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The aim of the paper is to determine the phenomenological model to characterize the
stress-strain relation and to simulate the behaviour of solid polyurethane (PUR) rubbers used
in civil engineering, as well as to present the process of identification of model parameters for
such materials. For the material studied the strain energy density function was established
and a general constitutive relationship for the second-order tensor of Piola–Kirchhoff stress for
elasticity is determined. Constitutive relationships for engineering stress in terms of the princi-
pal stretches are also specified. The paper presents the method of identification of parameters
for constitutive models of hyperelasticity and hypoelasticity for the accessible experimental
data. The applied identification procedure is based on the feature of two-phase structure of
polyurethane material and is supported by the experimental data from uniaxial quasi-static
tension and compression tests. In the analysis, the material behaviour was considered both
for the case of incompressible deformation and also for the case of slightly compressible, non-
linearly elastic materials that are homogeneous and isotropic. The change of volume was ad-
mitted too, in range of large deformations in a tension and compression test. The attempt of
description of stress-softening phenomenon was undertaken in rubber-like materials, for a given
level of strain, under unloading (the Mullins effect) caused by the damage of microstructure
of this material. Different descriptions of the stress-softening phenomenon were already pro-
posed in the literature but they fail to give fully satisfactory conformity of experimental data
with theoretical predictions. The phenomenological model by Elias–Zúñiga and Beatty,
A new phenomenological model for stress-softening in elastomers, ZAMP, 53, 794–814, 2002,
for such materials was modified by different softening functions and a simplified version of this
model was identified, based on the experimental data. In the proposed model, the damage of
microstructure was described by a new exponential function, which depends on the current
magnitude of intensity of strain and its earlier maximum value during the process of material
loading. In this paper, a suitable analysis of existent models and their verification based on
experimental data for polyurethane rubber is presented for uniaxial experiments. It is shown
that the magnitude of stress-softening varies with strain and this phenomenon increases with
the magnitude of the pre-strain and the type of loading: monotonic tension, compression or
cyclic loading. The obtained results are presented graphically for uniaxial tension and com-
pression.

Key words: rubber-like material, hyperelastic constitutive model, damage of polyurethane
rubber.
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1. Introduction

Polyurethane (PUR) materials, among other polymers and elastomers, ex-
hibit high elasticity combined with high friction resistance what results in a wide
array of applications, e.g. as engine mounts, bump stoppers or flexible seismic iso-
lator pads. Polyurethanes are randomly segmented copolymers (Qi and Boyce
[45], Król [46]), composed of hard and soft segments forming a two-phase mi-
crostructure. The hard domains are immersed in a rubbery soft segment ma-
trix (Król [46]) and, depending on the hard segment content, the morphology
of the hard domains changes from one of the isolated domains to one of the
interconnected domains. Phase separation occurs in most PUR due to the in-
trinsic incompatibility between the hard segments and soft segments: the hard
segments, composed of polar materials, can form carbonyl to amino-hydrogen
bonds and thus, tend to cluster or aggregate into ordered hard domains, whereas
the soft segments form the amorphous domains. The presence of hard domains
in segmented polyurethanes is very important for their mechanical properties.
In segmented polyurethanes, hard domains act as physical crosslinks, playing
a role similar to chemical crosslinks in vulcanizates and imparting the material’s
elastomeric behaviour. Since hard domains also occupy significant volume and
are stiffer than the soft domains, they also play the role of effective nano-scale
fillers and render a material behaviour similar to that of a composite (Król
[46]). At room temperature, soft domains are above their glass transition tem-
perature and impart the material its rubber-like behaviour; hard domains are
below their glassy or melting transition temperature and are supposed to govern
permanent deformation, high modulus and tensile strength. The domain struc-
ture also imparts PUR’s versatility in mechanical properties. A wide variety of
property combinations can be achieved by varying the molecular weight of the
hard and soft segments, their ratio and chemical type. At present, polyurethane
materials form an important group of products because of their advantage in
chemical resistance and excellent mechanical properties.

It is well known that rubber-like materials exhibit a strongly non-linear be-
haviour, characterized by large strain and a non-linear stress-strain behaviour
under static conditions. Under cyclic loading conditions the stress-softening phe-
nomena are observed. The stress-softening phenomenon, also called the Mullins
effect, is characterized by an important loss of stiffness during the first cycles
of fatigue experiments. More precisely, the Mullins effect is defined as a strain-
induced stress-softening of the material, that takes place after the first monotonic
loading path of loading cycles. Most of the hyperelastic models of elastomers as-
sume that the Mullins effect takes place during the first cycle of loading and
that it depends only on the maximum strain endured previously by the mater-
ial. These prerequisites are quite acceptable in view of experimental observations.



CONSTITUTIVE MODELLING AND PARAMETER IDENTIFICATION ... 119

As the physical foundations of the phenomenon are not well established, a ma-
jority of studies propose phenomenological constitutive equations. Many authors
use the thermodynamical framework of Continuum Damage Mechanics (CDM),
which was extended to the case of elastomers in order to simulate the Mullins
effect.

The general three-dimensional case on the subject is due to Simo [22] who
derived a large-strain viscoelastic constitutive equation with damage for rubber-
like materials. This model was improved by introducing microscopic concepts
by Govindjee and Simo [23]. More recently, several authors developed phe-
nomenological hyperelastic models with damage to describe the Mullins effect
in engineering applications (De Souza Neto et al. [11]; Miehe [27]; Miehe
and Keck [47]; De Simone et al. [39]). Another approach used to develop con-
stitutive equations for the Mullins effect is based on the two-phase model of
Mullins and Tobin [24]. These concepts postulate that the polymer network
evolves under deformation; they assume that parts of the network are broken
and others are deformed during loading. In this approach, the stress should be
corrected by a scalar deformation function that depends on the given measure
of deformation, expressed as a scalar function of the principal invariants of the
left Cauchy–Green tensor.

Similarly, Beatty and Krishnaswamy [16] derived a constitutive equation
that generalized the previous papers by Johnson and Beatty [15] on partic-
ular deformation states. In this work, the two-phase theory of Mullins and
Tobin [24] is considered, and the transformation of hard regions into soft re-
gions is entirely controlled by a stress-softening function, that depends on the
maximum strain previously endured by the material. This function corrects the
strain-energy function under loading; a different form of it was recently pro-
posed by Elias–Zúñiga and Beatty [17]. The paper presented by Ogden
and Roxburgh [19] applied an approach which differs from the aforementioned
theories because the stress-softening function (that depends on the maximum
strain energy endured by the material) is activated only on unloading paths.
This theory greatly simplifies the identification of material parameters, but it
does not respect the physical phenomenon of network changes during loading.
The constitutive equations based on network evolution are more specific for
polymers than CDM, but the corresponding thermodynamical framework is not
well-defined. Nevertheless, it appears that the constitutive equations obtained
by the two approaches, i.e. CDM and the network evolution, are similar. More
complex models based on viscoelasto-plastic theories have been also proposed
as, for example, in the papers by Lion [40], Septanika and Ernst [41] and
Andrieux and Saanouni [42].

There is no general agreement on the explanation of the microscopic and
mesoscopic origins of the Mullins effect. Mullins [26] suggested that stress soft-
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ening in two-phase elastomers is due to the breakdown of interactions between
the filler particles and the rubber matrix. The mesoscopic properties of real
materials, however, are not uniform, and the polymerization process generates
non-uniformity in the distances between the filler particles. The interactions be-
tween the phases suggests that after the primary loading, the material structure
must be more complex than in the virgin state in which the chains are short. This
condition is a necessary condition for prediction of the stress softening. It is not,
however, a special feature of the Mullins [26] or Elias–Zúñiga and Beatty
[17] models, and it must also hold for any model with limited chain extensibility.
For example, the model used by Marckmann et al. [43] based on the eight-
chain Arruda–Boyce model exhibits the same effect. The model presented by
Horgan et al. [12] suggests that during the primary loading, degradation of the
material occurs. It is possible that as degradation continues, a rearrangement of
the network, involving displacement of network junctions, may also take place.

The main objective of this paper is to identify the phenomenological model
of the polyurethane elastomer materials used in the civil engineering and rail-
way industry. Here, the emphasis is laid on models that can be implemented in
finite-element software and used for engineering applications. The mechanical
behaviour of a representative PUR material is studied in a series of uniaxial ten-
sion and compression tests, investigating cyclic loading effects on the large-strain
deformation behaviour. A constitutive model for the observed stress-strain be-
haviour is then developed and compared directly to experimental data. Both the
monotonic uniaxial tension loading and uniaxial compression and subsequent
unloading curves are examined. The experimental data presented recently by
Kwiecień and Zając [20] and Kwiecień at al. [21], exhibit a non-monotonic
variation of stress softening with the extent of deformation. The analysis of
experimental results has also shown that the property of stress softening in
polyurethane elastomer strongly depends on the magnitude of pre-strain. Uni-
axial tension and compression examples are presented in order to highlight the
influence of the loading path on the material behaviour. The identification of
material parameters for uniaxial monotonic loading leads to a good qualitative
agreement for both the uniaxial tensile and compression conditions. As most of
the phenomenological models developed for the Mullins effect are based on the
microstructural damage of the Jonhson and Beatty [15] theory, it is of great
importance to rationalize its use and to exhibit its advantages and limitations
in this context.

