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In the beginning, the used in the title notion “material
effort” and its subtle otherness
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=The main subject of
the theory of elasticity is to mathematically determine the
state of strain or stress in a solid body being under the con-
ditions determined by the action of a system of external
forces, the specific shape of the body and its elastic proper-
ties. The solution of this question exhausts the role of the
elasticity theory and next the theory of strength of materials
comes into play. Its equally important task is to give
the dimensions of the considered body with determined
exactness with respect to the states unwanted regarding the
body safety on the one hand and most advantageous eco-
nomical conditions on the other hand. This problem, very
simple in the case of a uniaxial state of stress, becomes so
complicated in a general case that from the beginning of the
mentioned theories, special attention has been paid to this
question and an intermediate chapter, being at the same
time the final part of the theory of elasticity and the intro-
duction to the strength of materials theory, has been intro-
duced. This new passage deals with material effort and
different hypotheses related with this notion.” – p. 4
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 ���DE 
 �/#
 -1�/
 �
 crystal clear definition fol-
lows: “Generally, under the notion: material effort we
understand the physical state of a body, comprehended in
the sense of elasticity or plasticity or material strength, and
generated by a system of stresses, and related with them
strains, in the body” – p. 40 C$4�"!A�93
���DE
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����	
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The aim of this paper is to present an energetic approach
to the measure of material effort for a wide range of mate-

rials which, in general, indicate asymmetry in failure cha-
racteristics. It means that in results of tension and compres-
sion tests there is observed a difference in the failure
strength: values of elastic, yield (plastic) or strength limits,
since the failure of a material is usually classified into brittle
failure (fracture) or ductile failure (yield). The energy-
based hypothesis of material effort proposed originally by
W. Burz!A�93
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4�� of MathCad, by means of
which there are presented visualizations of failure surfaces
in the system of principal axes. The algorithm could be also
used to estimate the strength of the examined materials. The
discussed results can be also applied as a teaching material
during courses of mechanics of materials.

�� 
���������� ����
�����������

?@�#"3.3��"
 $4�"!A�93 
 3/
 13�
 #�5-����
 -1��3�
 C$4�"!A�93
���DE
 /�-
 �/�!
 �!�-�.�-3"�#
 -1�
 5�/-�.,����!
 9/�:��#2�
�6�4-
 !3��#
 5�3-��3�
 64-
 ����
 ,����/-�#
 �
 /�:
 �,,���51
 -�
#�-��.3/�
-1�
.���4��
�0
.�-��3��
�00��-
0��
.�-��3���
:1351
��8���
 #300���/5�
 3/
 -1�
 0�3�4��
 �-��/2-1
 C3/
 ,��-354���B
 -1�
����-35
�3.3-E
0��
-�/�3�/
�/#
5�.,����3�/�
�55��#3/2
-�
-1�



46

�����
 ���� 
 �!�"��#
 $�
 %&����	'�

�%%�������	
 ��
 ��
 $(�)*+	'�
 �*%���	�	
 ��
 �������
 �����
 ���
 �	���%��
 	����	

��323/��
 $4�"!A�93F�
 1!,�-1��3� 
 the measure of material
effort defining the limit of elastic range is a sum of the den-
sity of elastic energy of distortion and a part of density of
elastic energy of volume change being a function of the
state of stress and particular material properties. The math-
ematical formula for so stated the hypothesis reads as fol-
lows:

1 2 3,
3 3 3

x y z

Kf v

p
p

Φ + ηΦ =

σ + σ + σσ + σ + σδη = ω + = =
(1)

where:

( ) ( ) ( )2 22
1 2 1 3 2 3

1

12f G
⎡ ⎤Φ = σ − σ + σ − σ + σ − σ⎢ ⎥⎣ ⎦

means the density of elastic energy of distortion, and:

