
in terms of the nominal stress and elongation.

annihilation of the macroscopic transformation fronts is accompa-
nied by a small increase of the load.

It has been checked that the plateau stress, both during the for-
ward and reverse transformation, is in excellent agreement with
the Maxwell stress. This is illustrated for dgr = 20 pm in Fig. 10 in
which the horizontal dashed line denotes the Maxwell stress, de-
termined in the standard way by equating the shaded areas above
and below the Maxwell line. It can be seen from Fig. 10 that the
actual specimen response can be remarkably well approximated
by the hypothetical specimen response obtained by employing the
Maxwell construction, cf. Fig. 7. A minor and expected difference
between the two is that the stress minimum followed by a sudden
stress increase at the beginning of the reverse transformation is
not observed in the actual specimen response because the reverse
transformation proceeds through a reverse motion of already ex-
isting macroscopic transformation fronts. Another small difference
is that the nucleation of the martensite band starts slightly before
the maximum stress point, and the nucleation stress is influenced
by the imperfection. Moreover, the subsequent stress drop is char-
acterized by a finite slope, which has been found to depend mostly
on the specimen length, while an infinite slope is assumed in the
hypothetical response.

The specimen responses computed for the three grain sizes are
shown in Fig. 11. The qualitative features are here the same regard-
less of the grain size. Also, it has been checked that in all cases
the plateau stresses agree very well with the respective Maxwell
stresses. As a result, the width of the pseudoelastic hysteresis loop
shows a significant grain-size dependence which is inherited from
the respective intrinsic material responses.

6. Conclusion

A multiscale analysis of pseudoelastic behavior of SMAs has
been carried out, starting from crystallographic lattice rearrange-
ments up to the scale of a polycrystalline specimen. The stan-
dard analysis of a rank-two laminate domain has been enhanced
by including a hierarchy of interfacial energies on three scales: of
planar twin interfaces, of corrugated interfaces between austenite

0.00 0.01 0.02 0.03 0.04 0.05 0.06
o/L

Fig. 11. Finite-element simulations of the nominal stress-elongation response of a
tensile specimen for the three grain sizes.

and twinned martensite, and of domain boundaries. To determine
the actual microstructure evolution among plenty of possibilities,
the incremental energy minimization technique (Petryk, 2003) has
been applied. Upon subsequent passage to the scale of a polycrys-
talline aggregate, it has been shown, apparently for the first time,
that the interfacial energy accumulation and release can be pre-
dominant in predicting a non-monotonic uniaxial stress-strain re-
sponse and the accompanying hysteresis. The effects are depen-
dent on the grain size, which has been examined quantitatively
for a NiTi SMA with the conclusion that the smaller the grain size
(in the relevant grain-size range) the stronger the calculated ef-
fect. Finally, the finite-element study of a tensile specimen in the
finite-deformation setting has confirmed that the simple Maxwell
construction for the non-monotonic material response in tension
accurately predicts the plateau stress in loading and another one
in unloading.

The simulated stress-elongation hysteresis loop with two
plateaus for a NiTi specimen subjected to uniaxial tensile loading
and unloading is both qualitatively and quantitatively close to that
commonly observed in the quasi-static tension tests performed at
a constant temperature corresponding to the pseudoelastic regime.
Of course, the mean stress level depends significantly on the tem-
perature, and can be straightforwardly fitted in the calculations by
adjusting the value of chemical free energy. In turn, the calculated
width of the hysteresis loop is found to depend on the grain size
through the interfacial energy effects and also directly on the as-
sumed value of the critical driving force f. that specifies the bulk
contribution to dissipation. Validation of the present model in this
respect is more difficult since experimental studies of grain-size
dependence of the hysteresis loop are scarce. An increase of hys-
teresis with decreasing grain size has been observed experimen-
tally in CuAlBe polycrystal (Montecinos et al., 2008) and in CuAINi
microwires (Chen and Schuh, 2011), and this qualitative effect is
correctly reproduced by our model. On the other hand, the exper-
imental data for the grain sizes within a nanometer range (Ahadi
and Sun, 2015; Sun and He, 2008) show an opposite effect. Note,
however, that the present model deals with domains of microme-
ter size to allow formation of rank-two austenite-martensite lam-
inates, while different transformation mechanisms may operate in
materials with nanometer-sized grains (Waitz et al., 2007). At the
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same time, the shape of the non-monotonic stress-strain curve in
loading predicted for the NiTi material of grain size dg- =20 pm
shows a remarkable similarity to the experimental one quoted in
Fig. 1 after Hallai and Kyriakides (2013). As mentioned above, that
shape is obtained here solely from the interfacial energy consider-
ations.

