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Abstract: Systems of planar electrodes arranged on dielectric oopleztric layers are
applied in numerous sensors and transducers. In this pgmrostatics of such electrode
systems is presented and exploited in the analysis of lolisé&d piezoelectric transducer
dedicated to surface elastometry of biological tissuesradterized by large Poisson
modulus. The fundamental Mati®bcode for analyzing complex planar multiperiodic
electrode systems is also presented.
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1. Introduction

In many sensors, electric field is applied to investigateylmdmultiple electrodes which frequently
can be considered periodic. This for example is the casertd@iwave sensors of gas, actuators and
linear ultrasonic motors utilizing planar metal strips ectrodes. Analysis of the field distribution and
the electric property of electrode systems is usually rezngdor the design and evaluation of the sensor
parameters. The analysis of conducting strip is the gesetgéct of this paper, and its application for
elastometry is proposed as an example of its usefulness.

Typically, elastic properties can be evaluated by meaguhe ultrasonic wave time of flight over
certain distance. In the case of tissue however, small droarof tissue sample and considerable wave
damping makes the task difficult. In this paper we show how éasuare the wave velocity within one
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ultrasonic transducer applying multiple strip electrodesa piezoelectric layer applied to the tissue
sample, in which case the detailed analysis of the stripeay$$ indispensable because the frequency
characteristic of the system, instead of the time of flighimeasured.

2. A Template Electric Field

The known identity ] lays foundation for the presented analysis:

1 o0 1 \/m/2sin* 0 0<v<d
I <§ — ,u) nZ:O P*(cos ) cos (n + 5) v=24 (cosv—cos@)rtt/2’ == vs

0, 0 <v<m,

1)

0 <6 <m, Re{u} < 1/2. The involved Legendre functioR,(-) = P*(-) for u = 0 has the following
properties (for arbitrary real andn integer)

1, n>0,
-1, n<0,

P, 1=P, P(—x)=S,(-1)"P,(z), S, = { (2)

Two equations can be casted from the above identity whichbeagasily interpreted in electrostatic
terms (the second equation results from the first one aftestgutionsy — v — 7 andd — ¥ — 7)

o V2

Z Pn(A)efj(nJrl/Q)Kx _ m7 2] <w, A= Kuw,
n=—0o 0, w < |z| < A/2,

3)
o0 0, lz| < w,
SnPn A e—j(n+1/2)K$ — . S 2

_Z (&) j—w\/_, w < |z| < A/2,

n=Tee VA —cos Kx

where the variable) is replaced byKz in order to accommodate the results to our purposes;
A = cos Kw.

Figure 1. Periodic system of strips with external cross-less cornmegtwithin the strip cells
including five strips; the arrangement used in the discussador.

The electrostatic interpretation of the above complenmgsiet of functions is the following. The first
equation is the Fourier expansion of the normal electriaatidn on planar periodic perfectly conducing
strips arranged along axiswith periodA = 27/ K (K is the corresponding “wave-number” of strips),
and width2w. As known from electrostatics, the electric charge on stequals the normal induction
discontinuity across the stripsf( Figure 1) that is square-root singular at the strip edge® Sdtond
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equation represent the Fourier expansion of the tangezigatric field (similarly singular at the strip
edges), naturally vanishing on the perfectly conductingstas opposite, the electric charge vanishes
in the space between strips). These two expansions will pleiked as a template electric field in plane
of planar system of periodic strips. Note that the Legendnetions involved in the left-hand side of the
equations can be easily evaluated with help of efficient abdst numerical algorithn?].

In order to make use of the above set of expansion, we neearceharacterization of the electrostatic
medium the strips to be embedded in. Consider the dielduaitispace: > 0 of dielectric constant.
Applying the electric potentiab = exp(—jpx) on the plane: = 0 (which axis is considered normal
to the plane of strips), resulting in tangential electri¢dfi&, = —V,p = jpexp(—jpx), one easily
evaluate that the excited normal electric inductiorz(at 0+) satisfying the condition of vanishing field
atz — oo is (superscript-+' marks the considered field in the upper halfspace):

D} = —jeS,Ey (4)

(neglecting the exponential terms), which is exactly theeaaf the corresponding harmonic components
of the above two complementary Fourier series providedttiefirst equation is multiplied by. The
corresponding field components afg(A) exp(—jnKx) and S, P, (A) exp(—jnKx), for D, and E,,
respectively. For the other halfspace: 0 with dielectric constant and the field vanishing at— —oo,

the corresponding equation to the above onBjs= jS,E,, which allows us to evaluate the electric
charge distribution on the plane= 0 between these two halfspacesias= D — D, = (1+¢&/¢)D}.