This paper is restricted to hyperelasticity with isotropic damage. Cyclic com-
pression experimental data are used to construct the evolution equation of the
stress-softening variable and to exhibit some limitations of this approach. The
emphasis is laid on the restrictions of the damage theory as applied to the Mullins
effect with respect to physical phenomena, and on the choice of the damage soft-
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ening function and criterion. The corresponding analysis for different forms of
softening functions appearing in constitutive models are considered and the re-
sults for the axial tests are presented. The new forms of the softening function
assumed in our model of the Mullins effect aim to explain the difficulties in fit-
ting the data by models which were formulated by Ogden and Roxburgh [19],
Elias–Zúñiga and Beatty [17], Qi and Boyce [45] and others.

We begin in Sec. 2 with a brief description of physical aspects of the in-
ternal damage of rubber-like materials with micro-phase separation. In Sec. 3,
the constitutive framework is presented. The emphasis is laid on the uniaxial
tension and compression. Section 4 is devoted to the experimental results for
polyurethane elastomers. The parameters identification process, as the integral
part of constitutive modelling, are presented and discussed in Sec. 5 and the con-
ventionally represented uniaxial experimental data are reanalysed in a manner
consistent with the theory.

The numerical part of the identification work for uniaxial cycle loading with
Mullins effect is presented in figures in Sec. 6. We concentrate on the Mullins
effect and we are not concerned with hysteresis, residual strain, thermal and
viscoelastic effects. The proposed model is purely phenomenological and does not
take into account the physical structure of the material; hence it can be applied
to any material exhibiting the Mullins effect. We assume that the virgin material
is isotropic with respect to an undeformed and unstressed state. In Sec. 6.1 we
define the terms damage function, which depends on the principal stretches, and
damage point, which depends on the principal directions and the history of the
right stretch tensor. Finally, the concluding remarks are given in Sec. 7.

2. Physical aspects of internal damage of rubber

2.1. Micro-phase separation in polyurethane elastomers

The specific structural feature of high-molecular weight polyurethane elas-
tomers, is their segmented structure. The PUR chain is composed of hard seg-
ments and soft segments arranged alternately. The structure of the segmented
PUR was already schematically presented and such schemes are presented in
[28–30, 42]. The structure of a PUR macro-molecule results from the spatial
arrangement of polymer chains in the condensed phase, i.e. after the polymeri-
sation process and possibly after cross-linking. Considerable structural diversi-
fication of PUR chains gives rise to strong interactions, both within individual
macro-molecules and between different macro-molecules. The hard segments can
interact with each other. That phase is hardly miscible with the soft phase which
has been formed with the use of much less polar, soft segments. If the hard
phase and soft phase within a PUR become completely immiscible, two separate
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phase transition points can be frequently observed as two clearly different glassy
temperatures for soft segments and for hard segments. That is specific just for
segmented PUR elastomers.

In some cases, additional crystalline phases can form within each of those
phases. The interactions through hydrogen bonds can also create separate hard
domains within the soft phase or separate soft domains within the hard phase.
That certainly produces a multi-phase system in which usually the continuous
soft phase makes the matrix. The matrix is penetrated through by some part
of the hard phase or by the whole of it. Alternatively, the hard phase can be
dispersed in the matrix. Separation of micro-phases is not precise, however, and
some hard segments are dispersed within the domains of soft segments and the
intermediate phase is thus formed. The degree of phase separation in PURs is
controlled by numerous factors: chemical structure of PUR chains, polarity of
their structural fragments, sizes of hard segments and soft segments, molecular
weights and molecular weight distribution in PURs, the method employed to
shape the final PUR product (bulk, foil, fibre) and process parameters adopted
for that method (temperature, melt cooling rate, solvent evaporation rate, possi-
ble presence or absence of mechanical stresses). From the theoretical viewpoint,
phase separation can be controlled by the thermodynamic factors which result
from differences in the structures of hard segments and soft segments, and by
kinetic factors which for example promote separation of some segments due to
their higher mobility, and thus with lower viscosity of the reaction mixture which
is just polymerizing. The micro-phase separation is generally more prominent in
polyurethanes due to stronger interactions between ester groups and urethane
groups than between ether groups and urethane groups.

2.2. Intermolecular interactions. Elastomer phase structure

The fundamental static properties for PUR elastomers materials are defined
by Young’s modulus E, shear modulus G and by unit elongation and Poisson’s
ratio ν = 0.3 − 0.5. The static properties also involve hardness resistance. The
mechanical properties of the parent material will be decided by the structures of
PUR chains and by the phase structures of PURs. That problem has been exten-
sively described in literature since mechanical properties affect directly the range
of applicability of PUR elastomers and PUR coatings. Polyurethane materials be-
haviour under quasi-static loads is determined by the elastomer phase structure,
and that in turn is controlled by the organisation of its segments. In polyurethane
materials, the mechanical properties make the resultant of structural factors and
physical chemical interactions such as like size and flexibility of hard and soft
segments, ability to form hydrogen bonds, van der Waals force, entanglement
of chains, orientation of segments, cross-linking bonds, micro-phase separation
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and content of crystalline phase. The most important contribution comes from
the chemical structure and from the size and structure of hard and soft segment
resulting from this.

The sizes of hard segments increase when the number of those segment in-
creases. Initially, they form a system of separate islands which do not contact
each other and are dispersed within the matrix of soft segments. Above a certain
limit number, some of them start to touch each other, what forms the system
of hard domains. Further increase in the number of hard segments favours their
association and the roles of phases become opposite. Both the cohesion energy
and hydrogen bonds in hard domains are higher than in soft domains. Hence,
the role of hard domains is sometimes compared to that of a filler material
which is used to reinforce the elastomer structure and to improve its mechanical
properties: in particular, its strength and hardness. On the other hand, higher
elasticity is favourable for intermolecular interactions. In contrast to mechanical
strength, which is controlled first of all by the structure of hard segments, elastic-
ity is affected mainly by soft segments. The capacity for crystallisation of phases,
which is conditioned by the structural regularity, contents of individual segments
and efficient phase separation, is favourable for higher tensile strength, tearing
strength, hardness and higher stresses at the predefined elongation levels. The
mechanical properties of PURs can be also considerably affected by the method
adopted for the final treatment of the product, like soaking or racking. That
increases the phase separation and orderly arrangement of elastomer within its
crystalline structures, i.e. elastomer strength is advantageously improved in that
way (see Pompe et al. [48]).

2.3. The role of a damage parameter

Although rubbery-like materials may be regarded as purely elastic, damaging
does take place due to straining. The internal degradation in this case is mainly
characterized by rupture of the molecular bonds, concentrated in regions contain-
ing impurities and defects. In general, the damage response of such materials is
predominantly brittle. In rubber-like materials, even at very small overall strain-
ing, damage can occur in the form of progressive breakage of shorter polymer
chains. In Sec. 6.2 we have shown that it is convenient to introduce a damage pa-
rameter to describe the evolution of alteration of the network. This can be done
in a purely empirical way, and this is the approach used by Beatty and co-workers
in several publications (Beatty and Krishnaswamy [16]; Elias–Zúñiga and
Beatty [17] and references contained therein) and also by Marckmann et al.
[43]. First of all, it is possible to use the theory of pseudo-elasticity as proposed
by Ogden and Roxburgh [19]. In this theory it is assumed that the material
response of the body can be described in terms of a pseudo-energy function,
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defined per unit volume, of the form W (f(I), α), where α is a damage parame-
ter and f(I) is a function of invariants I1, I2 and I3 of the deformation tensor.
(The role of α here is somewhat different from that of the damage parameter α
introduced in Sec. 6.2). In this case it is no longer appropriate to regard W as
a stored energy because, through α, irreversible effects are accounted for.

It is often convenient to regard shear modulus for the ith-cycle loads µi as
functions of a damage parameter, here denoted by α, such that α ∈ [0, 1], where
0 is associated with the original material and 1 with the fully damaged material
(this is a normalization of the scale). The fully damaged material corresponds
to an asymptotic state in which no further damage is caused by stress-strain
cycling with increasing number i.

3. Constitutive models for rubber elasticity

The elastic properties of rubber-like materials are usually represented in
terms of a strain-energy function, denoted by W and defined per unit reference
volume (see, for example, Beatty and Krishnaswamy [16]; Ogden [6–8]).
The state of strain in the material is characterized by a tensor measure of defor-
mation, such as the left Cauchy–Green deformation tensor B. Several forms for
the strain energy function of rubber-like materials have been proposed since 1940
in the literature. These can be grouped into these dealing with incompressible
materials and those extended to deal with compressibility. They can further be
split, depending on the material group being modelled, whether for example the
material under consideration is rubber, polymer or foam. The most widely cited
strain energy expressions are the Mooney–Rivlin, Ogden [cf. 6–7] and Blatz and
Ko (see e.g. Krishnaswamy and Beatty [31]) models. However, for different
strain energy functions, mainly two different kinds of models can be identified.