All efforts have been made to leave the number of parame-
ters of unverifiable value in the analysis as small as possible. In
result, practically only one such parameter, f., has remained. This
has been done at the cost of a number of simplifying assumptions
which have been explained in the text and in the cited references.
These assumptions impose limitations on the applicability of the
present micromechanical approach, for instance, to predominantly
proportional loading paths. Further work in needed to clarify and
possibly overcome such limitations in the future.
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Appendix A. Size-dependent microstructure evolution within a
spherical sub-grain

In this appendix we provide the complete set of the governing
equations of the model of microstructure evolution in a spherical
sub-grain, cf. Fig. 3. The model is briefly described in Section 3.1,
while the detailed derivation can be found in (Stupkiewicz and
Petryk, 2010b).

Al. Interfacial energy at three scales

The total free energy density (per unit volume of the sub-grain)
comprises the interfacial energy contributions from three scales,

¢'=>"¢l.  s=tw,am,gb (A1)
N
with the contribution of twin interfaces,
. 2nyd
bw = YiwArw = % (A2)
tw
the contribution of austenite-twinned martensite interfaces,
i 2T heow + p2
¢)allm = (ya(i'n + yaarn)Aam = —( an tI‘_AI, yam) , (A.3)

and the contribution of the boundary of the laminated spherical sub-
grain,

; 3 ,2—VH| , . TTn\2
b = 1 ghtHAgy = Z7ta;Lb T d[n (1 —sin 7)

+(1=7n)? (1 — oS 7'(277)2}

where y&, and yj, are the atomic-scale interfacial energy densi-
ties, y£, = 'S hew is the elastic micro-strain energy density, {ng}
is the average elastic micro-strain energy factor for the sub-grain
boundary, and Aww =27/htw, Aam =2/H and Ag, =6/d are the
size-dependent densities of the corresponding interfaces per unit
volume of the sub-grain. In Eq. (A.4), u, v are the standard elas-
ticity constants, b is the magnitude of the so-called shape-strain
vector that characterizes the transformation strain of the marten-
site plates, and a = 0.197, cf. (Petryk et al., 2010, Eq. (8)).

(A4)

A2. Initial stage of transformation

Energetically optimal microstructural parameters hd, and MO
at the initial stage of transformation, i.e. for n ~ 0, are obtained
by minimization of ¢} = @{(n, hew, M) with respect to hyy and M,
which yields

h?w =V eamMO,
Tenf2 + Tin
rep/2

M° =

egbdv lam =

lg = (A5)

where q’)(i) is the leading term of the Taylor expansion of ¢! with
respect to n at n =0,

e0
IS hew

) a a re'm 3 2—v
W b
¢5=2"(ﬁw+ M +J;€/;n+ id ) Fggziﬂa“bz

1-v

(A.6)

A3. Microstructure evolution

Microstructure evolution during phase transformation is deter-
mined by the incremental energy minimization. Twin spacing is
assumed constant, hthh?W, and evolution of martensite plate
thickness M is obtained by minimizing the interfacial part of the
incremental energy supply along a transformation path parameter-
ized by 7, thus M = M(n) determined as follows,

AE'(n, M, KS,) — min, AE = Ag' + AD', (A7)
where, as a specification of Eq. (3), the interfacial contribution to
dissipation is equal to

AD' =" ADL, ADL = k(—APD,  0<ks<1,
S

s = tw, am, gb. (A.8)

Since the interfacial energy release can hardly be expected to be
converted to the elastic bulk energy and is thus likely to be dissi-
pated, it is reasonable to take values of ks closer to 1 than to 0.