3. Arbitrary Potentialson Strips

The application of different electric potentials to subsemt strips breaks the electric field periodicity,
hence the above Fourier expansion must be generalized ioth Bxpansion of the planar electric field
components by corresponding multiplicationdgy exp(—j(r+mK)x) wherer € (0, K) is constrained
to one Brillouin zone for uniqueness reason, yieldipg £ r + nK and series are simply rearranged,;
the superscript+” is dropped, as well as subscript™at tangential field and at normal induction):

D(z) = Z Zee U Py (A) e
e A (5)
E(x)= Y ) jSu-mmPom(A)e 7"

(o, are arbitrary constants and = ¢ + £ is the surface effective dielectric permittivity). This
multiplication does not change the support domains of themab induction D (which remains
x € (—w,w) in the periodA) norz ¢ (—w, w) for the tangential field.

Usually, the most interesting for applications are thepspotentials (which frequently are given)
and the resulting strip charges or curremts= jwD, wherew is the angular frequency of the
applied harmonic potentials to stripsexp(jwt) (I is the particular strip number). In the considered
case characterized by Equatids),(both these quantities can be evaluated explicitly usiogdall’'s
identity [1], which, applying Equation2), can be transformed into two equations:

Po(—A) = sinﬁmr Z SZPl(nA)7 P(A) = Sinwmr Z (—1}/):{32(A) (6)
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The " strip potentialV; is evaluated by simple integration of electric tangentiglkj and, knowing
that this potential is constant over the entire strip, thegral can be evaluated at centers of strips, that
is atx = [A (cf. Figure 1); it is for given value of:

Vi(r)=— | E(z)dx

6—j(7‘+nK)w _IA .
|$ — amv(m)e JriA

=—J Z OémSnmenfm(A) —j(?" + TLK) r ! (7)

1 Sn/Pn/(A) . 7T/K m
Ezn’%—m%—r/K_sinm’/K( D" Pomryic(=4).

VT(m) _

Analogous integral of the normal inductidn has constant values between strips (where= 0),
which allows us to evaluate this integral at the center o€sgzetween strips (that is &t — A/2 or at
iA + A /2 on both side of'" strip). The value of thé" strip charge is the difference of the integral values
at these two points: at the space centers after and befoi@é gtep:

Qi(r) = /Dd$|x=(i+1/2)/\ - /Ddff|x=(i1/2)/\ = GamQﬁm)e_jriAa

A2 .
Qg‘m) _ / anim(A%g*J(TJrnK)xdx = AP_m_T/K(A).

—A/2 5

(8)

Note that both) andV" are the spectral functions ef(moreover,,,, may depend om as well). They
are, in fact, the Fourier transforms of discrete functighsandV; of values taken at the strip centers
x = [A.

4. Stripson Layered Media

If strips are placed on a layered substrate, the Equadias (o longer valid as the value efdepends
on the component’s wavenumber of the Bloch series, as ibwsim Appendix A for particular example
of piezoelectric layer placed on a top of homogeneous elasiispace. The relation governing planar
wavefield is:

D(p) = —je(p)SpE(p), e(lp| > NK) ~ e.. (9)
The fundamental feature of such system is that for large mawer value (say, far +nK| > NK, in
certain acceptable approximation), the surface effep@renittivity reaches its constant limit, making
Equation &) valid for anyn ¢ [-1 — N, N] (assuming- > 0 within the allowed limits), that is for
infinite number of Bloch components in the expansion Equa@.