The first kind is based on experimental observations and phenomenological
considerations. The corresponding models are both mathematically simple and
quite efficient (Ogden [6, 7]). The second group of models were developed by
considering the physics of the elastomer network. First, conformations of a sin-
gle polymer chain are determined; then, the behaviour of the whole network
is derived using statistical developments. For small and moderate strains, the
neo-Hookean (Treloar [52]) and the phantom (James and Guth [53]) mod-
els can be mentioned. For large strains, the stretching limit of chains is taken
into account and non-Gaussian statistics are employed (Treloar and Riding
[54]; Arruda and Boyce [55]; Wu and van der Giessen [56]). The use of
these models reduces the number of relevant material parameters because of
their physical foundations, but their mathematical derivations are more com-
plicated than those of phenomenological constitutive equations. For a complete
review of the constitutive models for rubber elasticity, the reader can be referred
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to Ogden et al. [34], Lambert–Diani and Rey [1] or Boyce and Arruda
[57]. It has to be mentioned that the present approach can be easily applied
to every form of the strain energy function. In the present study, the emphasis
is laid on identification of the model with stress-softening phenomenon for the
available macroscopic uniaxial loading experimental data only, so that a simple
phenomenological strain energy function is chosen.

3.1. The strain energy function for rubber

The hyperelastic materials are described under assumption of existence of
the potential of energy of strain W (λ), by which the stored strain energy on unit
initial volume fraction as a function of strains is defined in the material. In lit-
erature, different forms of strain energy potentials are proposed, depending on
the form of constitutive model, e.g. Mooney–Rivlin or Ogden. The strain energy
function W can be expressed as a function of invariants of a deformation tensor
I1, I2 and I3. If the left Cauchy–Green deformation tensor B is employed as the
deformation tensor, the deformation invariants can be rewritten in terms of the
principal stretches λi (i = 1, 2, 3),

I1 = trB = λ2
1 + λ2

2 + λ2
3,

I2 =
1
2
{(trB)2 − tr(BB)} = (λ1λ2)

2 + (λ2λ3)
2 + ( λ3λ1)

2 ,

I3 = det(B) = J2 = (λ1λ2λ3)
2 .

(3.1)

When the material is incompressible, the third invariant I3 = 1, and W is rep-
resented as a function of I1 and I2 only, W = W (I1, I2). In the case of isotropic
elastic incompressible virgin materials, W = W0 and the general expansion of
W0 is considered in the form:

(3.2) W0 = Cij(I1 − 3)(I2 − 3)

in which Cij (i, j = 1, . . ., n) are the material parameters. Several phenomeno-
logical models were derived by truncating the series of Eq. (3.2). In order to
satisfactorily reproduce the large strain response of the material, the Mooney–
Rivlin model is adopted (cf. Elias–Zúñiga and Beatty [17]). The correspond-
ing strain energy function is given by

(3.3) W0 =
3∑

i=1

Ci0(I1 − 3),

where C10, C20 and C30 are the three material parameters. As this model de-
pends only on the first principal invariant, it is not well-adapted to moderate



126 Z. NOWAK

strain because it does not improve the Gaussian theory. Nevertheless, its math-
ematical simplicity and ability to reproduce the whole behaviour of elastomers
are sufficient qualities for the present study.

Some of the simplest incompressible models proposed in the literature involve
a strain-energy function of the form W0 = f(I1), and are called generalized neo-
Hookean models. In the molecular theory of elasticity, these models involve the
introduction of a (non-Gaussian) distribution function, denoted ϕ, for the end-
to-end distance of the polymeric chain. By contrast, a Gaussian distribution
function for ϕ is associated with the special case corresponding to the classical
neo-Hookean model

(3.4) WH
0 = µ(I1 − 3)

for incompressible materials, where µ (µ > 0) is the shear modulus in the refer-
ence configuration.

In the framework of the phenomenological theory, similar models have been
developed by considering the idea of limiting chain extensibility, i.e. by consid-
ering strain-energy functions that have a singularity when the first invariant I1

reaches a certain finite value. The simplest model with limiting chain extensibil-
ity is due to Gent [58], who proposed the strain-energy function

(3.5) WG
0 (I1) = −1

2
µ J ln

(
1− I1 − 3

J

)
,

where µ is again the shear modulus in the reference configuration and J > 0 is
the constant limiting the value of (I1 − 3) that accounts for limiting polymeric
chain extensibility. In the limit as the chain-extensibility parameter tends to
infinity (J → ∞), Eq. (3.5) reduces to Eq. (3.4), cf. Horgan et al. [12]. From
a phenomenological point of view, limiting chain extensibility may be introduced
in many ways, and a detailed review of some of the possibilities may be found
in Horgan et al. [12] or Horgan and Saccomandi [44].

All the strain-energy functions considered in constitutive modelling will be
assumed to satisfy the following conditions: 1. The strain energy is zero in the
reference configuration; 2. The stress is zero in the reference configuration; 3. The
strain-energy function is positive definite. The specific form of strain-energy den-
sities used to model our rubber-like material behaviour in Sec. 5 and 6 are given
in the following subsections.

3.1.1. The Mooney–Rivlin model. The potential in the Mooney–Rivlin model
is usually presented for incompressible hyperelastic materials in the following
form (see e.g.: [6, 8]):

(3.6) WM
0 = C10(I1 − 3) + C01(I2 − 3),
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where W is the strain energy in unit initial volume fraction, C10 and C01 are two
parameters and Ī1 and Ī2 are the first and second invariants of strain deviator
defined in terms of the deviatoric principal stretches λ̄i which have the forms
(cf. [2, 3, 8, 9])

(3.7) I1 = λ
2
1 + λ

2
2 + λ

2
3 and I2 = λ

(−2)
1 + λ

(−2)
2 + λ

(−2)
3 ,

where λi = λi J
(− 1

3
) and λi are principal stretches of the total strain tensor.

Initial shear modulus µ0 in the Mooney–Rivlin model is defined by

µ0 = 2(C10 + C01).

3.1.2. The standard Ogden model. Among the hyperelastic models, in case
of polyurethane materials, the Ogden model (cf. [6, 7]) gives good results; this
will be the basis of the model elaborated and which takes into account the
material damage. In the case of incompressibility, the strain energy function is
presented in the form ([6, 7, 8]):

(3.8) WOg
0 =

N∑

i=1

2µi

α2
i

(
λ

αi

1 + λ
αi

2 + λ
αi

3 − 3
)

,

where µi and αi are material parameters and N is the number of material para-
meters (in practice N ≤ 6), usually N = 1. Initial shear modulus µ0 in Ogden
model is defined by

(3.9) µ0 =
N∑

i=1

µi.

From the general form of strain energy potential of the Ogden model we can
obtain also the peculiar material discussed above, e.g.: Mooney–Rivlin, by special
selection of µi and αi.

In the above constitutive description, the coefficient of change of length λi

(i = 1, 2, 3) can be defined as

(3.10) λi = li/L = (L + ∆li)/L,

where ∆li = li − L is the change of length in direction i.

3.2. The standard hypoelastic model

In literature, for description of rubbery-like materials behaviour was also
used, different from the previous one, an objective hypoelastic rate model which
can be presented by the following formula:

(3.11)
◦
T = 2µD+ λ∗ tr(D)I,
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where
◦
T is an objective measure of rate of the Cauchy stress T, D is the rate

of stretching (deformation) tensor and it is the symmetric part of the velocity
gradient tensor, I is the unit tensor and µ and λ∗ are elastic material constants.
For a hypoelastic constitutive equation, in case of uniaxial tension (compression)
along direction-11, when λ2 = (λ1)−ν (for incompressible elastic materials) and
if we use logarithmic strain measure, the following formula is obtained:

T11 = E ln (λ1),

where E is elastic modulus and ν is Poisson’s ratio.
Nominal stress in hypoelasticity is given by

(3.12)
P

A0
= E (λ1)−2ν ln(λ1),

where A0 is the initial area of sample cross-section.
Experimental data presented by Kwiecien and Zając [20] and Kwiecien

et al. [21] for polyurethane material, allow to assume in the identification analy-
sis, as potential candidates, the hyperelastic constitutive models proposed by
Mooney–Rivlin and Ogden [6–8]. It is useful to compare these constitutive
models with logarithmic model of hypoelasticity. For these descriptions it is pos-
sible to define the basic parameters of models, as well as the essential from the
point of application of analysed material models, the basic quantities as: initial
shear modulus µ0, elastic modulus E and Poisson’s coefficient ν. For example:
initial shear modulus µ0 is given by: µ0 = 2(C10 + C01) (see e.g. papers [1–10]).

3.3. Introduction of damage

Under repeated tensile or compression strain, many rubber-like materials
such as polyurethane (PUR), exhibit a reduction in stress after the initial ex-
tension, the so-called Mullins effect or stress-softening, and the mechanism(s)
responsible for this is considered to be very important. Damage functions are
important tools for analysing the stress-softening materials. In previous isotropic
models [4, 5, 14], softening effects are governed by their “damage” functions and
their corresponding damage points (sometimes referred to as softening points [5]
or maximum-loading parameters [15]). In Sec. 6 we will define a damage function
ξ (which may depend on the material properties) such that 0 ≤ ξ(x) ≤ 1, x ∈ R
and ξ increases (strictly) monotonically as x moves away from the point x = 1,
ξ(1) = 0.