Appendix B. Bi-crystal aggregate model

In this appendix we provide the complete set of the governing
equations of the bi-crystal aggregate model. The model, formulated
in the small-strain setting, is briefly commented in Section 4.2, and
the details can be found in (Stupkiewicz and Petryk, 2010a).

B1. Rank-two laminated sub-grain

Martensite is assumed to appear in the form of internally-
twinned plates (i.e. habit-plane variants, HPVs) that form a rank-
two austenite-martensite laminate within the corresponding sub-
grain, cf. Figs. 3 and 6. The overall transformation strains ei of the
martensite plates are compatible with unstressed austenite, thus

1
eizi(bk®mk+mk®bkl k=1,...,N, (B.1)
where the habit-plane normal m, and shape-strain vector b, can
be obtained from the classical crystallographic theory of martensite
(Bhattacharya, 2003).

B2. Single grain
The Helmholtz free energy of a grain composed of laminated

sub-grains of uniform elastic properties is assumed in the follow-
ing form,
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Table C1
Material parameters of polycrystalline NiTi.

E v et T; As* Q0 c K G

[GPa]  [-] (-] Kl [MPa/K]  [kg/m®]  [J/(kgK)] ~ [W/(mK)] [Pam?] [MPa]

70 033 0.055 217 0.24 6500 440 18 0.062 471

Table C.2

Coefficients 8, of the Bernstein polynomials for dg =20 pm (in MPa).

Bo B B2 B3 Ba Bs

Bs B7 Bs Bo Bio Bu B

() 805 1536 353 3058 2427 3166 -17.84 2022 -2290 1327 -965 -920 150
ff(m 300 348 145 500 290 114 1.83 6.86  5.13 6.60 1254 1198  14.52
f-) 1261 1428 1105 1223  6.78 530 644 810 487 296 588 4.84 495
. Tv(a - 1 . . 7 B4. Polycrystal as an aggregate of differently oriented bi-crystals
BN = "1 = o+ 1AM P+ 5 (58 LE -8+ B very sgregate of differently v
(B.2) The macroscopic response of a SMA polycrystal is obtained by
along with averaging the responses of bi-crystals of random grain orientations
J and random grain-boundary orientations, possibly characterized by
M > 0, (B.3) a crystallographic texture. The respective averaging operation is de-

&= mej, =Y m=<1.
k k

where 7, denotes the volume fraction of martensite variant k, 7
is the total volume fraction of martensite in the grain, AMg, is
the chemical energy of transformation, and L is the elastic stiff-
ness tensor. The interaction energy ¢}, is here neglected, ¢} =0,
which corresponds to a constant-stress averaging scheme within a
single grain. As usual, we have 6 = 9¢/0& = L(& — &").

The rate-independent dissipation function for phase transfor-
mation (f > 0) and martensite reorientation (fy > 0) is adopted
in the following form,

_ _ 1 i
AD(An) = AD(Am) = fel A+ 5 fr| - 1Amd = A7 ),
k

Al =" A (B.4)
k

The original model of Stupkiewicz and Petryk (2010a) does not
account for the interfacial energy effects, thus the free energy ¢
and the dissipation function AD comprise only the bulk contribu-
tions ¢V and ADY, respectively.