We apply the field expansion EquatioB) (including summation ovem with weight «,,,, which
effectively means that each Bloch component®andF is the sum like:

Dy(z)= Y Dye /™ Dy =€y  nPum(D),

Er(2)= ) B Ey = jSn-m0mPao-m(L),
(p, =+ nK), where the appended subscripharks the expansion dependence on spectral parameter
r € (0, K). The summation limits over,, depending omV, is usually quite small and can be established
by careful inspection of the equations discussed below.

(10)
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These equations result from Equati® &pplied for any pair of harmonic amplitudes,,, E,,) of the
same harmonicsxp(—jp,x) in the above expansion:

Z €[l — Sn_me(pn)/€e) Pom(A)am, =0, (11)
for anyn € (—oo,00). Introducingé, = €(p,)/¢., the expression in brackets becomés: €,S,_,,
which is zero forjn| — oo provided thatn is finite. Noticing thate,, = S, forn ¢ [-1 — N, N],
according to Equatiordy, it is easy to check that the discussed expression in brackes,,S,, ., = 0
foranyn < —1— N orn > N provided that-1— N < m < N. This yields the condition for acceptable
domain ofm in Equation (0), which effectively yields the proper truncation of thedaissed infinite
system of Equationgd]. It is evident that choosing large¥ and wider range o, according the above
rule, will yield only trivial solution to the additionallynicluded unknowns,,.

Note that the number of unknowns, in Equation (0) is by one larger than the number of equations
Equation (1), for |[n| < N. The required additional equation results from the Kirdfiadaws applied
to the system of strips; the simplest one is the conditiorherstrip potentials exploiting Equation)(

Evaluation of the strip voltages and currents (charges)ires integration of Equationg,(8) over
the spectral variable, that is:

1 K ,
V= ?/ > anV, e M dr = Vid,
0
Tyogx . (12)
[k = ijk = jwe?/ ZOéngn)efzrchd,r7
0 m

wherew = 2x f is the angular frequency of the applied voltage to stripss(the frequency)g;,. is the
Kronecker deltal/, are the given strip potentials, ahd: € (—oo, 0o) are the strip numbers. Itis evident
from the first of the above equations that

> am(r)V = Ve (13)

This is the equation which, appended to Equatibl),(allows one to evaluate all unknowns, which,
substituted into the second equation presented abovdyfymalds [4] the admittance relation for simple
periodic strips:

K
I, = jwe Vi / R(r)e I"+=0A gr /K (14)
0
wherel, is the current flowing td:th strip of unitary length, resulting from th# strip potentiall;, and

Zm C(mP—m—r/K(A) . r
SIN T—.

B0 = S P53 TR

5. Simple Elastometric Sensor

It is evident that the strip admittance depends on the pleztiee and elastic property of the layered
media on which the strips reside. In the case of biologicalue of large Poisson module & 1/2),
the most important and difficult task][is the determination of the shear wave veloaityf the tissue,
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as the longitudinal wave velocity can be easily measured. The discussion below presents adhedth
evaluation of the shear wave wavenumbet w /v, by means of strip admittance measured over certain
frequency band.

In typical cases, the spectral functidt(r) is singular at the wavenumber = kp of Rayleigh
wave (its value reduced to first Brillouin zone in the case efigrlic system), but in order to make
the measurements simpler in the considered case of elasypthe layered system is chosen such that
the Rayleigh—Lamb wave cannot propagate or it is not ex¢ged Appendix A for details). This feature
allows one to perform simple numerical integration of Equa(14); below, the Fast Fourier transform
is exploited for this task.

Figure 2. Typical frequency dependenca) (of normal induction excited on piezoelectric
layer residing on a tissue-like body, and) (of corresponding signals in infinite
periodic system.
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(@) (b)

The fundamental properties of the considered layeredsyate described by its effective dielectric
permittivity e(r; w) for chosen value of and variablev, presented in Figure 2(a). This is the system
response (in the complex amplitude of the normal inductiomfle applied tangential electric wave-field
on the system surface in the formp j(wt — rx). One can easily notice that the effective generation of
shear waves propagating along the system surface takesgtlaequency, = w,/(2x) of synchronism
of the propagating wave with the delivered surface elefild spatial patternw, = rv,. It should be
noted that similar phenomenon of generation of subsurfacgitudinal waves takes place for much
lower frequency-v,. The proposed and analyzed measurements concern, invaletagon ofe(r; w) by
means of the strip admittance dependence on angular fregquen

It is convenient to present first the results for infinite pdic system of 5-strip cells presented in
Figure 1, where the alternate periodic potentials are agd second, fourth and fifth strips (and
periodically in other cells), and the excited current of temaining strips makes the measured signal.
The system resemble a 3-phase interdigital transdétenfd conveniently separates the generation and
the signal circuits.