Before using the proposed model, the two elastic parameters C10 and C01

and the parameters describing the evolution laws for damage have to be iden-
tified. It was performed through uniaxial tension and compression tests results
(monotonic for elastic parameters and non-monotonic for damage parameters),
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especially by exploiting the shear modulus properties (see Sec. 3.2). Different
stages of the procedure are summarized in Sec. 5 and 6. Let us assume that as
a first approximation, the term with I2 has been neglected since the tension test
case enables to split the contribution of the two first invariants and moreover,
simulation by the Ogden model with only the first invariant and experimental
results are in good agreement, also here µ2 = 0. The behaviour of the elastomers
is commonly represented by hyperelastic models, characterized by the strain en-
ergy function W , which is often considered to be dependent on the invariants
I1, I2, I3 of the Cauchy–Green deformation tensor C (or another strain tensor).
Among the usual hyperelasticity laws (Mooney–Rivlin, Ogden, etc.), the best one
for the studied material is the model of Ogden, as shown in Fig. 1. The agree-
ment between experiments and the model is quite good in a monotonic uniaxial
tension and compression tests, but for cycle compression tests some phenomena
are not taken into account, essentially a decrease of the shear modulus during
the cycles and a decrease of the stiffening for high strains, as Figs. 2 and 3 show.
The experimental results in a cycle compression test case (realised with some
loads and unloadings) are shown in the axes of the engineering stress σ and
principal stretch λ. Actually, the occurrence of micro-defects leads to a degra-
dation of the mechanical material properties. Nevertheless it is worthy to note
that for a damaged material, the type of load is crucial. In case of tension, the
occurrence of micro-defects induces a decrease in the material properties; on the
contrary, in case of compression, when the micro-defects are closed, the initial
properties are recovered. The model exposed in the Set. 6 takes into account
these experimental observations.

4. Experimental uniaxial tension and compression tests

The material used in this study was a commercial polyurethane material.
After compression moulding, the polymer was solidified at a slow cooling rate
to ensure that the structure and morphology of the compressed plates will be
homogeneous across the thickness and along the length. This material is a two-
component elastomer based on main feature of polyurethanes: hard segments A
(viscosity 4.40 Pas) and soft segments B (viscosity 0.26 Pas) were compound in
and it was combined in proportions 100:10, and the received material had average
mass density ρ = 0.90 kg/dm3 and hardness under Shore A 55±5. In the next
Sections, in the uniaxial tension identification process, the experimental data of
the following tests were accepted: 2R-1, 5R-1 and 7R-1 (paddle sample). In case
of uniaxial compression, the following data were used: 9C-1, 7C-1, 6CC-1, 5CT-1,
4C-1, 1C-1, 3CC, 8CZ and 8CG (cylindrical sample with diameter φ ≈ 46 mm).
All investigations were conducted only with quasi-static strain rates. Results
of these tests are contained in the report by Kwiecień and Zając [20] and



130 Z. NOWAK

published also by Kwiecień et al. [21], and are presented in a part in this paper
(in Secs. 4.1 and 4.2).

4.1. Tensile test

The stress-strain behaviour of the PUR was determined by means of
a INSTRON testing system. The method has been described in detail in the
literature. Consequently, only its essential features will be recalled here. Both
the quasi-static and dynamic tests were performed at room temperature 295 K.
The tensile samples were made from PUR plates. Dog-bone shaped flat specimens
were used for the uniaxial tension tests. The length and width of the homoge-
neous section of the uniaxial tension specimens were 45.0 mm and 17.0 mm,
respectively. The specimen thickness was 3.0 mm.

In Fig. 1, the force versus 1/λ curve is plotted for several tests, and in Fig. 2
the nominal stress versus λ is plotted.

4.2. Compression test

Investigations of compression were performed on disc specimens, cut off from
polyurethane plates. The diameter of the specimens was φ = 46 mm and the
thickness for the quasi-static compression tests was approximately H = 50 mm.

The sample was compressed between two circular dies. The quasi-static com-
pression tests were carried out in a hydraulic testing machine with the rates
of deformation equal to 10−3 s−1. The surface of each specimen was covered
by a thin layer of anti-friction coating before testing. The friction between the
sample and the die faces was not accounted for in the true stress-strain calcu-
lations because the friction coefficient was likely to be very low (<0.1) between
the PUR sample and the steel dies. Consequently, the engineering stress was
simply calculated as the load per actual cross-section of the compressed zone:
σ = P/(πφ2/4). Three tests were performed for each group of specimens to
assure sufficient reliability of the results.

4.3. Typical stress-strain behaviour

The stress-strain relations obtained during uniaxial quasistatic tension of
the polyurethane studied are presented in Figs. 3, 4, 5. The curve’s number in
these pictures indicates the test number. The stress and the strain quantities
are referred to the current (instantaneous) value of the specimen cross-section
and the thickness values. An example of the stress-strain curves obtained during
axial tension of three specimens of PUR subjected to loading with the same
strain rate 3 × 10−4 s−1 is shown in Fig. 3. The axial stress vs. axial strain
curves shown in Figs. 3–5 were obtained under uniaxial loading at 20◦C. The



CONSTITUTIVE MODELLING AND PARAMETER IDENTIFICATION ... 131

reproducibility of each curve was checked by three tests performed under the
same conditions. This graph is therefore typical for the behaviour of PUR at
room temperature. In this part, a simulation of a cycle compression experiment is
performed, as described in Fig. 9. Several interesting features deserve attention.
First, all experiments showed that the material’s behaviour was the same as
above (elastic), but nearly incompressible with ν ≤ 0.499. As below in Sec. 6,
Figs. 7, 8 and 10 show the experimental data for polyurethane in uniaxial cycle
compression test as a function of strain intensity measure

√
M −m, or as a

function of axial change of length λ for the loading and unloading tests.

5. Identification of models for monotonic loadings

5.1. Outline of the optimization method

The experimental data used in this paper are the data of Kwiecień and
Zając [20] and Kwiecień et al. [21] for the uniaxial tension and compression
and the numerical values have been obtained from the virgin experimental tables.
These data have been used to identify the parameters of the specific strain-energy
functions by means of the least squares (LS) technique.

Let λ̂ = [λ1
1, λ

2
1, . . ., λ

m
1 ]T be the vector of values of a measure of stretch,

appropriate to the considered deformation and let σ = [σ1, σ2, . . ., σm]T be the
corresponding values of stress, which may be either nominal stress or Cauchy
stress, depending on the deformation. Hence (λ̂, σ) are the given pairs of data
values. The considered material model is represented by the strain-energy func-
tion U, from which the stress is calculated and written F (λ̂,β) : R × Rn → R,
where λ̂ takes the values λi

1 , i = 1, . . . , m, and β = [β1, β2, . . . , βn]T is a set
of n material parameters to be identified.

Let us define the objective function as the squared 2-norm

(5.1)
m∑

i=1

(
F (λi

1, β)− σ
exp
i

)2
.

Hence, the minimization problem is given by

(5.2) min
β

m∑

i=1

(
F

(
λi

1, β
)− σ

exp
i

)2
.

If F (λ̂, β) is a non-linear function with respect to β, then a non-linear least
squares problem arises.
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It is assumed that our material is almost incompressible like majority of the
materials with similar elastic properties as rubber.

In the uniaxial deformation tests along the direction-11 we have

(5.3) λ1 = λ, λ2 = λ3 =
1√
λ

, λ = 1 + ε1.

The invariants of strain in uniaxial tests have the form

(5.4) I1 = I1 = λ2 + 2λ−1, I2 = I2 = λ−2 + 2λ.

With a known potential of strain energy it is possible to determine the de-
pendence of the nominal stress as a function of strain. For the model of the
Mooney–Rivlin, we have

(5.5)
P

A0
= 2

(
1− 1

λ3

)
(λC10 +C01) = 2

{(
λ− 1

λ2

)
C10 +

(
1− 1

λ3

)
C01

}
,

which can be defined in the form

(5.6)
P

2A0

(
λ− 1

λ2

) = C10 +
C01

λ
,

where P is the external axial force in the test, A0 is initial area of cross-section
and λ is the coefficient of change of length (stretch). The right-hand side of
the above equation is linear with respect to variable 1/λ, what enables prelimi-
nary qualification of constants C10, C01. The left-hand side represents equivalent
stress. Figure 1 shows this reduced stress change as a function of the reciprocal
of the axial stretch for tests 2R-1, 5R-1 and 7R-1. For these tests it has been
established that C10 = 0.6832, C01 = 0.01209.

In a general formulation for the Mooney–Rivlin model, we can identify para-
meters C10 and C01 from the relation

(5.7)
P

A0
= 2

(
1− 1

λ3

)
(λC10 + C01).

The Ogden model introduced generally earlier, in uniaxial tests has now the
form:

(5.8) σ11 =
2µ

α

[
λα−1 − λ−1−(α

2 )
]

and we have to identify two material parameters µ i α.
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Fig. 1. Dependence of the change of reduced stress
P

2A0

�
λ− 1

λ2

� as a function of the

reciprocal of the relative axial stretch
1

λ
in uniaxial tension. Experimental data from

Kwiecień et al. [20, 21].