B3. Bi-crystal composed of two adjacent grains

The polycrystalline material is considered as an aggregate of bi-
crystals, where each bi-crystal is composed of a pair of neighbour-
ing grains separated by a planar grain boundary of orientation n.
The following compatibility conditions at the grain boundary are
imposed on the (average) strains and stresses in the grains,

_ _ 1
€y — € = E(C®n+n®c),

(&(2) — 6'(1))11 = 0, (B5)

where ¢ is an unknown vector.
The average strain and stress within the bi-crystal are given by

&, =C08q)+(1-0)&), 0, =800+ (1-8)0), (B.6)

and the average free energy and dissipation densities read

by =Chay+ (1 =0y, ADy=ADg) + (1-C)ADg,
(B.7)

where ¢ and 1- ¢ denote the volume fractions of the grains in

the bi-crystal, and ;:% is assumed in the simulations. An an-

alytical expression for éb has been derived in (Stupkiewicz and
Petryk, 2010a).

noted by {-} so that the macroscopic strain and stress, and the
macroscopic free energy and dissipation densities are given by

E={&}, X={6,}, @={¢}). AD={ADy}. (BS8)

To close the model, the Taylor averaging scheme is adopted so that
the average strain in each bi-crystal is constrained to be equal to
the macroscopic strain,

&, =E. (B.9)

B5. Incremental energy minimization

For a strain-controlled process, the macroscopic response is ob-
tained by minimizing the incremental energy supply,

AE=Ad+AD — min for prescribed AE. (B.10)

In view of the Taylor constraint (B.9), the minimization problem
can be solved separately for each bi-crystal,

AE, = A¢, + AD, — min for prescribed A&, = AE.

(B.11)

The minimization problem (B.11) is a non-smooth minimization
problem with 2N unknown increments of the volume fractions of
martensite variants in the bi-crystal. The problem can be trans-
formed to a quadratic programming problem with 4(N+ 1) un-
knowns, which can be efficiently solved using the interior-point
method.

Appendix C. Model parameters used in the finite-element
computations

In Table C.1 we provide the parameters of the model, as used
in the finite-element computations in Section 5.3, see Rezaee-
Hajidehi et al. (2020) for the detailed description of the model and
its parameters. The material is assumed isotropic with the elas-
tic properties, E and v, consistent with those employed in the bi-
crystal model. Considering that only uniaxial tension is studied,
the tension-compression asymmetry is neglected, and the trans-
formation strain in tension &, equal to that in compression, has
been determined by fitting the response in uniaxial tension, cf.
Section 5.1. The transformation temperature T; is determined such
that the chemical energy at the initial temperature Ty =296 K is
equal to that assumed in the bi-crystal model, A™¢pq = As*(Ty —
T;) = 19 MPa. The entropy of transformation As*, the density g,
the specific heat ¢, and the thermal conductivity coefficient K are
adopted after Rezaee-Hajidehi et al. (2020).
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Parameter G is related to the gradient regularization and con-
trols the thickness of diffuse interfaces (macroscopic transforma-
tion fronts). A target interface thickness has been assumed as
twice the element size, and parameter G has been adjusted ac-
cordingly by referring to the analytical solution for the interface
profile, cf. Rezaee-Hajidehi and Stupkiewicz (2018). The value of G
in Table C.1 corresponds to the case of dgr = 20 pm with the actual
nonlinear non-monotonic response approximated by a piecewise-
linear one. Parameter x, which is associated with the micromor-
phic regularization, is determined such that the martensite volume
fraction and its micromorphic counterpart are reasonably close one
to the other, cf. (Rezaee-Hajidehi and Stupkiewicz, 2018).

As described in Section 5.1, the constitutive functions ¢ (1),
f&(m) and fz (n) have been fitted using Bernstein polynomials of

degree n = 12 of the form

Bn(x) = Zﬂvbv,n(x),

v=0

byn(X) = (Z)xvu —X)"Y, (1)

where b, n(x) are the Bernstein basis polynomials and 3, are the
corresponding coefficients. The coefficients g, fitted for the three
constitutive functions ¢/ (1), f&(n) and fZ(n) are provided in

int
Table C.2 for the representative case of dgr = 20 pm.

References

Ahadi, A., Sun, Q.P, 2015. Stress-induced nanoscale phase transition in superelastic
NiTi by in situ X-ray diffraction. Acta Mater. 90, 272-281.