Due to the system exact periodicity and different voltagékiw periodic cells, the summation over
the repeating strips (over indicésl) in Equation (4) results in spectral “spikes” at= m K /M, where
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M is the number of strips within cells, in the discussed case= 5 andm = 0,1, 2,3,4. The strip
voltages and currents can thus be presented in the form (geeR):

Vi = a,,e I mE/MA)

I, = jweeamR(mK | M)e ™ mE/MEL) (15)

wherel, k = 0,1, 2, 3,4 anda,, are coefficients to be evaluated from the circuit equations:
Vo=Vo=0Vi=Vs=U,Vi=V3, T + 13+ 14 =0;

we intend to measure the combined currgnt 7. Naturally, the measured current in real system would
be the sum over all cells multiplied by the system apertuiditw For convenience of further discussion,
we define the observed signal&s- (1, + I2)/w — C, whereC' is intended to reduce the signal resulting
simply from the capacitance of the signal strips to the g@taupplied strips (this reduction can be
achieved by applying the trimmed capacitance to the suppti@ as shown in Figure 1).

In the case of finite number of cells, the Equati@d)(must be applied with proper summation over
the applied strip potentials and currents, within cells aner all cells in the sensor. Concerning strip
potentials, the condition of equal but opposite bus-baretus feeding the generating strips allows one
to evaluate the voltage distributiongs of upper and lower bus-bars, respectivély; — V— = U is the
applied voltage to bus-bars. This corresponds to supdiposif strip voltaged’* = +U/2 and certain
bias voltagé/°. Noticing thatU/° would excite almost exclusively the thickness vibratiopiezoelectric
layer and normal longitudinal waves in the body, we may redle yielding only certain signal bias
like that caused by the strip mutual capacitances. Now, blogexmentioned double summation over
strip cells results in multiplication of analyti&(r) in Equation (4) by

L L
ZZ@‘jT(”_m)MA = (Lsinz/x)?, 2 =aMLr/K, (16)
n=1m=1
whereL is the number of strip cells in the sensor.

The resulting signab( f) as Figure 3 shows is somehow distorted in comparison withsti@wvn in
Figure 2(b), but still retains its useful features: maxX B appears at frequency close fo(that is at
zero frequency deviation in the figure) even for large Ap} yielding good estimation to Ré;,}, and
the slope of RES} at f, dependence on Ifii;} can be used for estimation of the shear wave damping.

6. Multiperiodic Electrode System

In more general case, there are different strips withingokeicells. In the above-discussed sensor, for
example, strips number 3 and 4 can be joined without any dpeteeeen them. Such system is no longer
simple-periodic; it is called?] “multiperiodic” and the “template electric field” presewt above must
be suitably corrected. Appendix B presents the practicalltef rather lengthy analysi8,P] in form
of a Matlal® code for direct evaluation of the spatial Fourier expansioefficients of the corrected
template functior¥,,,n = 0,1,2,3,... (F_,, = F) for periodic cells of period\. Each cells include
even numberV/ of strips and they are identically “wired” (by external ceations) within all cells.
This yields identical circuit equations except that thel@ggpvoltages can be arbitrarily scaled from
cell to cell.
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Figure 3. ExampleS(f) measured by sensor of 20 cells for several values &k} the positions
of max Im{.S} are near zero frequency deviation in all cases.
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The electric fields is constructed using these Fourier aoeffis analogously to Equation$§)(
and (0):

e (17)

B(x)= 33 jSumtm By 07,

where spectral variable € (0, K'), K = 27 /A. There is certain difficulty in numerical evaluation of
potentials and charges of strips resulting from the abovmton. Namely, integration ob(x) and
E(z) may yield infinity if = 0 (which happens at= 0).