Fig. 2. The nominal stress as a function of the axial stretch λ for polyurethane rubber in
a uniaxial tension test, with strain rate 3× 10−4 s−1 for different constitutive models
relations Eqs. (3.6), (3.8), (3.12) (broken and solid lines). Experimental data (quadrate

marks) from Kwiecień et al. [20, 21].
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Fig. 3. The nominal stress as a function of the axial stretch λ for polyurethane rubber,
in uniaxial compression test with strain rate 3× 10−3 s−1 for different constitutive models
relations Eqs. (3.6), (3.8), (3.12) (broken and solid lines). Experimental data (quadrate

marks) from Kwiecień et al. [20, 21].

Fig. 4. The nominal stress in uniaxial tension and compression tests as a function of the
axial stretch λ, for different constitutive models, Eqs. (3.6), (3.8), (3.12) (broken and solid

lines). Experimental data (diamond marks) from Kwiecień et al. [20, 21].
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In logarithmic description, in uniaxial tests the following relation is given:

(5.9)
P

A0
= E (λ)−2ν ln(λ)

and we have to identify E and ν.
The results of identification process were obtained for tension and compres-

sion tests separately and they are presented in Fig. 2 (for tension) and in Fig. 3
(for compression). The results of simulation plotted in Fig. 2 and in Fig. 3 are
compared with experimental results. Quadrate marks are used for experimental
data, whereas full lines are used for simulation. Identified parameters differed so
much that next test of the same process of identification was undertaken for the
same file of data for both tests, to identify for this material the set of parameters
independent of the type of test. Results of such identification are introduced in
Fig. 4. This curve shows the ability of the rubber elasticity models to estimate
the material properties.

6. Hyperelastic material with damage

6.1. Remarks on the use of damage mechanics to describe the Mullins effect

The phenomenon of internal damage in common engineering solid materi-
als depends upon the specific type of the material considered. In addition, for
the same material, damage evolution may take place, initiated by very differ-
ent physical mechanisms, which mainly depend on the type, rate of loading,
temperature, as well as on environmental factors such as exposure to corrosive
substances. As mentioned in the Introduction, the Mullins effect in rubber elas-
tic materials is often modelled by means of the CDM. Originally, continuum
damage mechanics was based on the definition of effective stress (cf. Lemaitre
and Chaboche [59]). This theory assumes that, under loading, the material sur-
face on which internal forces are applied is decreasing because of the emergence
of micro-defects and micro-voids. Taking into account these physical consider-
ations, in the case of the Mullins effect in solid rubber, following consequences
are introduced for the damage evolution:

1. It was proved experimentally that the Mullins effect recovers with time
and that this recovery is highly accelerated by annealing (Mullins [26]).
So, the damage in rubber materials may decrease if the whole life of the
material is considered.

2. The damage evolution does not differ under different deformation modes:
some authors observed the occurrence of stress-softening under tension and
compressive conditions.
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3. It is mainly recognized that rupture in rubber parts is not directly related
to stress-softening. Therefore, high values of the damage parameter should
not be considered as a criterion for rupture or occurrence of cracks.

More precisely, the Mullins effect is not a damage but a stress-softening phe-
nomenon. It is due to the rearrangement of the polymer network under defor-
mation when some links between chains (entanglements), or between chains and
reinforcement particles (for example carbon black) are broken (Bueche [51]).
Therefore, it should be stressed that CDM can be used to model the Mullins
effect in elastic rubber materials with some restrictions and care.

6.2. Description of microstructure damage

Let us consider an isotropic, homogeneous and incompressible rubber-like
material. This material is considered to be hyperelastic and subject to isotropic
damage in order to describe the Mullins effect. Consequently, it is defined by the
existence of a strain energy function, that depends on the deformation gradient F
and on a scalar damage variable α. This variable characterizes the elastic stress-
softening of the material. Taking into account the objectivity requirement, the
isotropy and the incompressibility, the strain energy function can be written as

W = W (I1; I2; α),

where I1 and I2 are the two first principal invariants of the left Cauchy–Green
tensor B = FTF defined in Sec. 3. The third invariant I3 = det(B) is equal to 1
due to the incompressibility assumption.

Consider now that the effective Cauchy stress T ∗, which acts on the dam-
aged material, is related to the virgin Cauchy stress T0 by Lemaitre and
Chaboche [59] T ∗ = T0(1 − α). In case of three-dimensional continuum, the
damage model for Mullins effect was proposed by De Souza Neto et al. [11].
In this model, the current value of the engineering stress σ in the stress-softened
material is given by

σ = ξ(α) σ0,

where the damage function ξ(α) is a differentiable, nondecreasing function of
a damage variable α ∈ [0, 1]. The engineering stress in the virgin material is
determined by (cf. De Souza Neto et al. [11])

(6.1) σ0 =
∂ψ0(F)

∂F
,

where ψ0(F) is the strain energy function for an isotropic, incompressible hy-
perelastic solid at the current deformation gradient F. The relation Eq. (6.1) is
valid only during monotonic loading. The strain energy function in Eq. (6.1) can
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be considered as a‘ product of the surface reducing parameter (1 − α) and the
strain energy function of the virgin undamaged material, denoted W0:

(6.2) W (I1; I2; α) = (1− α)W0(I1; I2).

The damage variable α, or the relative strain measure, is defined by α =
ψ0

D
,

where D ≡ max
0≤s≤t

ψ0(s) is the maximum previous value of the strain energy

in a deformation history up to the current time t, and s is a running time
variable. The evolution of α variable with the deformation must be specified
by an additional constitutive law during the loading, unloading and reloading
deformation cycles.

Similarly, like Ogden and Roxburgh [19], Beatty and Krishnaswamy
[16] introduce a generalized Johnson and Beatty [15] elastic material model of
stress-softening. In this model, the Cauchy stress T during loading of the mater-
ial is a product of the Cauchy stress T0 in an isotropic parent material model and
an isotropic scalar-valued damage function ξ(m), that depends on the current
value of the magnitude of intensity strain m. At a material point X, the magni-
tude of strain intensity denoted by m, is defined by m =

√
BB =

√
trB2, where

B is the left Cauchy–Green deformation tensor.B ≡ F·FT and F is the deforma-
tion gradient which, in case of incompressibility, requires det (F) = 1 for all F,
so that

(6.3) T = ξ(m)T0.

During loading when m is fixed at its current maximum value, mmax =
max
0≤s≤t

m(s) and the material is unloaded, the Cauchy stress T∗ in the stress-

softening elastic material is given by

(6.4) T∗ = ξ(mmax)T0 = ξ(mmax)
T

ξ(m)
=

ξ(mmax)
ξ(m)

T = ξ(mmax,m) T.

The same relations hold when the Cauchy stress is replaced by the engineering
stress. The common feature of virgin material response in the described models
is that this response, described by the parent material stress T0, is determined
by a standard strain energy function for a perfectly elastic, incompressible and
isotropic material, which may be hyperelastic.

The loading, unloading and neutral loading from the obtained maximum
value mmax = M , require ṁ > 0, ṁ < 0 and ṁ = 0, respectively. Intensity

m of tensor B as a function of invariants Ik(I1 = trB, I2 =
1
2
[I2

1 − tr(B2)],
I3 = de(B)) is given by

(6.5) m =
√

I2
1 − 2I2.
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For all deformations of an incompressible material, we have I3 ≡ 1 and
m ≥ √

3, where equality is valid when and only when B = 1. By use of the
spectral decomposition of tensor B

B = λ2
1 e1 ⊗ e1 + λ2

2 e2 ⊗ e2 + λ2
3 e3 ⊗ e3,

where λi are the principal stretches and ei are the associated orthonormal prin-
cipal directions, the intensity of strain m becomes

(6.6) m =
√

λ4
1 + λ4

2 + λ4
3.

We consider, like Elias–Zúñiga and Beatty [17], that the material is
an isotropic elastic and incompressible material and is described by a time-
independent constitutive equation of the form

(6.7) T0 = 2
∂W

∂I1
·B− 2

∂W

∂I2
·B−1 − p 1,

in which T0 is the Cauchy stress, p is hydrostatic pressure and W is the strain
energy function per unit reference volume.

Let us assume that our previous strain attained maximum value mmax = M
during monotonic loading; in such case the stress-softened material response for
subsequent unloading and reloading is defined by

(6.8) T∗ = ξ(m(λ);M)T0.

The isotropic scalar-valued damage function ξ(m(λ);M), called the softening
function at the damage level mmax = M , is a positive monotone increasing
function of the strain intensity in the interval m ∈ {m(λ = 1);M} and satisfies
the conditions

(6.9) 0 ≤ ξ(m; M) ≤ 1, ξ(M ; M) = 1.