Alessi, R., Bernardini, D., 2015. Analysis of localization phenomena in shape memory
alloys bars by a variational approach. Int. J. Sol. Struct. 73-74, 113-133.

Auricchio, E, Petrini, L., 2002. Improvements and algorithmical considerations on a
recent three-dimensional model describing stress-induced solid phase transfor-
mations. Int. J. Num. Meth. Engng. 55, 1255-1284.

Badnava, H., Mashayekhi, M., Kadkhodaei, M., Amiri-Rad, A., 2018. A non-local im-
plicit gradient-enhanced model for thermomechanical behavior of shape mem-
ory alloys. J. Intel. Mat. Syst. Struct. 29, 1818-1834.

Bechle, NJ., Kyriakides, S., 2014. Localization in NiTi tubes under bending. Int. ].
Solids Struct. 51, 967-980.

Bechle, NJ., Kyriakides, S., 2016. Evolution of localization in pseudoelastic NiTi tubes
under biaxial stress states. Int. ]. Plast. 82, 1-31.

Bhattacharya, K., 2003. Microstructure of Martensite: Why It Forms and How It
Gives Rise to the Shape-Memory Effect. Oxford University Press, Oxford.

Chang, B.C., Shaw, J.A., ladicola, M.A., 2006. Thermodynamics of shape memory al-
loy wire: modeling, experiments, and application. Continuum Mech. Thermo-
dyn. 18, 83-118.

Chen, Y., Schuh, C.A., 2011. Size effects in shape memory alloy microwires. Acta
Mater. 59, 537-553.

Churchill, C.B., Shaw, J.A., ladicola, M.A., 2009. Tips and tricks for characterizing
shape memory alloy wire: part 3—localization and propagation phenomena.
Exp. Tech. 33, 70-78.

Cisse, C., Zaki, W., Ben Zineb, T., 2016. A review of constitutive models and modeling
techniques for shape memory alloys. Int. . Plast. 76, 244-284.

Duval, A., Haboussi, M., Ben Zineb, T., 2011. Modelling of localization and propa-
gation of phase transformation in superelastic SMA by a gradient nonlocal ap-
proach. Int. J. Sol. Struct. 48, 1879-1893.

Ericksen, J.L., 1975. Equilibrium of bars. J. Elast. 5, 191-201.

Esfahani, S.E., Ghamarian, I., Levitas, V.I, Collins, P.C., 2018. Microscale phase field
modeling of the martensitic transformation during cyclic loading of NiTi single
crystal. Int. J. Sol. Struct. 146, 80-96.

Gall, K., Sehitoglu, H., 1999. The role of texture in tension-compression asymmetry
in polycrytalline NiTi. Int. J. Plast. 15, 69-92.

Hackl, K., Heinen, R., 2008. A micromechanical model for pretextured polycrystalline
shape-memory alloys including elastic anisotropy. Continuum Mech. Thermo-
dyn. 19, 499-510.

Hallai, J.F, Kyriakides, S., 2013. Underlying material response for Liiders-like insta-
bilities. Int. J. Plast. 47, 1-12.

Jiang, D., Kyriakides, S., Landis, C.M., 2017. Propagation of phase transformation
fronts in pseudoelastic NiTi tubes under uniaxial tension. Extreme Mech. Lett.
15, 113-121.

Jiang, D., Kyriakides, S., Landis, C.M., Kazinakis, K., 2017. Modeling of propagation
of phase transformation fronts in NiTi under uniaxial tension. Eur. J. Mech.
A/Solids 64, 131-142.

Jiang, D., Landis, C.M., Kyriakides, S., 2016. Effects of tension/compression asymme-
try on the buckling and recovery of NiTi tubes under axial compression. Int. .
Sol. Struct. 100-101, 41-53.

mbG;April 28, 2020;20:1

Khachaturyan, A.G., 1983. Theory of Structural Transformations in Solids. John Wiley
and Sons, New York.

Korelc, J., Wriggers, P., 2016. Automation of Finite Element Methods. Springer Inter-
national Publishing, Switzerland.