This can be avoided well by applying smallinstead of0 when applying the FFT procedure for
integration ¢ ~ 10~* is a good choice). Taking the output of FHTS, .F. ../(r + nK)|} at
the given strip center yields the sought potential of thgstin the cell, and taking the difference of
FFT{[jF.-n/(r+nK)]} at the space centers after and before the strip yields tlea givip chargevl(m)
and Ql(m) respectively] = 0,..., M (expressions in brackets are the input vectors of FFT dlyaii
These values are exploited in the circuit equations fop sturrents and voltages in order to evaluate
other necessary equations result from Equat®r{dut p = r + nK) resulting in Equationi1) where
P,_,, should be replaced b¥,,_,,.

7. Conclusions

Modern electronic technology allows one to easily fabegatinar system of strips, which contributes
to their wide applications in many electronic devices idahg sensors (SAW gas sensors, for instance)
and actuators (piezoelectric linear motors, for instand@)gorous electric field analysis is usually
necessary for the design and evaluation of electric priggedf such devices. In this paper, a method
of analysis of periodic strips or periodic groups of stripgtly arbitrary width and spacing within
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cells) is presented in interesting application for surfal@stographic sensor, which may contribute to
better accuracy of measurements of tissue propertiesresbjun medical investigation and diagnosis of
skin [10Q] for instance.
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Appendix A

Consider an isotropic elastic halfspace< 0 characterized by Lame constantsy and mass
densityp, resulting in acoustic wave velocities = +/(2u + \)/p andv;, = +/u/p, respectively for
longitudinal and shear waves. The plane acoustic wavesfieldude displacements, , and normal
tractionT3;, 7 = 1, 3. The harmonic wave-field is considered in the foemp (jwt — jpr — jg;2) where
g = /(w/v;)? —p?,1 = [,t with sign chosen to satisfy the radiation conditieth &t = — oo; p is
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arbitrary. The wave-field is the superposition of longinaliand shear wave-components (we drop the
time-dependence):

[ Uy ] _ [ P o~ [ e 7z 0 Bl e

U 0 e Jnz F, ’

:; q p t (18)
31| _ puzq + pur 3 fi=0f /0w
T33 /\ul,l + ()\ + 2M)U373

(r1 = z,x3 = 2). For sliding contact with the piezoelectric layer:zat= 0, one easily obtains the
p-dependent function evaluated:zat 0:

Z = T33/U3. (19)

Much more complicated is the characterizatiehh ¢f piezoelectric layer; the theory yields the
dependence of electric tangential field & jpy) and normal induction) = Ds) on the layer upper
side, which is considered traction-free on normal displaeat (:3) and tractiorils; applied to its bottom
side which is considered metalized:

7]

Substitution of Equationl@) yields Equation9).

le Z12
Z21 Z22

T33

o | (20)

Appendix B

Consider even numbe¥/ of strips placed within the domaij), 1]: the strip left and right edges
are specified in two-column matrixof M rows (for the algorithm convenience the edge positions are
modified in the line two). The algorithm presented belowdsahe data vectaf” = [F),], for specified
numbers of harmonicst =0,..., N — 1.

ne=l engt h(g); %e even!
g=g-sun(sun(g’)’/2)/ne; %shifting
h=1i *pi *sum(g’ )’ ;

y=[1i;zeros(N1,1)];

for n¥l:ne;

t=cos(pi*(g(m2)-g(m1)));

a=1i;

b=1i *t;

z=[zeros(1,N-2) b*exp(h(m) a];

for | =2: N1,

c=(t*(2«1-1)xb-(l-1)*a)/l;

a=Db;

b=c;

z(N-1)=cxexp(l*h(m);

end;
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for i=N-1:1;
y(i)=2*z(1+N-i:N)y*xy(1l:i);
end;

end;

y=[ zeros(ne/ 2,1);vy];
F=y(1:N);

(© 2012 by the authors; licensee MDPI, Basel, Switzerland. s Hiticle is an open access article
distributed under the terms and conditions of the Creativem@ons Attribution license
(http://creativecommons.org/licenses/by/3.0/).
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