Damage function ξ is determined by a constitutive equation that describes the
evolution of microstructural damage that begins immediately after deformation
from the natural, undeformed state of the virgin material. Its value ξ(

√
3;M)

characterizes the extent of damage at M , initiated at m =
√

3.
The relations (6.8) for T∗ and (6.9) for the function ξ show that the virgin

material and stress-softened material response values coincide only in the un-
stressed state T∗ = T0 = 0 and at each softening point m = M ; otherwise, the
stress-softened material response is everywhere smaller than the virgin material
response. The material behaviour described by (6.8) for m ≤ M is ideally elas-
tic for both loading and unloading, until the value of m exceeds its maximum
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previous value M . Thereafter, the material recalls its virgin material response
described by (6.7).

For our rubber elastic material, the ratios of the physical stress components
T∗ in the stress-softened material to the corresponding physical components T0

in the virgin material, for the given deformation, are determined by the softening
function alone.

That is, in accordance with Eq. (6.8) and Eq. (6.9)

(6.10)
T∗ij
T0ij

= ξ(m;M) ≤ 1, for i, j = 1, 2, 3 (no summation).

In Eq. (6.10) the equality holds when and only when m = mmax = M .

6.3. The form of damage function ξ(
√

3;m)

For the two-phase material model proposed by Mullins–Tobin in 1957 and
analysed also by Beatty and Krishnaswamy [16], each material point consists
of hard phase and soft phase. The total amount of hard phase in solid rubber is
much less than the amount of soft phase present in the amorphous microstruc-
ture. Elias–Zúñiga and Beatty [17] and Beatty and Krishnaswamy [16]
suppose that stress-softening begins immediately after initiation of loading of
the original material when λ = 1 (m =

√
3). As deformation progresses, the vol-

ume fraction α(
√

3, m) of the initial portion of hard phase is transformed to an
equivalent portion of soft phase (the rubbery phase), so that the volume fraction
α of soft phase increases monotonically with extension (compression). Following
Elias–Zúñiga andBeatty [17] we assume that the initiation of stress-softening
is possible to appear only after deformation has reached a threshold value λa,
say α(

√
3, m(λa)) = 0 for all λ ≤ λa and for all m ≤ √

3 we have α(
√

3;
√

3) = 0.
Then the degree of softening of a original material subjected to a maximum pre-
vious strain mmax = M is determined by the volume fraction α(

√
3, M) of hard

phase that is transformed by deformation to the new soft phase. During defor-
mation of material m >

√
3, our stress-softening measure α(

√
3,m) is related

to our softening function ξ(
√

3,m) with the properties described by Eq. (6.8) as
follows:

(6.11) α(
√

3;m) = 1− ξ(
√

3;m).

Relation (6.11) provides a physical basis for the damage function in this the-
ory of stress-softening of rubber-like materials. To determine the softening func-
tion from experimental data, the simple relation Eq. (6.10) can be applied to
various hypothetical damage functions having the property 0 ≤ ξ ≤ 1. In the lit-
erature, different forms of damage functions have been introduced for analytical
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study, see Johnson and Beatty [15], Ogden and Roxburgh [19], De Souza
Neto et al. [11] or Beatty and Krishnaswamy [16]. Johnson and Beatty
[15] suggest for ξ an exponential type function ξ(

√
3;m) ≡ e−b(m−√3), which is

studied in several papers, e.g. by Beatty and Krishnaswamy [16], but no di-
rect comparison with experiments is provided. Elias–Zúñiga and Beatty [17]
propose an exponential-type equation of law for ξ defined by

(6.12) ξ(m;M) ≡ e−b
√

M−m

where b is a positive material constant, named the softening parameter.
The softening function ξ proposed by Elias–Zúñiga and Beatty [17] yields

a stress-softening measure α by which the growth of damage may be determined

(6.13) α(
√

3;m) = 1− ξ(
√

3;m) = 1− e−b
√

m−√3.

Application of Eq. (6.13) in Eq. (6.10) determines the stress-softening mate-
rial model with exponential softening ξ = e−b

√
M−m, for which the stress after

unloading follows in accordance with

(6.14) T∗ = T0 e−b
√

M−m.

The relation (6.14) describes the family of models determined by different val-
ues of M which we obtain by describing the elastic, isotropic and incompressible
material in the form presented by Eq. (6.7)

During monotonic loading, the strain in material is the actual strain and it
is the maximum of strain and T∗ = T0. If the material is not reloaded again,
the strain intensity m decreases from m = mmax and reaction of the material is
ideally elastic according to Eq. (6.14) for all m ≤ mmax = M .

Relation (6.14) or (6.10) after use of logarithm, can be written in the form

(6.15) ln
(
T0

T∗

)
= −ln

[
ξ(
√

3; m)
]
.

The applied theory of rubber-like materials deformation is relatively simple
and it is based on purely phenomenological consideration, and identification of
the material parameters does not require the measurement of any microscopic
quantities. Indeed, behaviour of the material at damaged states is characterized
by curves determined from the loading/unloding experiments.

For uniaxial deformation tests of tension and compression, when stretch
in axial direction is denoted by λ1 = λ with condition of incompressibility
λ1λ2λ3 = 1, we can determine λ2 = λ3 = 1/

√
λ.
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For the Mooney–Rivlin model, nominal stress σ =
T0

λ
for monotonic loading

is described by Eq. (6.8) and it is obtained for axial loading in the form:

(6.16a) σ11 = 2
{(

λ− 1
λ2

)
C10 +

(
1− 1

λ3

)
C01

}
,

for monotonic loading and

(6.16b) σ∗11 = 2
{(

λ− 1
λ2

)
C10 +

(
1− 1

λ3

)
C01

}
ξ(m; M),

for stress-softening loading, where current value of m = m(λ) and maximum
value of m, M = m(λmax) = m(Λ) before unloading is calculated in accordance
with:

(6.17) m =

√
λ4 +

2
λ2

, M =

√
Λ4 +

2
Λ2

,

where Λ = λmax and M(λmax) for our experimental compression test M = 6.21.

6.4. The identification procedure of parameters of damage function ξ(m; M)

Experimental data of stress-softening elastic material response in a strain-
controlled test may be used to determine the specific form and all parameters of
the softening functions. We shall use only the isotropic scalar function, and this
form will only require a small number of equations to be solved when a curve-
fitting method is used to obtain its parameters values.

As it is seen in Fig. 5, both models of Mooney–Rivlin show a reasonably
good agreement with the experimental data – not only for the primary loading
path but also for the reloading paths for the chosen three deformation cycles.
In Fig. 5 solutions for both models with identified values of material parameters
for three deformation cycles are also shown. It appears that none of these two
models gives satisfactory prediction for the three deformation cycles. Naturally,
when more deformation cycles are included in the analysis, values of the soften-
ing parameters can be better adjusted with the hope of obtaining better fitting
of the data. However, no satisfactory prediction can be obtained in this way.
The softening functions in the form of Eq. (6.12) proposed by Elias–Zúñiga
and Beatty [17] or Eq. (6.13), also fail to give fully satisfactory coincidence of
the experimental and theoretical results. The magnitude of softening function
ξ = 1 − α, shows a strongly non-monotonic behaviour in the characteristic
S-shaped form. Variations in shapes of the curves for different deformation cycles
show that different values of the softening parameters are needed to fit the exper-
imental data for a particular choice of the softening function. Otherwise more
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softening parameters may be needed for definition of this function. In Fig. 7
the softening functions Eq. (6.12) and Eq. (6.13) which were used in fitting the
Kwiecień and Zając [20] or Kwiecień et al. [21] data, are also plotted. Differ-
ences in shapes of the softening function curves and data curves are striking and
this explains the difficulties in fitting experimental data by theoretical models.

In our identification analysis we have applied the following form of function
ξ(m; M):

(6.18) ξ(
√

3;m) ≡ e−b(M−m)d,

where b, M and d are material parameters.
This form of ξ(m; M) requires only two parameters to fit the data via a non-

linear least-squares method based on the natural logarithm. For the least-squares
method we minimize the expression

(6.19) F =
∑

i

{
ln

(
ξ(mi;M)T0(mi)

)− ln
(
Texp(mi)

)}2
.

The above minimizing statement is equivalent to minimizing

(6.20) F =
∑

i

{
ln

(
ξ(mi; M)

)− ln
(
Texp(mi)
T0(mi)

)}2

,

which is suitable for the least-square method to obtain the parameters values.
We have identified the values of b and d in Sec. 6.7.

6.5. The other forms of damage function ξ(m; M)

For better fit we use a new form of ξ function as a combination of two
functions, one being (like before) some kind of exponential function W ∗(λ) and
a function g∗(λ). Now the function of damage ξ takes the form

(6.21) ξ∗(λ) ≡ g∗(λ)W ∗(λ) = g∗(λ)K e−b(λ)d
=

(
1− g(λ)

)
K e−b(λ)d

.