Lagoudas, D.C., Hartl, D., Chemisky, Y., Machado, L., Popov, P, 2012. Constitutive
model for the numerical analysis of phase transformation in polycrystalline
shape memory alloys. Int. J. Plast. 32-33, 155-183.

Ledn Baldelli, A.A., Maurini, C., Pham, K., 2015. A gradient approach for the macro-
scopic modeling of superelasticity in softening shape memory alloys. Int. J. Sol.
Struct. 52, 45-55.

Levitas, V.I, Ozsoy, L.B., 2009. Micromechanical modeling of stress-induced phase
transformations. Part 1. Thermodynamics and kinetics of coupled interface
propagation and reorientation. Int. J. Plast. 25, 239-280.

Maziére, M., Forest, S., 2015. Strain gradient plasticity modeling and finite element
simulation of Liiders band formation and propagation. Continuum Mech. Ther-
modyn. 27, 83-104.

Montecinos, S., Cuniberti, A., Septilveda, A., 2008. Grain size and pseudoelastic be-
haviour of a Cu-Al-Be alloy. Mater. Char. 59, 117-123.

Miiller, I, Xu, H., 1991. On the pseudo-elastic hysteresis. Acta Metall. Mater. 39,
263-271.

Otsuka, K., Wayman, C.M. (Eds.), 1998. Shape Memory Materials. Cambridge Univer-
sity Press.

Petryk, H., 2000. Theory of material instability in incrementally nonlinear plasticity.
In: Petryk, H. (Ed.), Material Instabilities in Elastic and Plastic Solids. Springer
Verlag Wien, pp. 261-331.

Petryk, H., 2003. Incremental energy minimization in dissipative solids. C. R. Mec.
331, 469-474.

Petryk, H., Stupkiewicz, S., 2010. Interfacial energy and dissipation in martensitic
phase transformations. Part I: theory. J. Mech. Phys. Solids 58, 390-408.

Petryk, H., Stupkiewicz, S., Maciejewski, G., 2010. Interfacial energy and dissipation
in martensitic phase transformations. Part II: size effects in pseudoelasticity. ]J.
Mech. Phys. Solids 58, 373-389.

Pieczyska, E.A., Gadaj, S.P., Nowacki, W.K., Tobushi, H., 2006. Phase-transforma-
tion fronts evolution for stress-and strain-controlled tension tests in TiNi shape
memory alloy. Exp. Mech. 46, 531-542.

Qiao, L., Radovitzky, R., 2016. Computational modeling of size-dependent superelas-
ticity of shape memory alloys. J. Mech. Phys. Solids 93, 93-117.

Raniecki, B., Lexcellent, C., Tanaka, K., 1992. Thermodynamic models of pseudoelas-
tic behaviour of shape memory alloys. Arch. Mech. 44, 261-284.

Reedlunn, B., Churchill, C.B., Nelson, E.E., Shaw, J.A., Daly, S.H., 2014. Tension, com-
pression, and bending of superelastic shape memory alloy tubes. J. Mech. Phys.
Solids 63, 506-537.

Rezaee-Hajidehi, M., Stupkiewicz, S., 2018. Gradient-enhanced model and its micro-
morphic regularization for simulation of Liiders-like bands in shape memory
alloys. Int. J. Sol. Struct. 135, 208-218.

Rezaee-Hajidehi, M., Tima, K., Stupkiewicz, S., 2020. Gradient-enhanced thermome-
chanical 3D model for simulation of transformation patterns in pseudoelastic
shape memory alloys. Int. ]. Plast. 128, 102589.

Sedlak, P, Frost, M., Bene3ova, B., Ben Zineb, T, Sittner, P., 2012. Thermomechani-
cal model for NiTi-based shape memory alloys including R-phase and material
anisotropy under multi-axial loadings. Int. ]J. Plast. 39, 132-151.