( ) ( ) ( )2 2
1 2 3 1 2 3

1 2 1 2

6 12 1v E G

− ν − νΦ = σ + σ + σ = σ + σ + σ
+ ν

is the density of elastic energy of volume change. The con-
stant K corresponds to the value of the density of elastic
energy in a limit state, while ω, δ are material parameters
dependent on the contribution of the density of elastic ener-
gy of volume change influenced by the mean stress p. By
the symbols σ1, σ2, σ3 are meant principal stresses and by:
σx, σy, σz – normal stresses in an arbitrary Cartesian coordi-
nate system. By introducing the function η $4�"!A�93
-��9
3/-�
�55�4/-
 -1�
�K,��3.�/-���!
6���#
�6���8�-3�/
 -1�-
 -1�
3/5�����
�0
-1�
.��/
�-����
p results in the decrease of the
density of elastic energy of volume change Φν in the mea-
sure of material effort. The above formulation of the
measure of material effort is precise for the limit states of
linear elasticity, typical for brittle behaviour of materials.
When the limit state is related with the lost of material
strength preceded by certain plastic strain, then the measure
of material effort (1) loses its foundations of linear elasti-
city, because in this case inelastic states of material may
occur. This is the reason why W. $4�"!A�93
 �422��-�#
 -�
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04/5-3�/�
Φf i Φν in equation (1) as general strain func-
tions and he emphasized this fact by the word “quasi-ener-
gies” of strain.

In the discussed measure of material effort (1) there are
introduced three material parameters: ω, δ, K�
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p p GKf
− ν − νσ + ω + δ =
+ ν + ν
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(ω, δ, K), another one is
substituted, which results from commonly performed strength
tests: elastic (plastic) limit in uniaxial tension – kt, uniaxial
compression – kc, and torsion – ks: (ω, δ, K) → (kt, kc, ks).

After solving the system of three equations obtained with
use of (2) for the above mentioned tests, the following sub-
stitutions are obtained:

( )
( )

( )
( )2 2

2

2 3 61 2 1 2
, ,

1 1

.
2

s c t s c t

c t c t

s

k k k k k k

k k k k

k
K

G

− −− ν − νω = δ =
+ ν + ν

=

Due to this (2) transforms into the form discussed earlier
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9 3 0
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e

k k k kc t c t p k k p k kc t c t
k ks s
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⎜ ⎟σ + − + − − =⎜ ⎟
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(3)

where 2 21

2e fσ = σ 
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�Luation (3) in the space of principal stresses, depending on
the relations among material constants (kt, kc, ks), describes
the surfaces: an ellipsoid for 23 s t ck k k>  or a hyperboloid
for 23 ,s t ck k k<  which, however, does not have any practical
application. W. $4�"!A�93
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The above equation presents the formula of a paraboloid
of revolution
3/
-1�
�,�5�
�0
,�3/53,��
�-�������
1�
��323/��
�/��2!G6���#
 1!,�-1��3�
 �0
 $4�"!A�93
 C$4�"!A�93
 ���DE
�/#
13�
5�.,��1�/�38�
,1�/�.�/���235��
-1���!
�0
.�-��3G
��
�00��-
:��
0��2�--�/
�/#
��,��-�#�!
M��#3�5�8���#F 
�0-�/
3/
 ,��-� 
 6!
 ��-��
 �4-1����
 �3�54��3�/
 �0
 �-1��
 :��9�
 5�/G
-�3/3/2
-1�
��--��
�L4�-3�/
3�
,����/-�#
3/
CH!5"9�:�93��D� 
����E�
�0
-1�
����-3�/
�.�/2
-1�
limit constants has the form

of the harmonic average: 
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(5)

The above equation represents in the space of principal
stresses a cone of revolution. The failure condition (5) is
known in the literature as the criterion of Drucker-Prager
(Drucker and Prager 1952) and it has found application
mainly for the analysis of limit states in soils and other
geological materials. It should be acknowledged that some
foreign authors refer also in this context to W. $4�"!A�93F�
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Defining the strength differential factor c

t

k

k
κ =  allows to

determine particular cases of the criterion, for example: for

κ = 1 there is kc = kt = k and then ,
3

s
k

k =  which suits the

condition assumed in the Huber-Mises-Hencky criterion.
After suitable transformation (3) takes the form expressed
by stress tensor components in an arbitrary system of Carte-
sian coordinates:

( )

( ) ( )

2 2 2
2

2 2 2
2

2 1
2

( )

c t
x y z x y y z z x

s

t c
x y z c t x y z c t

s

k k

k

k k
k k k k

k

σ + σ + σ − − σ σ + σ σ + σ σ +

+ τ + τ + τ + − σ + σ + σ =

⎛ ⎞
⎜ ⎟⎜ ⎟⎝ ⎠

(6)

and in the system of principal axes:

( )

( )

2 2 2
1 2 3 1 2 2 3 3 12

1 2 3

2 1
2

( )

c t

s

c t c t

k k

k

k k k k

⎛ ⎞
σ + σ + σ − − σ σ + σ σ + σ σ +⎜ ⎟⎜ ⎟⎝ ⎠

+ − σ + σ + σ =

(7)

If σ3 = 0, there is obtained a plane state of stress, for
which:

2 2
1 2 1 22

1 2

( ) 2 1
2

( )( )

c t

s

c t c t

k k

k

k k k k

⎛ ⎞
σ + σ − − σ σ +⎜ ⎟⎜ ⎟⎝ ⎠

+ − σ + σ =

(8)

According to the criterion, for the plane stress state the
limit curve is an ellipse for which the center of symmetry is

defined by: 
2 2

2 2

( ) ( )
,

4 4

s c t s c t
e

c t s c t s

k k k k k k
S

k k k k k k

⎛ ⎞− −
= ⎜ ⎟⎜ ⎟− −⎝ ⎠

 and the axes

of symmetry by: 
2

2

2 ( )
,  .2 1 2 1 4

s c t

c t s

k k k

k k k

−
σ = σ σ = −σ +

−

Example 1

The example of application of the $4�"!A�93
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 5�3-�G
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 ��2O3, which is used in the
production of the metallic-ceramic composites, is presen-
ted. Such a structure represents cellular materials with open
cells and a brittle matrix (Kowalewski 2009). In this
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23 ,s r ck k k>  for which the limit surface has the shape of an
ellipsoid, Fig. 1.

In the space of principal stresses for 3 s t ck k k=  the
graphical representation of the criterion (3) is a paraboloid
of revolution with the axis of symmetry given by the axis of
hydrostatic compression: σ1 = σ2 = σ3. In the plane state
of stress for σ3 = 0 the graphical representation of the Bu-
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and the axes of symmetry are given by:
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symmetry: σ1 = σ2 = σ3.
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Example 2

The example is based on the results discussed by P.S. Theo-
caris  (Theocaris 1995). It is a representation of strength
tests for gray cast iron. The strength limits are set by the
uniaxial tension and compression: kc = 689.47 MPa, kt 5
778�9�"��:�κ�5�4�6. The experimental data are taken from
the works of Coffin, Grassi and Cornet (Theoacaris 1995)
(Fig. 2 and 3).

Example 3

The idea of this example is based on the paper (Theocaris
1995). The results of experimental tests for two kinds of
steel and copper are discussed. The experimental data are
taken, however, from the original works of G.I. Taylor and
H. Quinney (1931) and H. Lode (1926) (Fig. 4 and 5).
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Example 4

The example is based on the paper (Theocaris 1995) and
presents the results of strength tests for different kinds of
polymers (Fig. 6 and 7).

Example 5

Graphical representation of the identification of the li-
mit function  for the composite MMC with metallic ma-
trix: alumina alloy 6061 and particle inclusions: zircon and
corundum, 6061 + 2Zr + 20Al2O3 (Dutkiewicz 2009)
(Fig. 8 and 9).
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