The function g(λ) in Eq. (6.18) is assumed to be of a logistic form, i.e.,

(6.22) g(λ) ≡ g0

1 + exp(F − E λ)

where K, g0, F and E are material parameters. The form of W ∗(λ) is known as
the Weibull function.
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6.6. The identification of parameters of damage function ξ(m;M)
in uniaxial tension test

In order to determine the material parameters, that appear in the virgin
strain energy function W0 and the evolution equation of the damage variable
α(λ), uniaxial tensile and cyclic uniaxial compression tests were performed. The
uniaxial tensile experiments were conducted on dog-bone flat specimens; the
compression test – on specimens which are disc. All experiments were performed
under enforced displacement conditions. An example of experimental data is de-
picted in Fig. 5 for uniaxial tensile tests. In this figure, the experimental stresses
are function of principal stretch λ1. In experimental tension tests the material
was subjected to stretching until achievement of maximum stretching and rup-
ture of sample, and in these tests was not executed the cycle of unloading and
reloading. However, let us trace the description of behaviour of such a material
also in a situation when the material experienced unloading after achievement of
maximum strain just before rupture of the sample. In the case of uniaxial tension
it is shown that the Mullins effect can occur almost exclusively during the first
loading cycle, and all secondary cycles, i.e. the second, third cycles, are close.
Thus, only theoretical stress-softening example which can take place between the
first and the third cycles is considered. It is to be noted that reloading paths do
rejoin the primary loading curve at the maximum strain. In fact, as the samples
are unloaded to zero displacement, they remain in a deformed configuration due
to the time-dependent behaviour of the material (creep phenomenon). Conse-
quently, the next reloading stretch level should be higher than the first loading
stretch level to rejoin the first path (Johnson and Beatty [15]). As in most of
the studies concerning the Mullins effect, the stress-softening behaviour should
be separated from other inelastic phenomena, such as hysteresis and relaxation.
Concerning the hysteresis phenomenon, unloading paths of cycles are not con-
sidered and it is assumed that the equilibrium paths are the loading paths. Nev-
ertheless, the stress-softening model can be developed for loading paths. Once
the virgin strain energy function has been chosen, the form of the damage evo-
lution equation (Eqs. (6.12) and (6.18)) has to be established. As detailed in the
theoretical part of the paper (Sec. 6.2), the present approach focuses on the use
of a measure of deformation expressed as a function of the two first invariants
of tensor B (Eq. (3.1)). As the first approach, we assume a very simple measure
of the deformation state that depends only on I1:

(6.23) m =
√

λ4
1 + λ4

2 + λ4
3.

The damage function ξ(m; M) will be determined using the experimental re-
sults. The general method used here is described in Sec. 6.3 without reference
to the kind of experiments, but results for uniaxial tensile data are presented.



144 Z. NOWAK

Consider the experimental results as shown in Fig. 5; the stress-strain relation-
ship reduces to a sequence of loading curves at different maximum strains. For
the Mooney–Rivlin model, nominal stress in test of monotonic loading and un-
loading and cycled reloading and unloading, can be calculated from a formulas
given above for the known form of softening function ξ(m;M).
For the form of function ξ given by Eq. (6.12)

ξ(m;M) = e−b
√

M−m

we define the nominal stress as a function of m.

Fig. 5. Nominal stress in uniaxial tension test as a function of axial change of length λ for
loading test (experimental data) and relation Eq. (6.24), and three expected paths of

unloading from the states with maximum intensities of strain M , defined just before rupture
λ = λmax, for different samples described by Eq. (6.25) with the same damage parameter b.

In this figure, the nominal stress σ is given as a function of the first invari-
ant I1. Two types of stress-strain curves can be identified: the primary curve
represented by a dashed line and secondary curves represented by solid lines.
Depending on the type of curve, the stress-strain relationships are different:

• for the primary curve, the current stress σ11 is given by

(6.24) σ11 = 2
{(

λ− 1
λ2

)
C10 +

(
1− 1

λ3

)
C01

}
,

for monotonic loading, and
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• for the i-th secondary curve

(6.25) σ∗11 = 2
{(

λ− 1
λ2

)
C10 +

(
1− 1

λ3

)
C01

}
e−b

√
M−m,

for unloading and reloading.
Parameters C10 and C01 were identified for monotonic loading and accepting

λ = λmax for each sample and with Eq. (6.17) for m and M . For one cycle of
loading it was possible to identify for this model of material with damage of
microstructure, one parameter of damage b.

The results of process of identification have been presented in Fig. 5.

6.7. The identification of parameters in compression test

In compression tests the material was subjected to cyclic loading and un-
loading. Displacement of the upper surface of a cylindrical sample as a function
of time is presented in Fig. 6.

Fig. 6. Change of displacement of the top surface central point of a sample as a function of
time in uniaxial quasi-static compression test. Experimental data for samples 6CC-1, cf. [20].

Similarly to the case of tension, let us use the Mooney–Rivlin model for
determination of the nominal stress in monotonic loading and cycle unloading
and again loading, with the same damage function ξ(m; M) = e−b

√
M−m.

We define nominal stress by the formula similar to that of the tension tests:

(6.26) σ11 = 2
{(

λ− 1
λ2

)
C10 +

(
1− 1

λ3

)
C01

}
,
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for monotonic loading, and

(6.27) σ∗11 = 2
{(

λ− 1
λ2

)
C10 +

(
1− 1

λ3

)
C01

}
e−b

√
Mc−m,

for unloading and reloading.
In compression tests parameter C10 and C01 were also identified like before

for monotonic loading and assuming λ = λmax and Eq. (6.17) for m and Mc =
M(λmax). For our experimental compression test Mc = 6.21.

Parameter b in the Mooney–Rivlin model can be immediately determined
using the relation (6.15) and the results of process of identification for the first
and last cycle are presented in Fig. 7.

Fig. 7. Nominal stress in uniaxial cycle compression tests as a function of axial change of
length λ for loading test (experimental data) and relation Eq. (6.26), and two extreme paths
of unloading from the states with maximum intensities of strain M defined for identified

models with damaged microstructure described by Eq. (6.27).

Next, we have applied the relation Eq. (6.15) with function ξ(m; M) =
e−b

√
M−m for the first and last cycle and the results of the identification process

were presented in Fig. 8.
Now, we applied other forms of the ξ function than that given in Eq. (6.18), to

check the possibility of a better fit of models with damage to the experimental
data. It is shown that the forms of ξ(m; M) with power d = 1/2 and one b
parameter can not fit the data for all values of stretches and the values of b are
obtained via a non-linear least-squares method based on the natural logarithm.
Result for the first and last cycle are presented in Fig. 9.
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Fig. 8. The value of ln
�
T0 11

T∗11

�
= ln

�
σ11

σ∗11

�
in uniaxial compression test as a function of

√
M −m for unloading test (experimental data) and two extreme values of identified damage

parameter b (for first cycle b = 0.48 and for last cycle b = 1.093) with M = 1.2 for one sample.

Fig. 9. The value of ln
�
T0 11

T∗11

�
= ln

�
σ11

σ∗11

�
in a uniaxial compression test as a function of

strain intensity m for unloading test (experimental data), with two identified forms of
function ξ = e−b(m−√3)d

for extreme cycles of unloading.
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Fig. 10. The value of ln
�
T0 11

T∗11

�
= ln

�
σ11

σ∗11

�
in uniaxial compression test as a function of

strain intensity m for unloading test (experimental data), with two identified forms of
function ξ = e−b(M−m)d

for extreme cycles of unloading.

Fig. 11. The value of nominal stress in uniaxial cycle compression tests as a function of axial
change of length λ for loading test (experimental data) and two extreme paths of unloading
from the states with maximum intensities of strain M defined for identified models with
damaged microstructure described by Eqs. (6.21) and (6.22), ξ∗(λ) = K(1− g(λ))e−b(λ)d

.
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The identification was performed also for function ξ in the form (6.18)

ξ(
√

3;m) = e−b(m−√3)d
.

We assume now that the power d in this function can be different than
d = 1/2. The identification results indicate that the best fitting is obtained
with d = 0.324. Results of our model adjustment to experimental data for such
function ξ are presented in Fig. 10.

The results of identification process for a new function ξ∗(λ) given in Eq. (6.21)
and Eq. (6.22) for the first and last cycle are presented in Fig. 11.

It is evident that this form of ξ∗(λ) with four parameters fitting the data
can be also obtained via a non-linear least-squares method, based on the natural
logarithm and the results of our model adjustment to experimental data [20, 21]
for rubber-like material.

6.8. Comparison of model prediction with experiment

The results of simulation for a tension test are presented in Fig. 1. This
figure shows the comparison of the response in terms of force versus inverse
stretch (1/λ) for the classical model of Mooney–Rivlin. Figures 2–4 show the
nominal stress as a function of the axial stretch λ.

In the Mooney–Rivlin model for uniaxial tension with stress-softening, four
material parameters have to be determined: two for the virgin strain energy,
i.e. C10 and C01, and two for the evolution equation of the damage, i.e. b and
M . Due to the use of a measure of deformation instead of the strain energy
function as the damage criterion, the monotonic primary curve could be fitted
first by using the data reported in Fig. 5; and then the determination of W0

reduces to the classical problem of fitting a hyperelastic model, using the primary
loading curve. Nevertheless, taking into consideration the limitations discussed
above, it is more efficient to perform a global identification using the stress-
strain data for both the uniaxial tensile and uniaxial compression tests. For
the identification process, the difference between the model and experimental
results is calculated simultaneously on all curves. Computations are performed
using the known square difference algorithm. The values of material parameters
obtained are presented in Fig. 5 and the identification results are compared with
experiments.