Sedmdk, P, Pilch, J., Heller, L., Kopetek, J., Wright, ]., Sedlak, P., Frost, M., Sittner, P.,
2016. Grain-resolved analysis of localized deformation in nickel-titanium wire
under tensile load. Science 353, 559-562.

Sengupta, A., Papadopoulos, P., 2009. Constitutive modeling and finite element ap-
proximation of B2-R-B19’ phase transformations in Nitinol polycrystals. Comp.
Meth. Appl. Mech. Eng. 198, 41-44.

Shaw, J.A., Kyriakides, S., 1997. On the nucleation and propagation of phase trans-
formation fronts in a NiTi alloy. Acta Mater. 45, 683-700.

Siredey, N., Patoor, E., Berveiller, M., Eberhardt, A., 1999. Constitutive equations for
polycrystalline thermoelastic shape memory alloys. Part I. Intragranular interac-
tions and behaviour of the grain. Int. J. Sol. Struct. 36, 4289-4315.

Stupkiewicz, S., Maciejewski, G., Petryk, H., 2012. Elastic micro-strain energy of
austenite-martensite interface in NiTi. Modell. Simul. Mater. Sci. Eng. 20, 35001.

Stupkiewicz, S., Petryk, H., 2010. A bi-crystal aggregate model of pseudoelastic be-
haviour of shape-memory alloy polycrystals. Int. J. Mech. Sci. 52, 219-228.

Stupkiewicz, S., Petryk, H., 2010. Grain-size effect in micromechanical modelling of
hysteresis in shape memory alloys. Z. Angew. Math. Mech. 90, 783-795.

Stupkiewicz, S., Petryk, H., 2013. A robust model of pseudoelasticity in shape mem-
ory alloys. Int. J. Num. Meth. Eng. 93, 747-769.

Sun, Q.P, He, YJ., 2008. A multiscale continuum model of the grain size depen-
dence of the hysteresis in shape memory alloy polycrystals. Int. J. Sol. Struct.
45, 3868-3896.

Sun, Q.P, Li, Z.Q., 2002. Phase transformation in superelastic NiTi polycrystalline mi-
cro-tubes under tension and torsion—from localization to homogeneous defor-
mation. Int. J. Sol. Struct. 39, 3797-3809.

Thamburaja, P, Anand, L., 2001. Polycrystalline shape-memory materials: effect of
crystallographic texture. J. Mech. Phys. Solids 49, 709-737.

Tama, K., Stupkiewicz, S., Petryk, H., 2016. Size effects in martensitic microstruc-
tures: finite-strain phase field model versus sharp-interface approach. J. Mech.
Phys. Solids 95, 284-307.

Tama, K., Stupkiewicz, S., Petryk, H., 2018. Rate-independent dissipation in phase-
field modelling of displacive transformations. J. Mech. Phys. Solids 114, 117-142.

Sittner, P, Novak, V., 2000. Anisotropy of martensitic transformations in modeling
of shape memory alloy polycrystals. Int. J. Plast. 16, 1243-1268.



http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0001
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0001
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0001
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0002
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0002
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0002
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0003
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0003
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0003
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0004
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0004
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0004
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0004
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0004
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0005
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0005
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0005
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0006
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0006
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0006
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0007
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0007
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0008
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0008
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0008
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0008
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0009
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0009
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0009
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0010
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0010
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0010
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0010
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0011
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0011
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0011
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0011
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0012
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0012
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0012
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0012
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0013
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0013
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0014
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0014
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0014
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0014
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0014
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0015
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0015
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0015
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0016
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0016
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0016
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0017
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0017
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0017
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0018
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0018
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0018
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0018
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0019
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0019
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0019
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0019
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0019
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0020
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0020
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0020
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0020
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0021
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0021
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0022
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0022
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0022
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0023
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0023
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0023
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0023
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0023
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0023
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0024
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0024
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0024
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0024
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0025
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0025
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0025
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0026
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0026
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0026
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0027
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0027
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0027
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0027
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0028
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0028
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0028
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0029
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0030
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0030
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0031
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0031
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0032
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0032
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0032
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0033
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0033
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0033
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0033
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0034
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0034
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0034
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0034
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0034
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0035
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0035
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0035
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0036
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0036
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0036
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0036
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0037
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0037
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0037
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0037
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0037
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0037
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0038
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0038
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0038
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0039
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0039
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0039
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0039
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0040
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0040
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0040
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0040
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0040
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0040
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0041
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0041
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0041
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0041
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0041
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0041
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0041
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0041
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0041
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0042
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0042
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0042
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0043
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0043
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0043
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0044
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0044
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0044
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0044
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0044
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0045
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0045
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0045
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0045
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0046
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0046
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0046
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0047
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0047
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0047
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0048
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0048
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0048
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0049
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0049
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0049
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0050
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0050
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0050
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0051
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0051
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0051
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0052
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0052
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0052
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0052
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0053
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0053
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0053
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0053
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0054
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0054
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0054
https://doi.org/10.1016/j.ijsolstr.2020.04.006

ARTICLE IN PRESS

mb5G;April 28, 2020;20:1

S. Stupkiewicz, M. Rezaee-Hajidehi and H. Petryk/International Journal of Solids and Structures Xxx (Xxxx) Xxx 15

Waitz, T., Antretter, T., Fischer, ED., Simha, N.K,, Karnthaler, H.P.,, 2007. Size effects on
the martensitic phase transformation of NiTi nanograins. . Mech. Phys. Solids
55, 419-444.

Xiao, Y., Zeng, P, Lei, L, 2019. Micromechanical modelling on thermomechan-
ical coupling of superelastic NiTi alloy. Int. J. Mech. Sci. 153-154, 36-
47.

Yu, C, Kang, G., Kan, Q., 2015. A micromechanical constitutive model for anisotropic
cyclic deformation of super-elastic NiTi shape memory alloy single crystals. ].
Mech. Phys. Solids 82, 97-136.

Zhang, X., Feng, P, He, Y., Yu, T,, Sun, Q.P,, 2010. Experimental study on rate depen-
dence of macroscopic domain and stress hysteresis in NiTi shape memory alloy
strips. Int. J. Mech. Sci. 52, 1660-1670.



http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0055
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0055
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0055
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0055
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0055
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0055
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0056
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0056
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0056
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0056
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0057
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0057
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0057
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0057
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0058
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0058
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0058
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0058
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0058
http://refhub.elsevier.com/S0020-7683(20)30122-0/sbref0058
https://doi.org/10.1016/j.ijsolstr.2020.04.006

	Multiscale analysis of the effect of interfacial energy on non-monotonic stress-strain response in shape memory alloys
	1 Introduction
	2 Incremental energy minimization framework
	3 Compound interfacial energy in a spherical sub-grain
	3.1 Interfacial energy contributions at three scales (Stupkiewicz and Petryk, 2010b)
	3.2 Application to NiTi alloy

	4 Transition to the scale of a polycrystalline aggregate
	4.1 Interfacial energy contributions for a single grain
	4.2 Bi-crystal aggregate model (Stupkiewicz and Petryk, 2010a)
	4.3 The effect of interfacial energy on non-monotonic stress-strain characteristic

	5 Macroscopic modelling of nonuniform phase transformation
	5.1 Phenomenological finite-strain model of pseudoelastic SMAs
	5.2 Finite-element model
	5.3 Finite-element simulations of uniaxial tension test

	6 Conclusion
	Declaration of Competing Interest
	Acknowledgement
	Appendix A Size-dependent microstructure evolution within a spherical sub-grain
	A1 Interfacial energy at three scales
	A2 Initial stage of transformation
	A3 Microstructure evolution

	Appendix B Bi-crystal aggregate model
	B1 Rank-two laminated sub-grain
	B2 Single grain
	B3 Bi-crystal composed of two adjacent grains
	B4 Polycrystal as an aggregate of differently oriented bi-crystals
	B5 Incremental energy minimization

	Appendix C Model parameters used in the finite-element computations
	References