For uniaxial compression – deformation state, the results are compared with
experimental data in Figs. 7–11, respectively. Theoretical results are globally
in good agreement with experiments; so, the model describes successfully the
transition between different loading curves in cyclic experiments and exhibits the
influence of the maximum strain on the softened behaviour. Finally, considering
Eq. (6.18) and the values of material parameters given in Fig. 5, the present
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approach is applicable until 300% of the deformation in uniaxial tension. In this
way, simulation of large strain problems can be considered. This curve shows
the ability of the rubber elasticity models to estimate the degradation of the
material properties. The stiffening effect for all ranges of strain is here very
well estimated. It is important to note that the chosen material function g(λ) is
a logistic function (see [10, 13]), which is a case of S-shape function and which
enables to fit the damage model.

If we compare our theory with the experimental data of Mullins and To-
bin [24], Mullins [26] on simple tension and compression as the first step of
modelling, we shall only use the isotropic scalar function ξ proposed in Sec. 6,
remembering that this form will require only a small number of parameters
to be identified, when a curve-fitting method is used, to obtain its parame-
ter values, Ogden and Ruxburgh [19]. According to [19], the component of
the energy function for the original material takes the form W (λ1; λ2; α) =
(1− α)W0(λ1; λ2).

7. Conclusions and final remarks

In this paper, the different models proposed in literature for the description
of the Mullins effect in rubber-like solids, e.g. the Mooney–Rivlin and the Ogden
model, are studied, which are phenomenological in nature, and a microscopically
based interpretation of some of the constitutive parameters may be given (see
Horgan and Saccomandi [44]). In this way, it was possible to modify a model
for the Mullins effect. The mathematical simplicity of the phenomenological mod-
els of rubber-like materials allows to determine all their features analytically and
to provide new insights into the physical mechanisms underlying the Mullins ef-
fect. The solid rubber structures are able to undergo very large deformation up
to 300% or 600%, which involves damage of the elastomer. The proposed model,
which is based on the continuum damage mechanic, also applied a phenomeno-
logical approach, and is simple with few parameters to identify and it is efficient
to take into account the degradation of material properties. Moreover, it enables
to take into account the asymmetry of the response of the damaged material in
tension and compression, which is a worthy aspect to be taken into account in
modelling of rubber-like materials. Concerning the simulation, even if the finite
element e.g. ABAQUS code enables to perform tension or shear experiment sim-
ulation up to higher strains, all the difficulties are not overcome. Of course, one
more difficulty is always due to the finite element distortion which could appear
when deformation becomes large, even if the sensibility is diminished through
the use of a material formulation.

This paper shows that constitutive Eqs. (6.16a) and (6.16b) for axial de-
formation in tension and compression tests describe the behaviour of the stud-
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ied material well, near monotonic as well as cyclic loading. The form of these
equations was determined using the model of Mooney–Rivlin for monotonic
loading, and the model for cyclic loading proposed by Mullins and Tobin
[24] and modified by Elias–Zúñiga and Beatty [17], which takes into ac-
count the decrease of strength capacity of rubber-like materials under unload-
ing and reloading. The studied material belonging to elastomers material is a
two-phase material which consists of hard and soft segments (rubber). Macro-
scopic behaviour of such materials is the result of conversion of a hard phase
into soft phase during deformation and the observed macroscopic growth of the
microstructural strains is the result of percentage changes of content of every
phase for the given level of macroscopic strain. In the presented models of elas-
tomers, simplified mechanism of deformation is applied, which is mathemati-
cally simplified in comparison with the model of non-Gaussian type proposed
in papers e.g.: Bueche [51], Govindjee and Simo [23]. The well-known in
literature, analytical models of Ogden and Mooney–Rivlin hyperelasticity of
rubber-like materials are not suitable to describe the behaviour of such ma-
terials under reversible loadings. It should be stressed that the applied consti-
tutive description of the interpretation of the experimental results, does not
require for each material phase the specification of the constitutive relation.
In description of the rubber-like material behaviour under the applied load-
ing it is sufficient to know the constitutive relation for the soft phase. It is
also essential, that elastic deformations of hard phase in majority of its vol-
ume do not undergo any changes in the process of deformation. The description
of mechanisms of influence between the hard and soft phases and conversion
of a hard phase into a soft one require, however, additional studies. In pa-
per by Govindjee and Simo [23] was proposed a certain general explanation
of the interaction between phases in the general state of strains, however the
analysis of mechanisms of exchange of these phases is missing. It is also jus-
tified to consider the additional effects, which have influence on the decrease
of strength capacity of rubber-like materials, e.g. such as induced anisotropy
(cf. Mullins [25]). In order to do this, we should consider the effect of arrange-
ment of hard phase as well as suitable growth of the length of free chains network
bonds.

Our calculations have shown the efficiency of the models used to simulate the
complex phenomena such as the Mullins effect in rubber-like materials. A good
compatibility was obtained between the numerical results and the experimen-
tally observed behaviour of polyurethane materials with damages in the finite
strains conditions. To determine the proposed phenomenological model of ma-
terial based on experimental data, we need to identify five constants: C10, C01,
M , d and parameter b of softening rate in Eq. (6.5). Different models, e.g. the
microstructural model of Beatty and Krishnaswamy [16] or phenomenolog-
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ical model of Ogden and Roxburgh [19], require considerable calculations to
obtain good compatibility with experiment and they require identification of the
considerably larger number of material parameters. The models with networks of
non-Gaussian distribution of the chains, e.g. the 8-chain Arruda–Boyce model,
require identification of only several physical parameters, but these models are
not studied in the present paper.

The proposed phenomenological theory of stress-softening behaviour of de-
formed rubber-like materials described by the constitutive Eq. (6.14) with iden-
tified parameters, for the studied material, is suitable for modelling the uniaxial
tension and compression tests. For the studied rubber-like material, we can de-
termine constitutive model, as a result of determination of the general form of
strain energy density function W , by simple parameters identification. To do this

we determine
∂W

∂I1
= f(I1) and the identification of parameters is performed by

the experiment for uniaxial tension test for λ ≥ 1. Keeping the well-known pa-

rameters of function f(I1), we determine
∂W

∂I2
= h (I2) and the identification of

parameters can be performed by experiment for the whole range of strains for
λ > 0. The form of strain energy density function W is a result of general form
of the Rivlin strain energy density function for hyperelastic material and can be
obtained also from different universally applied approximations with application
of constants C01 and C10. Therefore definite parameters C01 and C10 for this ma-
terial can be possibly used in accessible commercial packets of finite elements.
In our analysis it was established that the studied rubber-like material, described
by the constitutive Eq. (6.14), is characterized in the range of uniaxial tension
and compression by the following parameters: C10 = 0.335 and C01 = 0.00045
and the estimated initial shear modulus equals µ0 = 2(C10 + C01) = 0.67 [MPa]
for the Mooney–Rivlin model with assumption of incompressibility; µ = 0.65
and α = 1.755 and estimated initial shear modulus µ0 = µ = 0.65 [MPa]
for the Ogden model with assumption of incompressibility; Young’s modulus
E = 1.41 [MPa] and Poisson’s coefficient ν = 0.50 and the estimated initial
shear modulus µ0 = 0.47 [MPa] for logarithmic model. The assumption of small
compressibility improves the agreement of estimations with experiment when
Young’s modulus E = 2.44 [MPa] and Poisson’s coefficient ν = 0.32, and the
estimated initial shear modulus equals µ0 = 0.942 [MPa].

Our analysis is limited to the uniaxial experimental tests for this material and
the stress behaviour was not studied in more complex deformation states, e.g.:
biaxial tension or simple shear. So, we should identify the introduced functions
and parameters based on the experimental data for complex states of loading.
Such more general verification is required if we would like to apply the modified
model for a wide class of hyperelastic materials.
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Contrary to observations based on the analysis of experimental data pre-
sented in this paper, the softening functions ξ̂ = 1− α̂(m; M) in pseudo-elastic
models of the Mullins effect, are always assumed to be monotonously increas-
ing functions of m for all values of the pre-strain M . This is the main reason
for the observed qualitative differences in shapes of the softening curves due to
theoretical models and the experimental data curves (see Fig. 2 and Fig. 5).
This explains also the difficulties in fitting the experimental data by theoretical
models. It should be noted further that the modified version of Eq. (6.18) of the
virgin softening function Eq. (6.12) can not essentially improve the predictions
of pseudo-elastic models of the Mullins effect, because the softening function
ξ(m; M) in Eq. (6.18) is also a monotonously increasing function of the axial
change of length λ. The predictions of pseudo-elastic models of the Mullins ef-
fect with application of the new softening functions Eq. (6.21) and Eq. (6.22)
presented in Fig. 11 are very successful.

It is also very important to mention that stress softening is an inherently
anisotropic phenomenon, and for description of this we need to understand
the method of incorporating the induced anisotropy. However, it has been also
pointed out that the anisotropic model cannot be properly developed at the
present stage, because suitable experimental data are not available or published.
The extension of the results presented here to other states of deformation such
as simple or pure shear, is a straightforward matter and the development of
a general 3D model presents no conceptual difficulties. So far it has been shown
that rubber-like materials constitutive theory is effective due to using the form
of energy function given by Eq. (6.2).
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